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ABSTRACT

We present a new ordering scheme for the linear equations
obtained from the Hermite bicubic collocation approximatien to
the solution of second order, linear elliptie partial differential
equations on rectangular domains. The resulting matrix has a
non-zero diagonal and is a band matrix with band width 4n+11 for
a grid of n® rectangles.

We report on an experimental study which dermoenstrates that
the resulting linear system may be solved safely by using Gauss
elimination without pivoting. We show that a standard finite ele-
ment order is recordered by scaled partial pivoting to give essen-
tially the new ordering we describe. We discuss the theoretical
computational savings expected [rom nol pivoling and show that
the compuling Lime for not pivoling is approximalely the same as
[or scaled parlial pivoting. This is contrary to the expectation
from the usual operations count analysis. The new ordering, as one
expeclts, does reduce the memory use by aboul 407%.

A condensed version of this paper will appear in
Elliplic Problem Solvers [ edited by Birkhoff and Schoenstat,
Academic Press, 1983.
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I. INTRODUCTION

We consider a second order, linear elliptic problem on a rectangle & in the
following form

Tu = gugy + buy, +ouy +du, +eu, + fu=g (z.y)eER
Mu = au + Bu; +yu, =8 (z,y) € R.

Here,a, b,c,d,e. f, g, a B vand & are functions of z and %Y. A Hermite cubic
is a C! piecewise cubic polynomial and a Hermite bicubic is the ‘tensor product
of Hermite cubics in 2z and iny. We consider a collocation method which places
a rectangular grid on the rectangle R and chooses as basis functions Hermite
bicubics with breakpoints along the grid lines to approximate u(z.y) by

Ulz.y) = ¥ a5 hilz) hily) = u(z.y).
The coelficients a;; of U are determined by collocating al four inlerior points of
each grid square plus at points along Lhe boundary, That is. the 2;; satisfy the

following collocalion equalions:

LU Ye) = F T, ) & = 1..,N
MU(ze, Y ) = g(Zg. o) &£ = N+1,.0 M

where N = 4n? and M—-N = 4(2n+1) for a grid of n? rectangles. Refer to (Rice, ‘

19083) for more details of this method.

The unknowns and equations of the collocation equation are usually num-
bered so as to give a coelficient matrix of the linear system which is somewhat
bi-diagenal (i.e., with the linite element ordering). With n=3 and a Poisson prob-
lem with Dirichlet boundary conditions, the pattern ol non-zero elements is as
shewn in Iigure 1. There are variations on this ordering which preduce similar
patterns.
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FIGURE 1. The patltern of non-zero elemenls in the collocution equo-
tions with the usudal orderings of the equaofions ond unk-
nowns. This is for @ 3X 3 grid and a Poisson problem wilh
Dirichlet boundary conditions.

The pattern seen in Figurce 1 is uncxpected. One expects a somewhat tri-
diagonal pattern ol non-zeros and, potentially more serious, one cannot use any
of the standard iteration metheds on the equations because of the large number
of zero elements on the diagonal. Thus we were led to search for a new ordering
which has non-zeros on Lhe diagonals and which is more "natural”’. Such an ord-
ering, called collorder, is presented in the next section. A second candidate for
such an ordering is the tensor product eordering. :

Unfortunately, standard iteration methods do not converge for these equa-
tions in the collorder ordering (see {Balart, 1982), (Dyksen, 1982) for iteration
methods that do converge). We thus turned our attention to the behavior of
Gauss elimination applied to the lincar equations with this ordering. We
discovered that the standard LINPACK routines (Dongarra, 1979) give unaccept-
able results because of scaling problems. The diifficullies of scaling Lhese equa-
Lions are analyzed in {Dyksen and Rice, 1983); we merely reporl here thal o
priori scaling is diflicull (al best) and we believe Lhat one should use scaled par-
tial pivoting which we call BAND GE here. Once we switched to BAND GE, we
found round-off error effeels to be remarkably low. Fven meore surprising, we
found Lhal pivoling is nol necded wilh Lhe collorder ordering, and thal Lhe col-
lorder ordering is vssenlially Lthe ordering one oblains when applying scaled par-
Lial pivoling Lo the equalions in the usual orderings such as shown in Figure 1.

