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Abstract

This reportdescribesanalgorithmthatcomputestheconfigurationspaceof a polyhedron
with planarmotion relative to a fixed polyhedralobstacle. The algorithm decomposesthe
configurationspacealongthe orientationaxis into intervals of cross-sectionswith the same
structure.It computesthe angleswherethestructurechanges.In eachinterval betweentwo
changes,it computesthe (fixed) free-spacestructurefrom a representative cross-sectionthen
lifts thecontactcurvesto constructanadjacency graphof contactpatches.
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1 Introduction

This reportdescribesanalgorithmthatcomputestheconfigurationspaceof apolyhedralpartwith
planarmotion relative to a fixed polyhedralobstacle.Theobstacleis specifiedin a global frame���������	��


. Thepart is specifiedin a local framethatis alignedwith theglobalframe(sameorienta-
tion) andwhoseorigin lies in the

���
plane.Theparttranslatesparallelto the

���
planeandrotates

aroundits
�

axis. Theconfigurationspaceis a cylinder whosecoordinatesaretheposition
��
�����


of thepartframein the
���

planeandtheangle� betweenthepart
�

axisandtheglobal
�

axis.
Thealgorithmconstructsaboundaryrepresentationof freespacecomprisedof contactpatches.

The patchesare representedimplicitly and parametrically. Eachpatchis boundedby a simple
loop of boundarycurves,which arerepresentedparametrically. The boundaryrepresentationis
representedas a contactgraphwhosenodesdescribethe patchesand whoselinks describethe
boundarycurvesof adjacentpatches.

The contactgraphis constructedby a methodthat I developedin prior work [3] andimple-
mentedfor planargeometry[2]. The configurationspaceis decomposedalong the � axis into
intervalsof


��
cross-sectionscalledslices.Thesliceswithin an interval have thesamestructure,

but the structurecanchangeat interval boundaries.In eachinterval, the algorithmconstructa
representative slice,deducesits structure,andlifts this structureto thefull configurationspaceto
obtainthepatchesin theinterval.

2 Criticality computation

Thefirst stageof thealgorithmcomputestheangleswheretheslicestructurechanges,which are
calledcritical angles. Eachslice is a planarsubspaceof configurationspacein which the part
translatesat a fixed orientation. Its free spaceconsistsof planarregions and its contactspace
consistsof loopsof curve segmentsthat boundtheseregions. Eachsegmentis generatedby a
contactbetweena pair of part/obstaclefeatures(vertices,edges,or faces).Featurepairscanalso
generatecontactcurvesthatlie wholly or partially in blockedspace.

Two sliceshave thesamestructurewhenevery componentin eachslicehasa uniquematein
theotherslicewith thesamestructure.Two componentshavethesamestructurewhenthereexists
a cyclic orderingof the secondboundaryfor which every curve in eachboundaryhasthe same
structureasthe correspondingcurve in the otherboundary. Two curveshave the samestructure
whenthey aregeneratedby thesamepair of partfeatures.

Thecontactcurvesof polyhedraarelinear. I requirethatthefacesof thepolyhedrabeconvex,
which guaranteesthateachcontactcurve is a singleline segment. A partwith � featuresandan
obstaclewith � featuresgenerate��� segmentsin the worst-case,but only � � � 
 whenboth are
convex. As � changes,segmentscanenterandleaveblockedspace,but segmentsarenevercreated
or destroyed.

A necessaryconditionfor a structurechangeat ��� is thatanendpointof onecontactsegment
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lies on anothersegment.If theconditiondoesnot hold,everypair of segmentsis eithera positive
distanceapartor intersectsat a point in the interior of bothsegments(transversality). Both these
conditionspersistin an interval around ��� becausethe segmentsarecontinuousfunctionsof � .
The segmentsthat lie in blocked spaceat ��� are a positive distancefrom contactspace,hence
stay in blocked spacethroughoutthe interval. The remainingsegmentsform the contactspace
throughoutthe interval. Eachsegmentintersectstwo neighborsin its loop at ��� , henceintersects
the sametwo segmentsthroughoutthe interval. Theseconditionsmeanthat all the slicesin the
interval have thesamestructure.

Thenecessaryconditiontranslatesinto anequationthatcanbesolvedfor � . Contactsegment
endpointshave the form ��� ��� �"!$# where � and # are vectorsof length two and � is the
planarrotationoperator. The conditionsthat endpoint�$% lies on the segment & ��' � �)(�* are

� �)%,+��' 
.-/� �)(,+0��' 
 �21 and 143 � �)%,+0��' 
657� �)(,+0��' 
 3 � �)(,+0��' 
 ( . The equalitysimplifies to8 ':9�;=<>�?� 8 ()@BA�9��C� 8 %D�E1 wherethe
8GF

arefunctionsof the � F and # F constants.This equation
yieldsat mosttwo roots,for exampleusingthesubstitutionH"��I	JG< � �LK�M 
 . Therootsthatsatisfy
theinequalityarepotentialcriticalities.

