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Abstract

We study the following distributed access problem which arises naturally in many settings:
given a set of data items shared among nodes in a distributed network, all nodes want to access
all (or a subset of) the items residing on different nodes in a conflict-free manner. In addition,
items may move from one node to the other during access. The goal is to design distributed
protocols so that all nodes access all the desired items as quickly as possible, while at the same
time not overloading the storage space of any one node. We show that a simple randomized
distributed protocol (Protocol 1 of the paper) performs almost as well as an optimal (centralized)
scheme but with no coordination overhead. Our protocol takes O(n) time with high probability
to access all n items which is asymptotically the same compared to the optimal scheme. The
protocol guarantees that the maximum load of any processor is at most O(log n/ log log n) with
high probability which is only slightly larger compared to the Ω(1) load of the optimal scheme.
Our analysis involves a stochastic analysis of a “balls into bins” problem in a dynamic setting
where balls (data items) move into bins (nodes) on request and we study the time and load
requirements to move all the balls to the requested bins.
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1 Introduction and Motivation

In many distributed settings, data and resources are shared and there are constraints on their
simultaneous access by participating nodes. For example, in ad hoc wireless networks, nodes have
simultaneous wireless transmission constraints, and in peer-to-peer networks nodes have bandwidth
constraints. Additionally, in such settings, communication and network management is expensive
and hence distributed protocols with low communication and coordination overhead are preferred.
Thus an important goal in such settings is to design distributed conflict-free access protocols so that
all the competing nodes can access the shared resources in a coordinated manner. In this paper,
we focus on the following distributed access problem which naturally arises in many settings: given
a set of data items shared among nodes (computers/processors) in a distributed network, all nodes
want to access all (or a subset of) the data items residing on different nodes. In many settings, there
may be constraints on the number of items that can be accessed simultaneously by a node (e.g.,
due to limited bandwidth or storage space) or the number of different nodes that can access an
item simultaneously (e.g., an item needs to be accessed exclusively by a node for maintaining data
consistency at all times). The goal is to design a distributed access protocol so that all the nodes will
access all the data as quickly as possible without any centralized coordination. To illustrate further,
consider a concrete example of a Peer-to-Peer (P2P) network — a distributed ad hoc network of
computers sharing data and resources. A large file (or a set of large files) may be distributed and
stored across the network and a large set of nodes want to access all (or some number of) the
distributed pieces of the file (or the set of files). In content-addressable P2P networks (e.g., Chord
[38]), given a data item’s key any node can access the item efficiently in a distributed manner
(even without knowing a priori where the item is located). However, bandwidth is usually a severe
constraint, and hence it is not possible for a node to access all the pieces at the same time, nor it is
possible for all the “home” nodes (the nodes where the data resides) to service many requests for
the data at the same time. Broadcasting all the items to all the nodes may not be possible since the
files are large and replicating data may be costly. Hence, the goal is to design an access schedule
so that all the competing nodes can access all the distributed data in a coordinated manner. One
way is to devise a centralized coordination scheme; although this can be time optimal, just to set
up the centralized scheme in a fully distributed setting may be too costly.

There are also other applications where the distributed access problem naturally arises. For
example, consider the Information Dispersal scheme of Rabin [34] in a resource-constrained setting.
Here a file F of length L = |F | is broken into n pieces Fi, each of length |Fi| = L/m, so that every
m pieces suffice for reconstructing F . Thus, each node has some piece, all nodes wants to access at
least m pieces (m−1 if each node has one piece to begin with) in a distributed manner. Our problem
is relevant if there are constraints on simultaneous access due to bandwidth, storage, or exclusive
access. Another interesting application is computing aggregates in a decentralized manner. Here
each node wants to compute some (global) aggregate function (such as average, max) determined
by all other nodes’ values. For example, the simple and elegant Push-Sum protocol of Kempe et al.
[21] guarantees that in a complete network (i.e., every node can communicate with any other node
in one step) within O(log n) parallel steps (with high probability) all nodes will have an accurate
estimate of an aggregate function (such as average). This is a distributed protocol where in every
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step, each node chooses some other node uniformly at random, and sends some value. This result
does not assume any constraints on the number of items a node can receive at the same step. Our
model and results are relevant when there is an constraint on the number of items a node can
receive at the same step.

Also, in some applications, e.g., in distributed databases (e.g., see [31]) or in certain P2P
systems [17], nodes may move data items around and update or modify those data items. For
update consistency, it is desirable to have one copy of each item around and thus the node which
accesses the data item becomes the new “home” node for the data, while the node from which it got
the data relinquishes ownership (with corresponding increase and decrease in load of the respective
nodes). Ideally, we would like the load to be as evenly distributed as possible during the algorithm
and at the end of the algorithm. Again, this can be achieved by centralized coordination schemes,
but here we are interested in fully distributed protocols which perform as well as these schemes
with very little or no coordination overhead.

Motivated by the above discussion, we consider a simple and abstract distributed access problem
where all nodes simultaneously want to access all (or a subset) of items in other nodes in a conflict-
free manner. We study a simple and natural, randomized, fully distributed protocol that performs
as well as an optimal centralized scheme, but has very little overhead.