In Section 1l we presenl Lhe resulls of an experimentlal sludy which
slrongly supporls Lhe hypothesis: Gauss eliminalien wilhoul pivoling is safe lTor
Lthe collorder ordering of thc collocalion equations. Further discussion is given
in Section IV.
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Even more surprising Lo us is the lact: not pivoting in the Gauss elimina-
tion docs not reduce the computational time in solving Lhese equations. The
usual operalions count approach suggests thal Lhe arithmelic should be halved;
this does nol happen. Therc is about a 40% savings in the Lolal memory required
for the computalion. The computational efficiency using the eollorder ordering
is analyved in Scclion V.

Our conclusions are given in Section V] along with two conjeclures; one is
about a variant of collorder and the other is, for elliptic problems in general,
about the relationship between round-off effects and the orderings of unknowns
in Gauss eliminalion.

I. THE COLIORDER ORDERING

Once lhe grid is placed over the rectangle /7, the grid intersection points
are numbered in a natural way from west lo east, south Lo norlth. The colloca-
lion points (equations) are Lhen associated wilh the nearesl grid poinl and are
numbered in groups of four in the order of their corresponding grid point. For
example, with a 3x 3 grid, there are 64 collocation points whose ordering is given
in I'igure 2.

51 52 655 58 59 60 B3 64

49 | 50 S53 | 54 57 | 58 61 | 62
35 | 36 39| 40 43 | 44 47 | 48

33 |34 37|38 41 1] 42 45 | 46
19 [ 20 23 | B4 27 | 2B 31| 32

17118 21 |22 25 (28 29|30
31 4 7 8 1112 15| 18

1 2 5 6 9 10 13 14

FIGURE 2. The collorder ordering of the collocation paints for
a 3% 3 grid with 64 unknowns,

The important idea in the above ordering is that Lhe grid points are first
numbered in a nalural way and then the collocation points are numbered in the
order of their corresponding grid point. We could number the grid points south
to nerth, west to east as long as we suitably modify the rest of the ordering
scheme described in the following sections. Similarly, the four collocation
puints associated with any grid point may be locally ordered in any manner.

To lhe i*[] z[y] grid coordinate there are associated two Hermite cubic
functions: ¢f[e#] which takes on function values and %f{¥¥] which takes on
derivative values. The llermite bicubic basis functions (unknowns) are then
ordered corresponding to their support in a natural way from west Lo east, south
to norlth. For example, with 9 sub-rectangles there are 64 bicubic basis-
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functions whose ordering is given in Figure 3.

49 pio¥ 53 pfp¥ 57 pfop¥ B1 pfp¥
S0 oyl ot pip) 58 ¥ 62 o ¥
51 Pie¥ 55 wFp¥ 29 Yok 63 Yipl
52 Yyl 56 Yayy 60 P3yPY 64 Yyyk

33 ¢ip¥ 37 pied 41 ofed 45 pio¥
34 ofyd 38 piyy 42 e3Py 46 pTp¥
35 Yl 39 Pied 43 Pyed 47 Pipd
36 Py 40 YEpY 44 PIpY 48 wiyy

17 pTp¥ 21 pfpd 25 piol 29 pip¥
18 piyd 22 pEpd =6 iy 30 gyl
19 wfrpé’ 23 1]:2’?:2" 27 1,03”505 31 '4}5"9:2
20 wipd 24 Pyl 2B Pipy 32 Yy

1 pfel S pfol 9 pSp¥ 13 pip¥
2 oYY 6 piy¥ 10 gyt 14 pfpY -
3 Prof 7 Y3l 11 y3p¥ 15 Pipf

4yl 8 piyY 12 Pyt 16 yiy¥

FIGURE 3. The collorder ordering of the basis funclions for a
3% 3 grid with 64 unknowns.

This ordering of Lhe collocation peints and the basis- functions yields an
intermediate collorder matrix with a nice structure. It is a band matrix wilh
band widlh 4n+11. The matrix is block symmetric in that it consists of 4x4
blocks which il Hi;#0 then Bﬁét[}. There arc al most 16 non-zero enlries per row
" oceurring in 4 blocks. All of the symmetric pairs of off-diagonal blocks .can be
slored in Lhieir nalural order wiLhin one 4 x 4 block.

