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Abstract

This reportdescribesanalgorithmthat computeghe configurationspaceof a polyhedron
with planarmotion relative to a fixed polyhedralobstacle. The algorithm decomposeshe
configurationspacealongthe orientationaxis into intervals of cross-sectionsvith the same
structure. It computeghe angleswherethe structurechanges.Iln eachintenal betweentwo
changesit computeghe (fixed) free-spacestructurefrom a representate cross-sectiothen
lifts the contactcurvesto construcianadjaceng graphof contactpatches.



1 Introduction

Thisreportdescribesnalgorithmthatcomputegshe configurationspaceof a polyhedralpartwith
planarmotionrelative to a fixed polyhedralobstacle.The obstacleis specifiedin a global frame
(z,y, z). Thepartis specifiedn alocal framethatis alignedwith the globalframe(sameorienta-
tion) andwhoseorigin liesin the zy plane.The parttranslateparallelto the xy planeandrotates
aroundits z axis. The configurationspaceis a cylinder whosecoordinatesrethe position (u, v)
of the partframein the zy planeandtheangley betweerthepartz axisandtheglobalz axis.

Thealgorithmconstructa boundaryrepresentationf freespacecomprisedf contactpatches.
The patchesare representedmplicitly and parametrically Eachpatchis boundedby a simple
loop of boundarycurves, which arerepresentegharametrically The boundaryrepresentatioris
representeds a contactgraphwhosenodesdescribethe patchesand whoselinks describethe
boundarycurvesof adjacenpatches.

The contactgraphis constructedoy a methodthat| developedin prior work [3] andimple-
mentedfor planargeometry[2]. The configurationspaceis decomposed@longthe ¢y axis into
intervals of uv cross-sectionsalledslices. The sliceswithin aninterval have the samestructure,
but the structurecan changeat interval boundaries.In eachinterval, the algorithm constructa
representate slice, deducests structure andlifts this structureto thefull configurationspaceto
obtainthe patchesn theinterval.

2 Criticality computation

Thefirst stageof the algorithmcomputeghe angleswherethe slice structurechangeswhich are
called critical angles. Eachslice is a planarsubspacef configurationspacein which the part
translatesat a fixed orientation. Its free spaceconsistsof planarregions andits contactspace
consistsof loops of curve sggmentsthat boundtheseregions. Eachsegmentis generatedy a
contactbetweena pair of part/obstacldeatureqvertices,edgesor faces).Featurepairscanalso
generateontactcurvesthatlie wholly or partially in blocked space.

Two sliceshave the samestructurewhenevery componenin eachslice hasa uniquematein
theotherslicewith the samestructure.Two componentave the samestructurewhenthereexists
a cyclic orderingof the secondboundaryfor which every curve in eachboundaryhasthe same
structureasthe correspondingurve in the otherboundary Two curves have the samestructure
whenthey aregeneratedby the samepair of partfeatures.

Thecontactcurvesof polyhedraarelinear | requirethatthefacesof the polyhedrabe corvex,
which guaranteeghat eachcontactcurwve is a singleline segment. A partwith n featuresandan
obstaclewith m featuresgeneratexm segmentsin the worst-caseput only O(n) whenboth are
convex. As 1) changessegmentscanenterandleave blockedspaceput sgmentsarenevercreated
or destryed.

A necessargonditionfor a structurechangeat v, is thatan endpointof onecontactsegment



lies on anothersegment.If the conditiondoesnot hold, every pair of sggmentsis eithera positive
distanceapartor intersectsat a pointin the interior of both segments(trans\ersality). Both these
conditionspersistin aninterval around, becausdhe segmentsare continuousfunctionsof .
The sggmentsthat lie in blocked spaceat v, are a positive distancefrom contactspace,hence
stayin blocked spacethroughoutthe interval. The remainingseggmentsform the contactspace
throughouttheinterval. Eachsegmentintersectdwo neighborsn its loop at vy, henceintersects
the sametwo segmentsthroughoutthe interval. Theseconditionsmeanthatall the slicesin the
interval have the samestructure.

The necessargonditiontranslatesnto anequationthatcanbe solvedfor . Contactsggment
endpointshave the form p = a + R,b wherea andb are vectorsof lengthtwo and R is the
planarrotation operator The conditionsthat endpointp; lies on the sggment|[p;, p,| are (ps —
p1) X (p2 —p1) = 0and0 < (ps — p1) - (p2 — p1) < (p2 — p1)*. The equality simplifiesto
kqsin + kg cos ) + k3 = 0 wherethe k; arefunctionsof the a; andb; constantsThis equation
yields at mosttwo roots,for exampleusingthe substitutiont = tan(v)/2). Therootsthat satisfy
theinequalityarepotentialcriticalities.