1.1 Problem Statement and Protocols

Consider a network of n nodes (processors) and each processor has one (distinct) data item (for a
total of n items). We assume that data items have unique keys (names) and each processor knows
the respective keys of all the n data items. Each processor has a unique processor identification
number. The goal of each processor is to access all (or some number m < n) of the data items
located in the other processors. We will assume a synchronous setting, i.e., communication is
synchronous and occurs in discrete time steps. In one step, a processor can request only one data
item from one other processor. Thus each processor can distinguish the data items, but they may
not know where each item is located. A processor will request a data item by specifying its key.
We assume that a processor can locate (and access) an item in one step if it knows its key, no
matter where this item is located currently. If more than one processor requests the same data
item in the same step only one will be able to access it (ties can be broken arbitrarily). Success
or failure to access an item will be known in the same time step. (We point out that, although
the terminology “conflict-free” used in this paper suggests “exclusive access”, the model and the
protocols studied here can be easily relaxed to allow an upper bound on simultaneous access. This
extension is discussed in Section 4.)

We note that in this highly simplified model we ignore the delay (or equivalently, assume that
all delays are the same) that will result in locating and accessing an item. In fact, we do not worry
about how the item is located in the network and simply assume the existence of an underlying
network protocol ( e.g., similar to content-addressable networks [38, 35]) that will locate and return
the item to the requested processor if the request is conflict-free. Our main goal here is to study
a “clean” model that focuses only on the effects of conflict-free access. Thus we abstract away
difficulties arising from other factors, such as delay, congestion, asynchrony, routing etc. (In a
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similar vein, the simplified distributed computing model called LOCAL is used to study only the
effects of locality, while ignoring other considerations [33]. We also note that simplified point-
to-point “complete network” models in which every node can communicate with any other node
in one time step has been used in theory to model overlay networks (e.g., [25]) and gossip-based
communication, e.g., [21, 22].)

We would like to design a simple and natural distributed algorithm where there is no coordi-
nation of requests among nodes and every node acts independently in a distributed (and selfish)
manner. Our first goal is to minimize (or reduce) the time taken for all the processors to access
all (or a specified number of) the items. Suppose we assume further in our model that the item
moves to the requested processor after (successful) access. That is, when processor A accesses an
item from processor B, A’s load increases by 1 and B’s load decreases by 1. We will assume that
the movement of an item will affect only the loads of the involved processors and will not affect the
time needed to access the item in future time steps. In this setting, our second goal is to minimize
the load of all the processors during the entire course of the algorithm. Also, on termination we
are interested in minimizing the number of data items each node owns i.e., we want to achieve load
balance after all requests have been serviced.

If the nodes can somehow coordinate among themselves (e.g., a centralized scheme that matches
items to processors in a cyclical schedule that is conflict-free in each step) all nodes can access all
the items in n−1 steps storing only one item at any time and this obviously is optimal with respect
to both time and load. Our goal is to design a distributed protocol that tries to perform as well
as an optimal scheme. We want to leverage the fact that large number of nodes want to access a
large number of items to schedule the accesses in a contention-free manner.

This paper is mainly devoted to the study of the following simple and natural, distributed,
randomized protocol:

Protocol 1:
In each step every processor does the following:

If there are items still to be accessed
request an item chosen uniformly at random from among the items it has not yet accessed.

It is easy to implement the above protocol in our model. Each processor maintains its own list
of items (identified by their unique keys) that it has accessed till now. Assume that the goal of
each processor is to access all n (or only m < n) items. At the beginning of a step, each processor
checks if it has accessed all n (or m < n ) items. (Note that this is possible, since a processor
knows the keys of all the n items.) If a processor has not accessed the required number of items
then it chooses an item (say item p) randomly from among the items that is has not accessed till
now (“sampling without replacement”). It then sends a “request” message for p (with p’s key and
its processor id in the message). If this is the only processor requesting this item in this step, then
it will (successfully) access the item. We assume that success or failure to access is checked by
the underlying network protocol and an appropriate notification is sent back to the processor in
the same time step. The protocol terminates when all items have been accessed by the processor.
In case of success, the item moves to the requested processor with corresponding changes in the
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loads of the involved processors. In Section 2 we formally show the termination and correctness of
Protocol 1 (cf. Theorem 2.1). We then analyze the performance of Protocol 1 with respect to the
following measures (cf. Theorems 2.3, 3.1 and 3.2):

1. Time: The number of steps needed before all processors access all (or some m number of)
items.

2. Load: The maximum load of any processor in any step during the execution of the protocol.

Although the algorithm is simple, its analysis is not, because of the complicated dependencies
introduced soon after the first step. These dependencies make the analysis of Protocol 1 signif-
icantly more complicated than the analysis of the standard “balls into bins” paradigm. As is a
common simplifying technique in analyzing randomized algorithms, one way is to analyze a some-
what less efficient protocol which uses “sampling with replacement” instead of “sampling without
replacement” paradigm (used by Protocol 1). (We note that in some applications, e.g., finding
a stable marriage [28] or finding Hamiltonian paths in random graphs [3], gives a bound which
is asymptotically tight compared to the original algorithm which uses “sampling without replace-
ment” paradigm. Here, as the reader will see, this is not the case: the simplified protocol below
has asymptotically much worse performance compared to Protocol 1.)

Protocol 2:
In each step every processor does the following:

If there are items still to be accessed
request an item chosen uniformly at random from among all items.