For example, in Lthe case of a Poisson equation wilh Dirichlel boundary con-
ditions and a 3x3 grid, the pattern of non-zeros in lhe intermediale collorder
matrix is shown in Figure 4. :




FIGURE 4. The intermedinte collorder matriz for a 3x3 grid with 64

UTLATLOWTLS,

We sec [rom Figure 4 that, unlike the usual collocalion matrix structure of
Figure 1, this matrix is tri-banded with the center band along the diagonal. How-
ever, the inlermediate coliorder matrix still has some zero diagonal elements
corresponding to beundary conditions (e.g., rows 2 and 3),

We now outline how to further reorder this matrix to remove all zeres from
the diagonal. There are eight types of boundary points which we label as follows:

Northwest
West

Southwest

North NortheaslL
Rast
South Southeast

From Figure 4 we see for Dirichlet boundary conditions that the 4 x4 block
in the upper left is associated with the southwest grid point and has the following

formal.:

et et

If we permute the second and third basis

a non-zere diagonal in this block:

Moo
oMo
Mooo

unctions (columns 2 and 3), we obtain

—



P
Mo xo
mHoo
Hnooo

By considering all nine pessible boundary conditions which may oceur at the
southwest corner, one can show that it is always possible to reorder the columns
to obtain a non-zero diagonal in this diagonal block. The possible boundary con-
ditions at the southwest corner with the corresponding permutations are given
in Table 1.

TABLE 1. Column permutations af the southwest corner,

Southwest corner
Boundary condition

Block Column Block
West South before | permutation | after
Diriehlel Dirichlet *o0o 243 X000
Xoxo 3-+2 KX00
XXaGD Xo¥X0
XXX XXXX
Neumann Dirichlet X000 24 X000
XoXo 32 XXo0
ooxXX 4-+3 oXX0
X X0
Mixed Dirichlet X000 2-+3 X000
XoXo 342 XX00
XXXX XA
XXXX p5. 44,4
Diriehlet Neumann oXo0 1+3 X000
OXoX 21 XX00
XXoo da+4 XoXo
XXXX 4 =+2 XY
Neumann Neumann 0Xoo 1-+4 X000
0X0X 21 XXoo
(+]1).4.4 4i-+2 0XX0
X000 h.5.0.5.4
Mixed Neumann 0X00 1+4 Xoco
0XoX 241 oo
X000 q-2 XX
X0 ps.0.0.4
Dirichlet Mixed XXo0 2-+3 Xoxo
XX A+2 0000
YXoo XoXo
XX XXX
Neumann Mized HXao 24 X00X
XXX A-+2 X0
[1]0) 9.4 0xXX0
XXX XXX
Mixed Mixed {00 2-+3 Xoxo
h e d 32 bt 9.4 4
AWK XXX
XX b 4,04

By similarly considering all possible boundary condilions at every Lype of boun-
dary grid peint, one can show that it is always possible to reorder the basis fune-
tions to obtain a non-zero diagonal in the corresponding diagonal block. A
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complete sel of tables describing the reordering of the boundary basis functions
is contained in Appendix A. The resull for the matrix in Figure 4 is shown in Fig-
ure &. Appendix B of (Dyksen, 1981) shows a complete set of example matrices
wilh Lhe collorder ordering.

e

FIGURE 5. The collorder meatriz for a 3 x 3 grid with 64 unknowns.

This ordering is implemented in the ELLPACK system as the indexing
module HERMITE COLLORDER.

II1. PIVOTING IN GAUSS ELIMINATION WITH THE COLLORDER ORDERING

We consider the following hypothesis: Gauss elimination without pivoting is
safc for Lhe collorder ordering of the colioccation cquations. We would, of
course, like to establish this by analylical means bul have been unable to do so.
It involves an analysis of scaling in Gauss cliinination, an area where liltle pro-
gress has been made so il is nol too disappointing Lhal we cannot analyze this
particular case. We do not believe this phenomena is restricted to collocation; il
is an instance of a more general phenomena in the numerical solulion of elliptic
preblems.