Wenow derivetheendpointexpressions.Therearethreetypesof contacts:movingvertex/fixed
face,moving face/fixedvertex, andmoving edge/fixededge.Theendpointsof thefirst two types
areconfigurationswherethevertex liesonaboundaryedgeof theface.Theendpointsof thethird
typeareconfigurationswherea boundaryvertex of oneedgelies on theotheredge.Hence,every
contactsegmentendpointis a moving vertex/fixed edgecontactor a moving edge/fixed vertex
contact.

In thevertex/edgecase,thevertex hasglobalcoordinates& 
����N� 1O*P�Q�,R! � with �S� � ��T � �$U � � R 

thepartcoordinatesof thevertex andwith �,R theoperatorthatrotatesaroundthe

�
axisin

���������	��

space.Theedgeendpointsare � and # in globalcoordinatesandits directionvectoris VW� #X+Y� .
Thevertex lies on theline generatedby � and # when & 
��Z��� 1O*P�[�,R! ��+0��� 8 V , which statesthat�W+[� is colinearwith V . This is a systemof threelinearequationsin


��Z��� 8
. If V R �\1 thereis no

solution,otherwise
8 � � � R +0� R 
 KGV R 
 and] 
 �C^ � ] ��T>� 8 V�T��U_� 8 V�U ^ +0�"! ] � T� U ^"`

Thesolutionlies on thesegment �a# (asopposedto theunderlyingline) when 1b3 8 3dcecfV7c=c . The
edge/vertex analysisis the same,except that � and # vary, while

�
is fixed. The equationsare� +g& 
��Z��� 1O*:+0� R! �h� 8 � R! V andthesolutionsare

8 � � � R +i� R 
 KGV R and] 
 �C^ � ] � T� U ^ +j�"! ] ��TL� 8 VkT��U_� 8 VkU ^"`
The algorithmenumeratesall contactsegment/contactendpointtriples, solvesfor � , andre-

turnsthesortedresults.Partial informationis usedto reducecomputation.Herearea few exam-
ples.Two featurescannotgenerateacontactwhentheir

�
rangesaredisjoint. A vertex/facecontact
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cannotoccurif anedgeincidentto thevertex hasnegativeinnerproductwith theoutwardfacenor-
mal. A segmentendpointcannotfall on a segmentif the local geometryintersects.Criticalities
thatpassthesequick testsaretestedfor partoverlapvia anaivepolyhedronintersectionalgorithm.

3 Contact graph construction

After thecriticalitiesarecomputed,thecontactgraphis constructed.Thepatchesareconstructed
independentlyin eachinterval

�ml # �Z
 # 
 betweenadjacentcriticalities. The midpoint slice, �n�1 `porq �sl #"� 
 # 
 , is constructedby my planaralgorithm [4], which generatesall contactcurves,
computestheir arrangementby a line sweep,and returnsthe connectedcomponentswherethe
partsdo not overlap. The only modificationis the modulethat constructsthe contactsegments.
Theconstructionis straightforwardlinearalgebraandresemblesLatombe’s treatment[1].

Themidpointsliceyields thepatchstructurein
�ml # �Z
 # 
 . Eachcontactsegmentlifts to a patch

with the samepair of featuresin contact. The patchcontactfunctions(implicit andparametric)
arederivedfrom thefeaturepair following Latombe.Segmentadjacency transfersto thepatches.
Theboundarycurve betweenadjacentpatchesis computedfrom theparametriccontactfunctions
of the adjacentpatches.The given � valueis substitutedinto the functionsto obtaintwo linear
equationsin



and
�

thataresolvedfor theboundarycurvepoint
�m
��Z��� � 
 .

Everypatchalsohasa lowerboundarysegmentin the
l # planeandanupperboundarysegment

in the

 # plane. A patchcanhave zero,one,or moreupperneighborsalongan upperboundary

segmentandlikewisebelow. Theseadjacenciesarecomputedafterall thepatchesareconstructed.

4 Implementation

I have implementedtheconfigurationspacecomputationalgorithmin Lisp andhave validatedit
onmoderatesizeexamples.For example,apartwith 26 featuresandanobstaclewith 128features
takesbetween100and200millisecondson a 933Mhz Pentium3 runninglinux. A C implemen-
tationwouldprobablytake10 to 20millisecondsbasedonmy extensiveportingexperience.

References

[1] Jean-ClaudeLatombe.Robot Motion Planning. Kluwer AcademicPublishers,Boston,1991.

[2] Elisha Sacks. Practicalsliced configurationspacesfor curved planarpairs. International
Journal of Robotics Research, 18(1):59–63,January1999.

[3] ElishaSacksandChandrajitBajaj. Slicedconfigurationspacesfor curvedplanarbodies. In-
ternational Journal of Robotics Research, 17(6):639–651,1998.

4



[4] ElishaSacksandLeoJoskowicz. Computationalkinematicanalysisof higherpairswith mul-
tiple contacts.Journal of Mechanical Design, 117(2(A)):269–277,June1995.

5