Similar to Protocol 1, it is easy to implement Protocol 2. In every step, each processor checks
the list of items accessed as in Protocol 1. In case the number of items accessed is less than n

(or m < n) then the choosing of item is done uniformly at random from among all the n items
(“sampling with replacement”). Protocol 2 is, obviously, naive to implement (since a node can
unnecessarily request items which it has already accessed), however its expected time to terminate
is easier to analyze and this gives an upper bound on the running time of Protocol 1. Using a
coupon collector argument we show that the number of steps needed by Protocol 2 is Θ(n log n)
with very high probability (cf. Theorem 2.2), Θ(log n) factor larger than the lower bound of Ω(n)
(cf. Theorem 2.3). In contrast, we will show that Protocol 1 takes at most O(n) steps with very
high probability (wvhp), i.e., with probability at least 1−e−δn, for some δ > 0. The load is also more
difficult to analyze in Protocol 1 compared to Protocol 2. For Protocol 2, it is not difficult to show
that the load is Θ(n), since the last processor alive (when all the other processors have accessed all
the items and stopped) would need to sample Θ(n) items on the average. However, we will show
that for Protocol 1, the maximum load of any processor is upper bounded by O(log n/ log log n)
with high probability (whp) i.e., with probability at least 1 − 1/nδ, for some δ > 0 (cf. Theorem
3.1). We will also show that the load in some processor will be at least Ω(

√
log n) whp in every

step t ≥
√

log n (cf. Theorem 3.2). (Henceforth, we will use the abbreviations “wvhp” and “whp”
in the sense defined above.)
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We conclude this section by pointing out a quick application to the problem of computing
aggregates discussed earlier. If each node accesses all the other values, then Protocol 1 takes at
most O(n) steps. However, in many situations (e.g., under the assumption that the values are
drawn from the same distribution), sampling a small number of other nodes’ values is enough to
give an estimate of the aggregate (say, average) with high probability (see e.g., [9]). Thus, if only
Θ(log n) other values need to be accessed, then Protocol 1 terminates in Θ(log n) steps whp (cf.
Theorem 2.3).

Paper Organization. We next briefly discuss work that is most relevant to this work. The rest of
the paper is mainly devoted to the analysis of Protocol 1. The correctness, termination, and time
bounds are discussed in Section 2. The load bounds are stated and proved in Section 3. Extensions
and open problems are discussed in Section 4.

1.2 Related Work

Conflict-free access protocols have been studied extensively in the context of multiaccess channels
(see e.g., an early survey by Gallager [12]), but these are not directly related to our model. In a
multiaccess channel problem, a common channel is shared by many competing processors. Each
processor needs the channel exclusively to communicate and if more than one processor commu-
nicates in the same time step then none will succeed. The goal is to devise a local protocol that
schedules the accesses in a conflict-free manner. Typically, the assumption is that a processor does
not have knowledge of the intentions or the history of other processors and has to rely solely on its
local history to design its schedule. Randomized backoff protocols that repeatedly retries sending a
message after a suitably chosen random time interval have been extensively studied [15, 36, 13, 14].
Randomization has also been used to design efficient collision-resolution protocols in the multiple
access channel model of radio networks. In this setting, the basic assumption is that each node can
send a message to all its neighbors in one step, but a neighbor w can hear the message only if no
other neighbor of w is transmitting at the same step [5]. We refer to the survey by Chlebus [6] for
overview of work on randomized communication in radio networks.

There is also work on randomized protocols for gossip/rumor propagation in networks, but these
usually assume that data (typically of small size) can be replicated and propagated simultaneously.
In many of these applications, the motivation for using randomization is that it naturally provides
robustness, simplicity, and scalability. For example, Feige et al. [11] studies the following ran-
domized protocol for broadcasting an item from a source node to the entire network. Every node
that receives a copy of the item (starting with the the source node) chooses a random neighbor and
sends a copy of the item to it. The main result is the analysis of the time needed for a copy to reach
all the nodes in the network. Another related work is the work on randomized rumor spreading
by Karp et al [18]. This work assumes a model in which there are n nodes that communicate in
parallel rounds in each of which every player calls a randomly selected communication partner and
exchanges a rumor. Starting with a single rumor, the goal is to propagate the rumor to all n nodes.
Specifically, two classes of algorithms can be defined based on the direction of exchange: push and
pull. Assuming u call v, the rumor is said to be pushed if u tells v the rumor, and the rumor is
said to be pulled if v tells u the rumor. The main results of the work is the design of a protocol
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that uses both push and pull to design an algorithm that takes O(log n) rounds and O(n log log n)
transmissions to spread the rumor to all nodes. It is also shown that this is essentially asymptot-
ically optimal in the sense that any address-oblivious algorithm needs Ω(n log log n) transmissions
for each rumor regardless of the number of rounds. It also shows that there exists a fundamental
performance gap between rumor spreading algorithms based on random interconnections and de-
terministic broadcasting schemes. We note that protocols of this paper can be considered as “pull”
protocols in the sense that the item tries to pull the data item from a node having the item. Other
recent works on using randomization in decentralized gossip-based protocols include [21, 22, 20, 19].