We test this hypothesis in the ELLPACK environment by considering the fol-
lowing medules for solving elliptic problems:

HERMITE COLLOCATION
P3C1 COLLOCATION
HERMITE COLLCRDER
BAND GE

BAND GE NO PIVOTING

The modules HERMITE COLLOCATION and P3C1 COLLOCATION genecrate the same
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equations, except that HERMITE COLLOCATION scales the equations (as best we
know how). BAND GE uses the LINPACK routines SGBFA and SGBSIL modified to
do scaled partial pivoting, while BAND GE NO PIVOTING is the same module
without pivoting. HERMITE COLLORDER applies the collorder ordering to the
equations.

A method is a combination of these modules and they are denoted using the
following scheme:

5 means use scaling = HERMITE COLLOCATION

C means use collorder ordering = HERMITE COLLORDER

P means use pivoting = BAND GI )

NP means use no pivoting = BAND GE NOC PIVOTING
If P3C1 COLLOCATION is used, then no letter is included in the method notation.
Thus, methods SP and CNP are

"HERMITE CCLLOCATION + BAND GE.

P3C1 COLLOCATION + HERMITE COLLORDER + BAND GE NO PIVOTING

These methods were applied to the following 20 elliptic problems from the
population of (Rice et al, 1981)

2-1, 3-1, -1, 8-1, 9-2, 10-2, 10-3, 12-3, 17-8, 20-2, 22-1, 23-6, 33-1, 35-3, 36-1,
40-1, 80-1, 53-3, 54-2, 59-1

There is a variety of operators in Lhis set; 15 of these problems have Dirichlet’
beoundary conditions (5 are homogeneous).

We restate the general hypotheses considered here: Gauss elimination
without pivoting is safe for the collorder ordering of the collocation equations.
We state below more specific, Lestable hypotheses for accuracy in lerms of
"method A" = "method B" along with an interpretation (pivoting always means
scaled parlial pivoting).

H1l: SCNP =3P
For scaled equations, cellorder and no pwotmg is the same as pivoting

H2: CNP =P
For unscaled equations, collorder and no pivoting is the same as pivoting

H3: SCNP = 5CP ,
For scaled equations, pivoting is n?t needed for the collorder ordering

H4: 3CP =5P
For scaled equations, collorder ha% no effect if pivoting is used.

i
.‘

These four hypotheses are tesi.rd with the sample described above and
accuracy measured as [ollows: ;
{a} subjective evaluation of accurary from plots for each PDE,
(b) grid size required Lo achieve 5%, 0.5% and 0.05% accuracy in the solution.
The second sel of measures is corrll'rplicaLcd by the facl thal Lhe accuracy is dom-
inated by round-oll ellecls for lirf2 grids. However, we are forlunate in thal ail
four measures give consislenl rcaulLa We give dalta for measure (a) in Table 2
since it is sunpler .




First Second

Hypothesis No method method

difference better better
H1: SCNP = SP 13 o 2
H2: CNP =P . 13 5 2
H3: SCNP = SCP 13 5 2
H4: SCP = SP 19 1 3]

TABLE 2, Accuracy resulls in testing the four hypotheses with
20 PDE problems,
None of the differences observed in this experiment are statistically significant
using the non-pararmetric Friedman, Kendall and Babington-Smith test (Hol-
lander and Wolfe, 1973).

We have also constructed a special sel of eight PDE problems whose exact
solulions are bicubic pelynomials. Every method under consideration here pro-
vides the cxact solution except for round-off effects. For this population we stu-
- died the growth of round-off effects for solving the collocation equations in the
collorder ordering using pivoting. We solved these problems wilh n varied from
2 Lo 28 (36 to 3364 unknowns) and compuled the ratios of the maximum to
minimum round-oif effects; these results are summarized below.

Maximum round-cff
Minimum round-off

27
17
13
10
30
17
12
13

PDE

IO WN -

For 4 ol the problems there is a definite linear trend in the log-log plot of error
versus n; the maximum slope is 0.75 suggesting that round-off grows at worst
like 9% with the collorder ordering and no pivoting. In 2 of the problems there
As a hint of a linwar trend and in the other 2 the round-off effect is constant over
this range of problem sizes.