We now derivetheendpointexpressionsTherearethreetypesof contactsmoving vertex/fixed
face,moving face/fixed vertex, andmoving edge/fixed edge. The endpointsof thefirst two types
areconfigurationsvherethe vertex lies on aboundaryedgeof theface.The endpointsof thethird
type areconfigurationsvherea boundaryvertex of oneedgelies onthe otheredge.Hence every
contactsggmentendpointis a moving vertex/fixed edgecontactor a moving edge/fixed vertex
contact.

In the vertex/edgecase the vertex hasglobal coordinatesu, v, 0] + Rip with p = (p;, py, )
thepartcoordinate®f thevertex andwith R* theoperatothatrotatesaroundthe z axisin (z, y, z)
space.Theedgeendpointsarea andb in global coordinatesandits directionvectorisd = b — a.
Thevertex lies ontheline generatedy a andb when[u, v, 0] + Rip — a = kd, which stateghat
p — a is colinearwith d. Thisis a systemof threelinearequationsn u, v, k. If d, = 0 thereis no
solution,otherwisek = (p, — a.)/d.) and

u | | ap+kdg R Uy
v | | ay+kdy, Vv, |
The solutionlies on the segmentab (asopposedo the underlyingline) when0 < k£ < ||d||. The

edge/ertex analysisis the same,exceptthat e andb vary, while v is fixed. The equationsare
v — [u,v,0] — Rja = kR;,d andthesolutionsarek = (p, — a,)/d, and

u | | v | R a, + kd,
v | vy Y1 a,+kd, |
The algorithmenumeratesll contactsegment/contacendpointtriples, solvesfor ), andre-

turnsthe sortedresults. Partial informationis usedto reducecomputation.Herearea few exam-
ples. Two featurecannotgenerata contactwhentheir z rangesaredisjoint. A vertex/facecontact
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cannotoccurif anedgeincidentto thevertex hasnegative innerproductwith the outwardfacenor-
mal. A sggmentendpointcannotfall on a segmentif the local geometryintersects.Criticalities
thatpasghesequicktestsaretestedfor partoverlapvia a naive polyhedronntersectioralgorithm.

3 Contact graph construction

After the criticalities arecomputedthe contactgraphis constructed The patchesareconstructed
independentlyin eachinterval (b, ub) betweenadjacentcriticalities. The midpoint slice, ¢y =
0.5 = (Ib + ub), is constructedby my planaralgorithm[4], which generatesll contactcurves,
computestheir arrangemenby a line sweep,and returnsthe connectedcomponentsvherethe
partsdo not overlap. The only modificationis the modulethat constructghe contactsegments.
Theconstructions straightforvardlinearalgebraandresembled atombes treatmen{1].

The midpointsliceyieldsthe patchstructurein (16, ub). Eachcontactseggmentlifts to a patch
with the samepair of featuresin contact. The patchcontactfunctions(implicit and parametric)
arederivedfrom thefeaturepair following Latombe.Segmentadjaceng transfergo the patches.
Theboundarycurve betweeradjacenpatcheds computedrom the parametriccontactfunctions
of the adjacentpatches.The given valueis substitutednto the functionsto obtaintwo linear
equationsn u andw thataresolvedfor theboundarycurve point (u, v, ¥).

Every patchalsohasalowerboundarysegmentin the b planeandanupperboundarysegment
in the ub plane. A patchcanhave zero,one,or moreupperneighborsalongan upperboundary
sggmentandlikewisebelow. Theseadjacenciearecomputedafterall the patchesareconstructed.

4 Implementation

| have implementedhe configurationspacecomputationalgorithmin Lisp and have validatedit
on moderatesizeexamples.For example,a partwith 26 featuresandanobstaclewith 128features
takesbetweenl00and200 millisecondson a 933 Mhz Pentium3 runninglinux. A C implemen-
tationwould probablytake 10 to 20 millisecondsbasedn my extensve portingexperience.

References

[1] Jean-Claudéatombe.Robot Motion Planning. Kluwer AcademicPublishersBoston,1991.

[2] Elisha Sacks. Practicalsliced configurationspacesor curved planarpairs. International
Journal of Robotics Research, 18(1):59-63Januaryl999.

[3] ElishaSacksandChandrajitBajaj. Slicedconfigurationspacegor curved planarbodies. In-
ternational Journal of Robotics Research, 17(6):639-6511998.



[4] ElishaSacksandLeo Joslowicz. Computationakinematicanalysisof higherpairswith mul-
tiple contacts.Journal of Mechanical Design, 117(2(A)):269-277Junel995.