There is a vast literature on the balls and bins problems (also called “occupancy” problems)
where m balls are thrown independently and randomly into n bins and the goal is to study questions
such as the maximum number of balls in a bin, the expected number of bins with k balls etc.
Comprehensive treatises on these problems are the books by Johnson and Kotz [16] and by Kolchin
et al [23]. A coordinated placement of balls will result in 1 ball in every bin and this gives the
optimal load distribution. Throwing balls randomly, requires no coordination, and yet achieves
a maximum load of at most O(log n/ log log n) with high probability ([28]). In fact, this can be
shown to be optimal in the sense that some bin will have this load. The work of Azar et al. [4]
builds on this basic occupancy problem and introduces the two choices version of the problem where
each ball is thrown into the least loaded of two randomly chosen bins. This leads to even more
balanced allocation: the maximum load in any bin is now O(log log n). A comprehensive survey
of the two choices paradigm and its applications is the survey by Mitzenmacher et al. [26]. The
“balls into bins” model, although quite simple, has played a fundamental role in many algorithmic
applications — randomized load balancing, hashing, routing, analyzing random graph algorithms
to name a few (e.g., [28, 27, 4, 26]). In particular, “balls into bins” paradigm have been used in the
design and analysis of parallel and distributed algorithms for load balancing (e.g., see [1, 29, 26] and
the references therein), edge-coloring [32], fault-tolerant decentralized computing (e.g., the survey
of [29] and the more recent work of Chlebus and Kowalski [7] and references therein), and packet
routing (the survey of [37]). The paper of Dubhashi and Ranjan [10] studies negative dependence
in the analysis of balls and bins and discusses useful analytical tools such as the FKG inequality
(cf. Section 3).

2 Time Bound and Analysis

We first formally show that Protocol 1 terminates and is correct, i.e., it terminates in a finite
number of steps (with certainty) and on termination all the n processors would have accessed all
the n items. The same proof will work if only m < n items need to be accessed by all processors.

Theorem 2.1 Protocol 1 is correct and terminates in at most n2 steps.

Proof: The main argument for termination is that, in every step, some processor will make
progress as explained below. Note that if two processors access the same item in the same time
step, one of them will succeed. Once an item is successfully accessed by a processor, it will not again
be chosen for access by the same processor. Define the stochastic process Z = Z0, Z1, . . . , Zt, . . . ,
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where the random variable Zt counts the total number of successful item accesses by all processors
up to step t (starting from step 0). In the beginning, each processor has only its own item, and
thus Z0 = n. The protocol will terminate (for all processors) when Zt = n2. Since, at least one
item is successfully accessed by some processor in each step, the stochastic process is monotonically
increasing, i.e., Zt+1 ≥ Zt + 1, for all t. Hence the protocol will terminate correctly before t ≤ n2

steps.
Note that the n2 termination time bound is a worst-case bound. We note that Ω(n) is an

obvious lower bound. As discussed in Section 1.1, we show that Protocol 2 correctly terminates
in Θ(n log n) steps with very high probability. This gives an (non-tight) upper bound on the
termination of Protocol 1, since it is easy to see that the running time of Protocol 2 stochastically
dominates the running time of Protocol 1.

Theorem 2.2 Protocol 2 correctly terminates in Θ(n log n) steps in expectation and wvhp.

Proof: Protocol 2 terminates only when all processors have accessed all the items. We now bound
the number of steps needed for termination with high probability.

We first get a high probability bound on the number of steps needed by a particular processor
(say processor 1) to access all items.

The probability that processor 1 did not access a particular item in some step is at most

((1− 1/n) + (1/n)(1− (1− 1/n)n)) ≤ 1− 1/n(1− 1/e).

In the above formula, the first term is the probability that this particular item is not chosen to
be requested and the second term represents the probability that the item is chosen and was not
accessed (since some other processor accessed the same item in this step). Thus the probability
that this particular item is not accessed in cn log n steps is at most

(1− 1/n(1− 1/e))cn log n ≤ 1/n3

for a suitably large constant c.
Hence using the union bound ([27][Lemma 1.2]), the probability that there exists some item

that is not accessed by processor 1 in O(n log n) steps is at most 1/n2. Using the union bound
again, the probability that there is some processor which has not accessed all the items is at most
1/n.

The lower bound follows directly from the coupon collector argument: A processor needs
Ω(n log n) steps wvhp even to choose all n items to request ([28][Theorem 3.8]).

The main result of this section is the following theorem which gives an asymptotically tight
bound on the running time of Protocol 1.

Theorem 2.3 1. Let T be the number of steps before all the n processors access all the n items in
Protocol 1. Then T = O(n) with probability at least 1− e−δn, for some δ > 0.

2. Let Tm be the number of steps needed before all n processors access (any) m (< n) items.
Then the following holds.
(a) For m = Ω(log n), Tm = O(m) whp.

(b) For m = o(log n), Tm = O(log n) whp.
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Proof: We will prove Part 1; Part 2 will be a straightforward generalization.
The main idea is to show that after cn steps (for some constant c > 0) each processor has

accessed at least dn of the items (wvhp) and each item has accessed at least dn of the processors
(wvhp), for some constant d < 1, and then we use this repeatedly to get a geometric sum. We now
formalize this idea as follows.

Consider the following less efficient protocol where sampling with replacement is combined with
sampling without replacement. Partition a set of steps into rounds such that k-th round consists of
ckn steps, where ck is a parameter that is independent of n (but dependent on k) that will be fixed
later. More precisely, first round consists of step 1 through c1n, and k-th round, for k > 1, consists
of step

∑k−1
i=1 cin + 1 through

∑k
i=1 cin.

Protocol 3:
In each step of the kth round every processor does the following:

if there are items still to be accessed
request an item chosen uniformly at random from among the items
it has not yet accessed in previous rounds.