For comparison, we solved these same eight PDE problems wilh the uns-
caled equations using the LINPACK software, Lhe round-off growlh ratios ob-
served ranged from 500 to 15,000 with an average ol 7500. Even Lhese growth
ralios are small compared to what one would cxpect [rom the condition
numbers of the linear systerns which are in the range 107 to 10" when n=28.
Delailed data for three other problems is given in Table 3. The numbers in Table
3 dilfer from those given above where round-off growth is measured with respect
to the minimum observed round-off and not in units in the last place.
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TABLE 3. Round-off effects (in units in the last place) ob-
served using the collorder ordering with the uns-

caled collocation equalions,

Problemt Numba.ar of Condition . R.ound-off. ‘

egualions number No pivoling Pivoling
2-1 1156 1.8*10° 50 400
3364 9.8+10° 500,000 2,000
22-1 1156.  2.2+1010 <20 500,000
1364 2.4+1011 80 10,000,000
59-1 1156 1.0+10° 8 40,000
3364 9.1710° 50 300,000

¥e now summarize other data and mention other work that is relevant to
this question. We have compuled Lhe growth [actor and maximum multiplier for
Gauss elimination on the scaled equations with the collorder ordering. Typical
resulls are tabulaled; they indicale that the equations do not become more diffi-
cult as the size of the system grows.

Number cof equations
84 1228 4492

Growth factor with pivoting 1.21 1.21 -
Growth factor without pivoting 2.04 1.58 -
Maximurn multiplier without pivoting | 22.4 225 22,5

In (Trottenberg and Witsch, 1981) there is an analysis that shows the follow-
ing. For a [ixed continuous elliptic problem, the condition of the corresponding
discretized problem is independent of k, the fineness of the discretization. Note
that Lhe condition of a particular numerical computation may be much worse
than that of the problem itself. This suggesis that there are numerical methods
for elliptic problems which are numerically stable even for discretizations with a
very large number of equations. One sample point to support this conclusion is
seen in Figure 5(c) of (Rice, 1981) where cssentially [ull machine accuracy is
oblained by a high order finite difference plus FFT method involving over 85,000
unknowns. Another sample point is given in Example 7.6.2 in (Dyksen, 1982)
where no round-oll effecl is observed for a tensor product discrelizalion with
82,368 unknowns. .

The study of (Hammarling and Wilkinson, 1980) concentrates primarily on
one dimensional problems, but they do study the usual finite difference systems
arising [rom the Laplace operator. They tcst whether the relative error grows
like the condition number (about n% or 1/ %) of the linear system. The experi-
mental dala given lor four problems stop at n=30 or 35 and do not show con-
clusive trends. A similar analysis and sludy appears in (Birkheff and Lynch,
1983} and Lhey also suggest Lhal the crror due Lo solving Lhe finile dilference
equations also grows like n%. Implicit in both these analyses is the usc ol ordi-
nary Gauss elimination: Lhe PFT example ciled in Lhe above paragraph shows
that the error growth can be much less.

The error in solving the collocation equations is much less correlated with
the condition number of the linear system as is seen irom the data in Table 3.
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For the collorder ordering the round-off grows at worse like =27 while the con-
dition humber grows like . Problem 5-1 provides another dala point where we
used lhe Galerkin method instead of collocation and then solved the lincar sys-
tem by the LINPACK software for symmelrie posilive definite band systems. The
condition number of the linear system is 2.3*i0? but only 1800 unils in the last
place of accuracy are lost. .

IV. WHY PIVOTING IS NOT NEEDED WITH THE COLLORDER ORDERING

The reason that pivoting is not needed with the collorder ordering is that
this ordering is essentially the order obtained when one does scaled partial
pivoling of the scaled equations. Recall that the role of scaling is to rationalize
partial pivoting, so if one knows in advance what the partial pivoting order is,
then one does not need to do scaling. We have tried without success to prove
that the collorder ordering is as we state, so our statement is a cenjecture
rather than a fact. We have checked Lhis conjecture on a large number of PDEs
and found il to hold.

A typical example is shown in Figure 6 for n=3. At the Lop of Figure 6 we
show the collocation points {(equations) erdered two ways. Al the bottom we give
the order in which the equations are eliminated using scaled partial pivoting. We
see Lhat the elimination orders are almost identical to each other and to the col-
lorder ordering. The differences in the elimination order and the collorder
order is almost always restriclted to permutation of the order of the four points
associated with a grid point. The subordering of collorder used at a grid point is
somewhat arbitrary and we believe the choice for this subordering to be some-
whalt irrelevant,

V. COMPUTATIONAL EFTICIENCY

For a grid of n® rectangles we have a linear system with 4(n +1)” unknowns
and band width 4n+11. Standard operation counts for memory and arithmetic
are (neglecting lower order terms).

Multiplies Memory

Elimination with pivating 64 nd 48 n’

Llimination without pivoting 32 nt 2 nt

A naive implementation of Gauss elimination with pivoting would refleet these
counts directly. We were surprised Lo find that BAND GE NO PIVOTING actually
requires more coimputing time Lthan BAND GL for these equalions. The reason is
that no pivoting leads to much more fill-in in the band; this lact is reflected in
the number of calls on the routine SAXPY (from the BLAS)}. A specilic Labulalion.
for the elimination is given below in the case of n =20 (3364 equalions).

Calls on Zero . Total scconds
Module used SAXPY el Difference Lo rin
BAND Gl 110,866 104,979 305,087 Fiild
BAND GIE NO PIVOTING | 406,146 40,705 065,381 B4B
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FINITE ELEMENT HERMITE COLLORDER
43 44 45 50 81 56 57 58 51 52 55 56 59 60 B3 64
42 [ 47 48 (53 54 (82 63| GO 49 | 50 53 | 54 57 (58 61| g2
41 | 46 40 | 52 55| 81 64 | 5D 35 |30 30|40 43 [ 44 47 | 48
2 2B 2042 33|38 30/ a6 3|34 37|38 4|42 45 46
25127 80|31 34|37 40! a5 18 |20 23|24 27|22 m aé
3|7 B |13 1422 2320 7|18 21122 25|28 2030
216 B 112 15|21 24 10 34 ?[8 11|12 1516
I 4 5 10 11 16 17 1B 1 2 6 6 98 10 13 14

PARTIAL PIVOTING PARTIAL PIVOTING
50 51 58 53 60 57 63 62 52 48 55 54 59 58 B4 61
52 (40 54|55 58|59 61| 64 50 |51 53|58 57|60 6283
3 (3 3637 42|41 46| 45 34 [35 38|97 42 |41 45 46
36|33 30|40 44 |43 a7 | 48 36 |33 30!40 44|43 4847
18119 22021 26|25 30|20 119 22|21 2625 20|30
20|17 2423 28|27 3132 2017 2423 28|27 32|31
a2 s!8 9w 1315 3/2 586 o100 15/ 13
1 3 8 7 12 11 18 14 I 4 8 7 12 11 14 16

FIGURE 6. (Top) Two orderings of the scaled collocalion equelions, (Bottom)
The order of eliminalion of the collocation equotions using scoled
purlinl pivoting.
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Recall that SAXPY computes the vector sum ex+y and is in the inner loop of
Gauss elimination so the total computation time should be {and is) proportional
to Lhe number of ils exccutions. A zero return from SAXPY does not involve any
signilicant computation.

For a sample of 45 cases, we observed Lhat no pivoting requires an average
of B%Z more execution lime than pivoling with a range of 4 to 14% more. Pivoting
requires aboul 40% more total memory than not pivoling.

¥1. CONCLUSIONS AND CONJECTURES

The collorder ordering has several nice properties: (1) the matrix has a
non-zero diagonal and is somewhat symmetric, (2) the linear systemn can be
solved by climinatien withoul piveting or secaling, and the computalion is excep-
tionally stable, (3) there is a savings in Lhe eliminalion of about 40% in memory
at the cost of 5-10% longer execulion time.

¥We conjecture that: il is completely sale Lo use a “'near collurder’” order-
ing where the equations are ordered according Lo the grid points togelher with
local partial pivoting used on the 4 by 4 blocks associaled with the grid points.
This would greally simplify the algorithm Lo obtain the coliorder ordering by el-
iminating the reordering associated with boundary conditiens. It is not likely to
. Increase the speed and woeuld increase the memory requirement by a factor of
1+a(h).