In particular, note that each processor requests an item from among all items in the first round. Note
that this can be considered as a hybrid of Protocols 1 and 2. There is sampling with replacement
in every round (that consists of a finite number of steps) as in Protocol 2. And in every round,
the sampling is restricted to items that have been accessed in previous rounds — sampling without
replacement as in Protocol 1. Correctness is obvious because the protocol terminates (for every
processor) only when all items are accessed by all processors. Let M

′
be the number of steps before

all the n processors access all the n items in the above protocol. We will now show that M
′
= O(n)

wvhp. It is not difficult to see that M
′
stochastically dominates M , the number of steps taken by

Protocol 1 and thus we bound M by bounding M ′.
We assume that at the beginning, each processor has no items (having one item already does

not change the analysis) and it starts requesting an item from step 1. For the first round, let
I1 = {1, 2, . . . , n} be the set of all items. Let Xij , j ∈ I1 be a random variable defined to be 1 if
processor i accesses item j during the first round and 0 otherwise. Let Xi be the total number of
items accessed by processor i during the first round. The probability that processor i accesses item
j at some step s < c1n is at least

1
n

(
1− 1

n

)n−1

≥ 1
en

.

Thus we have

Pr(Xij = 0) ≤
(

1− 1
en

)c1n

≤ e−c1/e.

Since Xi =
∑

j∈I1
Xij , we have

E[Xi] ≥ d1n,

where d1 = 1 − e−c1/e. Let Yj be the number of processors that have accessed item j during the
first round. Using the same arguments, we can show that

E[Yj ] ≥ d1n.
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To show concentration of Xi which is a sum of dependent random variables, we use a martingale
analysis. Specifically, we set up a Doob martingale ([28, Chapter 4]) to show that with wvhp

Xi ≥ dεn

where dε = (1 − ε)d1, for some small constant ε > 0. Let Z0 = E[Xi], Z1 = E[Xi | Xi1], . . . , Zn =
Xi = E[Xi | Xi1, Xi2, . . . , Xin]. Then the sequence Z0, Z1, . . . , Zn is a Doob martingale ([28,
Chapter 4]). We would like to show concentration of Xi by applying Azuma’s inequality ([28,
Theorem 4.16]):

Pr(|Zn − Z0| ≥ λ) ≤ 2 exp
(
− λ2

2γ2n

)
provided |Zj − Zj−1| ≤ γ, for all j (called the “bounded difference property”).

We next prove that γ = 1, i.e., that |Zj − Zj−1| ≤ 1 for j ∈ I1.

Claim 2.1 |Zj+1 − Zj | ≤ 1 for j ∈ I1.

Proof: For notational convenience, let Uj = Ui,j , that is, Uj equals to 1 if processor i accesses
item j during the first round, and let U =

∑n
j=1 Uj be the number of items that processor i accesses

in the first round. We define

f := f(U1, . . . , Uj+1) = |Zj+1 − Zj | = E[U | U1, . . . , Uj , Uj+1]−E[U | U1, . . . , Uj ].

Then f becomes

f = Uj+1 − Pr(Uj+1 = 1 | U1, . . . , Uj) +
n∑

m=j+2

gm,

where gm := Pr(Um = 1 | U1, . . . , Uj , Uj+1) − Pr(Um = 1 | U1, . . . , Uj). Since Xjs are identically
distributed (by symmetry), we have

gm := g = Pr(Un = 1 | U1, . . . , Uj , Uj+1)− Pr(Un = 1 | U1, . . . , Uj),

for all m = j + 2, . . . , n. Thus we have

f = Uj+1 − Pr(Uj+1 = 1 | U1, . . . , Uj) + (n− j − 1)g. (1)

We show that

−1 ≤ f ≤ 1, if Uj+1 = 1, (2)

−1 ≤ f ≤ 1, if Uj+1 = 0. (3)

We prove (2). Then (3) can be proved similarly. Assuming Uj+1 = 1, we have

g = (Pr(Un = 1 | U1, . . . , Uj , Uj+1 = 1)− Pr(Un = 1 | U1, . . . , Uj , Uj+1 = 0))Pr(Uj+1 = 0).

For 0 ≤ k ≤ j, we set k variables among U1, . . . , Uj to be 1 and the rest j − k variables to be 0.
First, we show that

− 1
n− j − 1

Pr(Uj+1 = 0) ≤ g ≤ 0, for any k. (4)
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Without loss of generality, we may assume that the first k variables set to 1 and the last j − k

variables are 0. Now we compute the probability

Pr (Un = 1 | U1 = Uk = 1, Uk+1 = . . . = Uj = 0, Uj+1 = 1)

under the condition that U , the number of items accessed to processor i is k + k
′
for k

′
> 0:

Pr(Un = 1 | U1 = . . . = Uk = 1, Uk+1 = . . . = Uj = 0, Uj+1 = 1, U = k + k
′
)

=

(n−j−2

k′−2

)(n−j−1

k′−1

) =
k
′ − 1

n− j − 1
. (5)

The above probability is obtained from the following observation. Since k + 1 items are set to 1,
the number of cases in which k

′ − 1 items among Uj+2, . . . , Un have been accessed by processor i is(n−j−1

k′−1

)
. Out of these, the number of cases in which Un is accessed by the processor i is

(n−j−2

k′−2

)
.

Similarly, we can obtain that

Pr(Un = 1 | U1 = . . . = Uk = 1, Uk+1 = . . . = Uj = 0, Uj+1 = 0, U = k + k
′
)

=

(n−j−2

k′−1

)(n−j−1

k′
) =

k
′

n− j − 1
. (6)

Therefore, for any k
′
> 0, the difference between (5) and (6) is − 1

n−j−1 . Note that if k
′ ≤ 0 then

the above probability becomes 0− 0 = 0. Thus we conclude that

− 1
n− j − 1

≤ Pr(Un = 1 | U1 = . . . = Uk = 1, Uk+1 = . . . = Uj = 0, Uj+1 = 1)

− Pr(Un = 1 | U1 = . . . = Uk = 1, Uk+1 = . . . = Uj = 0, Uj+1 = 0) ≤ 0,

this completes the proof for (4). From Equation (1), we have

−1 ≤ 1− Pr(Uj+1 = 1 | U1, . . . , Uj)− Pr(Uj+1 = 0) ≤ f ≤ 1− Pr(Uj+1 = 1 | U1, . . . , Uj) ≤ 1.

By the above lemma, since |Zj − Zj−1| ≤ 1 for j ∈ I1, by Azuma’s inequality, for any λ > 0,

Pr(|Zn − Z0| ≥ λ) ≤ 2e−0.5λ2/n. (7)

We want to show that wvhp, Zn = Xi ≥ dεn = (1− ε)d1n = (1− ε)E[Xi] = (1− ε)Z0. Letting
λ = εd1n in Equation 7, we obtain that Xi ≥ dεn with probability at least 1− 2e−0.5ε2d2

1n, for any
ε > 0. Similarly we can show that Yj ≥ dεn holds wvhp. The bound for Xi is with respect to a
particular processor i, and Yj is respect to a particular item j. At the end of the first round, using
the union bound it follows that with probability at least 1 − 2ne−0.5ε2d2

1n, every processor has at
most (1− dε)n items left to be accessed, and at most (1− dε)n processors have not accessed every
item.

Let K = b2
3 log(1−dε)−1 nc. In general, for 1 < k ≤ K, we analyze the k-th round as the follows.

At the end of the (k− 1)-th round, at most (1−dε)k−1n items have not been accessed by processor
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i. Let Ik be the set of (1 − dε)k−1n items (in the worst case). Furthermore, wvhp there are at
most (1 − dε)k−1n processors that have not accessed item j for each j ∈ Ik. The probability that
processor i accesses j at some step in the k-th round is at least

1
(1− dε)k−1n

(
1− 1

n(1− dε)k−1

)(1−dε)k−1n

≥ 1
(1− dε)k−1en

.

Let Xk
ij be 1 if processor i accesses item j during the k-th round and 0 otherwise, and Xk

i is the
number of items accessed by processor i during the k-th round. Thus,

Pr(Xk
ij = 0) ≤

(
1− 1

(1− dε)k−1en

)ckn

≤ e
− ck

e(1−dε)k−1 .

Choose ck = c1(1− dε)k−1 so that Pr(Xk
ij = 0) ≤ e−c1/e. Therefore,

E[Xk
i ] ≥ d1(1− dε)k−1n.

Again using a Doob martingale and Azuma’s inequality with λ = εd1(1− dε)k−1n, we have

Xk
i ≥ dε(1− dε)k−1n

with probability at least 1−2 exp(−0.5ε2d2
1(1−dε)k−1n). Thus, during the first k rounds processor

i has not accessed at most (1 − dε)k−1n − dε(1 − dε)k−1n = (1 − dε)kn items whp. By the union
bound, it follows that every processor has not accessed at most (1 − dε)kn items with probability
at least

1− 2n
k−1∑
i=0

exp(−0.5ε2d2
1(1− dε)in) ≥ 1− 2nK exp(−0.5ε2d2

1n
1/3).

Similarly, after the k-th round, at most (1− dε)kn processors have not accessed every item. There-
fore, the minimum number of items accessed by every processor during the first K rounds is at
least

K∑
k=1

(1− dε)k−1dεn = (1− (1− dε)K)n

with probability at least 1− 2nKe−0.5ε2d2
1n1/3

. The total number of steps taken during the first K

rounds is

c1n(1 + (1− dε) + (1− dε)2 + . . . + (1− dε)K−1) ≤ c1

dε
n =

c1

(1− ε)(1− e−c1/e)
n = O(n)

by choosing c1 > 0 and 0 < ε < 1 to be constants (independent of n). After K-th round, every
processor has at most (1− dε)Kn = n1/3 items left to be accessed and thus at most n2/3 additional
steps are needed (in the worst case — cf. Theorem 2.1) until no items are left. Thus we conclude
that M

′ ≤ O(n) + O(n2/3) = O(n) with probability at least 1− e−δn for some δ > 0.
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3 Load Bounds and Analysis

Let S(t) be the maximum load at step t among all processors, and S = max{S(t), t > 0} be the
maximum load of any processor during the course of Protocol 1. We assume that each processor
wants to access all the n items.

3.1 Upper Bound

For the upper bound we will need the following variant of the Chernoff bound from [32], which
works in the case of dependent indicator random variables that are correlated as defined below.

Lemma 3.1 ([32]) Let Z1, Z2, . . . , Zs ∈ {0, 1} be random variables such that for all l, and for any

Sl−1 ⊆ {1, . . . , l − 1},Pr(Zl = 1|
∧

j∈Sl−1
Zj = 1) ≤ Pr(Zl = 1). Then for any δ > 0, Pr(

s∑
l=1

Zl ≥

µ(1 + δ)) ≤ ( eδ

(1+δ)1+δ )µ, where µ =
s∑

l=1

E[Zl].

Theorem 3.1
S ≤ O(

log n

log log n
) whp.