We make a sccond and somewhal more amorphous conjecture: it is essen-
tial for numerical slability that the elimination order [ollow a continuous
gcomelric progression through the demain of the problem. We believe this to
be a general property of discretizalions of elliptic problems. We have made vari-
ous experirnents with both finite elements and finite differences and observed
that "'disrupting” the geometric paltern during elimination usually produces nu-
merical instability, sometimes of cnormous magnilude. it is as though the
round-ofl error satisfies an initial-value problem which is parabolic and smooth-
ing if the gecometry is followed properly and is hyperbelic and unstable if the
geometry is not followed,
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APPENDIX A

The tables in this appendix contain the basis function (unknown, column)
permutations to be performed on the diagonal blocks which correspond to the
boundary grid points. There are eight different types of boundary boundary
points which we label as follows:

Northwest North Northeast
West East
-SBouthwest South Southeast

A table for each type of boundary grid point follows,
Note: HERMITE COLLOCATION uses the south boundary condition at the
southwest and southeast corners. It uses the west and east boundary coenditons

at the northwest and northeast corners, respectively.

Note: The column permutations given in the tables are local in the sense
that they refer to the column number within the diagonal block. Hence. switeh-
ing columns 2 and 3 within a given diagonal block may actually involve switching

celumns 45 and 46 in the intermediate collocation matrix.

The boundary condition labels given in the tables have the following mean-

ings:

Label Boundary condition
Dirichlet w =g
du _
Neumann I g
. ou
x + f—=
Mixed ou + ff 3 7
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TABLE A 1. Column permutaotions of the southwest corner.

Southwesl corner

Boundary condition
Block Column Block
West South before | permutation | after
Dirichlet | Dirichlet Xoao 2-3 X000
X0OX0 3.2 XXoo
XX00 X0OX0
KHXX XXX
Neumann | Dirichlet X000 294 X000
A0X0 3-2 XX0o
00X 43 0XX0
oK XX
Mixed Dirichlet X000 23 X000
Xo0X0 32 AX00
p.9.9.9.4 xAXX
. 9.4.9.4 XXX
Dirichlet | Neumann 0X00 1-3 Xooo
0X0X 21 XX00
XX00 34 X0X0
).9.9.0,4 442 18,909
Neumann | Neumann OxCo 1-4 X000
OX0oX 21 pedty
00X 452 OxXo
XXX 20X
Mixed Neumann 0X00 14 Xoco
0X0X 221 XX0o
200X 42 p.0.4.0.4
XXX 20X
Dirichlet Mixed XXo0o0 23 X0Xa
). 8.0.9.4 32 XXX
XX00 X0X0
X XX
Neumann Mixed AX00 24 XaoX
wRXX 42 )94
DOXX 0XX0
XXX KX
Mixed Mixed XX00 23 X0X0
). 9.8.9.4 3+2 1.9.9.9.4
XXX WO,
XX OO
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TABLE A2, Column permutations af the southeest corner.

Southeast corner

Boundary condition
Block Column Block
South East before | permutation | aiter
Dirichlet Dirichiet X0X0o 12 XX00
XGoo 24 .0XGo
XX 3-1 posot
XX00 43 0X0X
Dirichlet | Neumann || X0XO 1=»2 *X00
Xooo 23 0X00
XX 3-1 p9. 584
0OXX Xoox
Dirichlet Mixed XO0X0 12 XX00
X000 23 0X00
XXX 3-1 X0
p.0.8.0.4 20K
Neumann | Dirichlet 0X0X 1+ 4 XX00
0Xoo 41 0X00
XXX 200X
AA00D 0X0X
Neumann | Neumann oX0X 1-+3 XX00
0X00 -4 0Xo0
KX 4-1 O
00XX X00X
Neumann Mixed OX0X 124 AX00
0X00 41 0X00
200X h.00.0 ¢
XXX 00X
Mixed Dirichlet ). 9.4.9.4 1->4 200X
XX00 41 OX0X
KX 200K
AX00D 0X0X
Mixed Neumann | XXXX 1 -3 KX
: XX00 3-1 0XX0
X0 p.0.4.4.4
00xXX X00X
Mixed Mixed ).9.¢.0.4 1-» 4 200
KX00D 421 0X0X
KK X
AEXX X