Proof: Let the random variable Xi(t) be the load of processor i at step t. It is easy to see that
E[Xi(t)] = 1, for any t > 0 and for any processor i. This is because, for any step t,

∑n
i=1 Xi(t) = n,

and by symmetry (Xi(t)s are identically distributed), E[X1(t)] = E[X2(t)] = · · · = E[Xn(t)].
We first bound S(t), for any t > 0. We focus on a particular processor, say processor 1. Fix

t > 0 and define random variables Z1, Z2, . . . , Zt by

Zj =


1, if processor 1 accesses an item at step j and the item remains at step t

i.e., the item remains in processor 1 from step j till step t.

0, otherwise.

We note that the load of processor 1 at time t, X1(t) =
∑t

j=1 Zj .
First we show that for any l ≤ t,

Pr(Zl = 1|
∧

j∈Sl−1

Zj = 1) ≤ Pr(Zl = 1), (8)

where Sl−1 is an arbitrary subset of steps {1, 2, . . . , l − 1}. Let C = (
∧

j∈Sl−1
Zj = 1). Since,

Pr(Zl = 1) = Pr(Zl = 1 | C)Pr(C) + Pr(Zl = 1 | C̄)Pr(C̄),

where C̄ is the complement of C, if we prove that

Pr(Zl = 1 | C) ≤ Pr(Zl = 1 | C̄) (9)

then (8) follows. Let xj , j ∈ Sl−1 be the item that processor 1 accesses at step j. Conditioning on
C, any other processor (except processor 1) cannot request item xj at step l. Otherwise processor
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1 would lose xj which makes Zj = 0. That is, under the condition C, other processors request one
of n−|Sl−1| items at step l. On the other hand, conditioning on C̄, Zj = 0 for some j ∈ Sl−1. Thus
the item in step j was lost to some other processor, either in step j or in later steps, including step
l. Hence, other processors can request one of (at least) n− |Sl−1|+ 1 items at step l, which implies
(9).

Let δ = c log n
log log n − 1, for some constant c > 0. Since X1(t) =

∑t
j=1 Zj , we have by Lemma 3.1:

Pr(X1(t) ≥ 1 + δ) = Pr(X1(t) ≥ E[X1(t)](1 + δ)) ≤
(

eδ

(1 + δ)1+δ

)
.

To bound S(t) = max1≤i≤n Xi(t), i.e., the maximum load among all processors at step t, we use
union bound ([27][Lemma 1.2]):

Pr(S(t) ≥ 1 + δ) ≤ nPr(X(t) ≥ 1 + δ) ≤ exp (δ − (1 + δ) log(1 + δ) + log n) ≤ 1/n3 (10)

if the constant c is chosen sufficiently large.
To bound S = max{S(t), t > 0} we again use union bound. Since the protocol will terminate

in at most n2 steps (cf. Theorem 2.1), using Equation 10, we have

Pr(S > c log n/ log log n) ≤ n2Pr(S(t) > c log n/ log log n) ≤ 1/n.

3.2 Lower Bound

We show that the load in some processor will be at least Ω(
√

log n) whp in every step t ≥
√

log n.
In the proof of the following theorem we will need the powerful FKG inequality (cf. [37]). The

FKG inequality can be summarized as follows for our purpose. Let Z1, Z2, . . . Zl be independent
random variables each taking values in {0, 1}. Define ~Z := (Z1, Z2, . . . , Zl) and all events are
assumed to be completely determined by the value of ~Z. Given ~a := (a1, a2, . . . , al) ∈ {0, 1}l and
~b = (b1, b2, . . . , bl) ∈ {0, 1}l, let us say that ~a � ~b iff ai ≤ bi, for all i. Define an event A to be
increasing iff: for all ~a ∈ {0, 1}l such that if A holds when ~Z = ~a, then A also holds when ~Z = ~b,
for any ~a � ~b. Analogously, event A is said to be decreasing iff: for all ~a ∈ {0, 1}l such that if A

holds when ~Z = ~a, then A also holds when ~Z = ~b, for any ~b � ~a. The FKG inequality states that
if A and B are both increasing or decreasing events then Pr(A|B) ≥ Pr(A) and if one is increasing
and the other is decreasing, then Pr(A|B) ≤ Pr(B).

Theorem 3.2 Let S(t) and S be defined as earlier. Then S ≥ Θ(
√

log n) whp. Furthermore,
S(t) = Ω(

√
log n) for all t ≥

√
log n.

Proof: We focus on processor 1 and show that during the first n/2 steps of the protocol, the
maximum load of processor 1 is at least Θ(

√
log n) whp.

Consider step t, where 1 ≤ t ≤ n/2 − k, where k = o(log n) is a parameter that will be fixed
later. The probability that processor 1 accesses a new item in step t is at least (1− 2/n)n−1. This
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is because any other processor has a probability of at most 2/n of accessing the same item as chosen
by processor 1 (the other processors have to choose this item from among at least n/2 other items
that have not been accessed yet).

In fact, the probability that processor will access a new item in step t and keep it for the next
k steps (i.e., will not lose the item to some other processor) is at least

(1− 2/n)(n−1)k ≥ (1− 2/n)nk ≥ (e−2(1− 4/n))k ≥ e−2k(1−O(k/n)).

Processor 1 will have a load of size k if in some interval of k steps it accesses a new item in each
of the k steps and keeps it in the interval. This probability is at least

e−2k × e−2(k−1) × · · · × e−2 × (1−O(k/n))k = e−(k)(k+1)(1−O(k2/n)). (11)

Partitioning the interval into bn/2kc sets, each set consisting of k consecutive steps starting
from step 1, we upper bound the probability that processor 1 does not have a load of size k in every
one of these sets:(

1− e−(k)(k+1)(1−O(k2/n))
)bn/2kc

≤ e−e−(k)(k+1)(1−O(k2/n))bn/2kc = o(1/n) (12)

if k = c
√

log n for some sufficiently small constant c > 0.
Thus, X1(t) = Ω(

√
log n) whp in at least one step. Hence S ≥ Ω(

√
log n) whp.