TABLE A-3. Column permutations af the northwest corner,

A-4

Northwest corner

Boundary condition
Block Column Block
West North before | permutation | after
Dirichlet Dirichlet XX00 1-3 X0X0
XXX 21 XXXX
X0oQ 34 00X0
X0X0 452 00XX
Neumann | Dirichlet 00xXX 1-4 KOX0
KX 451 P8 8.0.4
00X0 00X0
X0X0 8]0},
Mixed Dirichlet ).9,9.0.4 1-+4 XX
KX 41 00X
X0X0 00X
X0X0 00XX
Dirichlet | Neumann || XX0C 1-3 X0X0
XXX 21 p.9.4.9.4
X000 3-+2 00X0
0X0X X00X
Neumann | Neumann (1]03.0.4 1-2 KOX0
XXX g4 h.80.0.¢
00X0 41 00X0
0X0X X00X
Mixed Neumann || XXX none KX
KEXX oK
X0X0 X0X0
oXoX OX0Xx
Dirichlet Mixed xKX00 1->3 X0X0
200X 2-1 HHXX
X000 3-»2 00X0
XXX X0
Neumann Mixed 00XX 1-+4 X0X0-
KX 41 KXXX
00X0 00X0
).9.9.0.4 p.9.9.9.4
Mixed Mixed XX none XX
XXX 200X
X0X0 KOX0o
X XX
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TABLE A-4. Column permutations atf the northeast corner.

Northeasl corner

Boundary cendition
Block Column Block
North East before | permutation | after
Dirichlet | Dirichlet 200X 14 XXX
X000 41 0X0X
X0X0 00XX
X000 000X
Dirichlet | Neumann || XXXX 1-3 AXXX
00XX 21 0X0X
X0X0 3 4 00XX
00X0o 452 000X
Dirichlet Mixed HOX 1-4 KAXX
XX 41 X
X0X0 00xXX
X0X0 00XX
Neumann | Dirichlet o ved 1+ 4 XX
XX00 3-1 0X0X
(1)), 4 43 0XX0
X000 QoCX
Neumann | Neumann || XXX 223 XX
(1]1).9.4 324 0X0X
1).01).4 442 0XX0
00X0 000X
Neumann Mixed KX 3 4 200X
XX 443 K
0X0X OXX0
X0X0 X00X
Mixed Dirichlet XX 1-4 XXX
xXX00 41 0X0X
XXX X0
X000 000X
Mixed Neumnann [ XXXX 2-3 ot e ¢
00XX 324 oXoX
p9.4.0.4 492 200
00x0o 000X
Mixed Mixed XX 124 XXX
XX 41 ).9.9.9.4
XXX XX
X0X0 00XX
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TABLE A-6. Column permuleations on the south boundary.

Nerth boundary
Boundary || Block Column Bloek
condition || before | permutation | after
Dirichlet §.0.9.0.4 1-4 XX
XX 41 XXX
XoXo £]619.4
X0X0 [00),9.4
Neumann j| XXXX 2-3 XXX
XXX 3-2 KX
0).48).4 00X
OX0xX 00XX
Mixed 200 23 20GX
XXXX 3-2 P 5:9.9.4
XXX XXX
). .9.9.4 XX

TABLE A-5. Column permutations on the north boundery.

South boundary
Boundary || Block Column Block
condition ([ before | permutation | after
Dirichlet X0X0 2-3 XXoo
X0X0 32 xX00
XXX 000X
.9.9,0.4 XX
Neumann || 0X0X 1->4 xXXoo
(1. (1)4 41 XXoo
XXX XXX
L0.9.0.4 00X
Mixed 0.9.9.4 223 XX
XXX -2 200
XX XX
).9.9.9.4 . 9.9,9.4
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TABLE A-7. Colummn permulations on the wast boundory.

Yest boundary
Boundary || Bleck Column Block
condition {[ before | permutation | after
Dirichlet XX00 2-3 X0X0o
1| XxxX 3-2 XXX
XX00 X0X0
200X 9,904
Neumann COXX 14 X0X0
AKX 451 XX
00XX X0X0
P.9.9.8.4 .9,9.9.4
Mixed P90 0.4 23 X0
XXX 352 XXX
.9.9.0.4 XXX
20X 20X

TABLE A-8. Column permutolions on the east boundary.

East boundary

Boundary || Block Column Block
condition || before { permutation | after
Dirichlet P 8.9.9.4 1-4 XX
xXX00 441 CX0X

XK XX

xXXo0 0X0X

Neumann || XXXX 2-3 XXX
00XX 3+2 0X0X

200X XXXX

00xXX 0X0X

Mixed XX 23 XXX
XX 342 XX

KX 20K

HKAXX AXKX