We now show that the load of some processor will be at least Ω(
√

log n) in every step t ≥
√

log n.
Consider a time step t ≥

√
log n. As calculated in Equation 11, by considering the interval [t−k, t],

processor 1 will have a load of at least k at time t with probability at least e−(k)(k+1)(1−O(k2/n)).
Hence,

Pr(X1(t) ≥ k =
√

log n) = Θ(1/nε) (13)

for some constant 0 < ε < 1. Since the the loads of the different processors are not independent
we cannot directly conclude the result. We use the FKG inequality to show that the loads of the
different processors are (negatively) correlated as stated in the following Lemma.

Lemma 3.2 X(t) and Y (t) be the loads of processor 1 and 2 at step t. Then for any h > 0

Pr(X(t) ≥ h, Y (t) ≥ h) ≤ Pr(X(t) ≥ h) · Pr(Y (t) ≥ h).

Proof: Suppose that processor k (k = 1, 2, . . . ) has requested an item zk,j at each step j =
1, 2, . . . , t. Let U := (X(t) ≥ h) and V := (Y (t) ≥ h).
Define random variables Zk,j , k = 1, 2, . . . , n, j = 1, 2, . . . , t to be 1 if processor k acesses zk,j at
step j and the item has not been moved to other processors before step t (for t > j), and 0 otherwise.
To simplify the notation, let xj = z1,j and yj = z2,j . That is [x1, x2, . . . xt] and [y1, y2, . . . yt] are
the requested items through step 1 to t by processor 1 and processor 2 respectively. Let Xj = Z1,j

and Yj = Z2,j .
For fixed ck,j ∈ {0, 1}, k = 3, 4, . . . , n, j = 1, 2, . . . , t, define the event W := (Zk,j =

ck,j , k = 3, 4, . . . , n, j = 1, 2, . . . , t). Under condition W , Yj is completely determined by
~X := (X1, X2, . . . , Xt). That is

Yj = fj(X1, X2, . . . , Xt)
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for some function fj : D ⊂ {0, 1}s → {0, 1}, where D is the set of all possible values of ~X (under
the condition W ).
Claim: fj(X1, X2, . . . , Xt) is decreasing. That is, if ~b � ~a, then f(~b) ≥ f(~a).
It suffices to show that if fj(~a) = 1 then fj(~b) = 1 for ~b � ~a ∈ D. Observe that the item yj has not
been moved to other processors since we are assuming that Yj = fj(~a) = 1 and hence yj 6= xi for
all i such that ai = 1. Thus for any ~X = ~b � ~a, yj remains in processor 2, since yj 6= xi for such i

satisfying bi = 1.
The claim implies that U = (X1 + X2 + . . . + Xt ≥ h) is an increasing event while V = (Y1 +
Y2 + . . . Yt ≥ h) is decreasing in terms of X1, X2, . . . Xt. Thus by FKG inequality, we have
Pr((U | V ) | W ) ≤ Pr(U | W ) and hence Pr(U | V ) =

∑
W Pr((U | V ) | W )Pr(W ) ≤

∑
W Pr(U | W )Pr(W ) =

Pr(U).

Now we are ready to present the lower bound result.
Let Xi(t) be the storage space of processor i at step t. Define event Ai := (Xi(t) ≥ h). Let

h =
√

log n.
Using the Chung and Erdos’ second moment method (cf. [39])

Pr(
n⋃

i=1

Ai) ≥
(
∑n

i=1 Pr(Ai))2∑n
i=1 Pr(Ai) +

∑
i6=j Pr(Ai ∩Aj)

,

we observe that

Pr(S(t) ≥ h) ≥ T 2
1

T1 + T2
,

where T1 =
n∑

i=1
Pr(Xi(t) ≥ h) and T2 =

∑
i6=j

Pr(Xi(t) ≥ h, Xj(t) ≥ h). T1 = nPr(X1(t) ≥ h) and

T2 ≤ n(n− 1)Pr(X1(t) ≥ h)2 (by Lemma 3.2). By Equation 13, Pr(Xi(t) ≥ h) = Θ(1/nε) for some

constant 0 < ε < 1. Thus, we have Pr(S(t) ≥ h) ≥ Θ
(

1
1/n1−ε+1

)
= 1−Θ

(
1

n1−ε

)
.

4 Conclusion and Open Problems

We studied simple randomized protocols for conflict-free distributed access. Our results show that
randomization with “memory” (i.e., sampling without replacement — Protocol 1) is asymptotically
optimal with respect to the best possible time bound and only at most logarithmically larger than
the best possible load bound. Below we list some extensions and open problems for future work.
1. There are gaps in the time and load bounds of Protocol 1. We conjecture that a tight concen-
tration result for time can be shown, i.e., Protocol 1 can be shown to run in time cn ± o(n) with
high probability, for some fixed constant c. Is the lower bound for load also Θ(log n/ log log n) ?
2. Consider the following two-choice paradigm [4] to achieve more even load distribution in our
model: in every step, a processor requests two items and accesses the item from that processor
having a larger number of items (cf. Section 1.2). We ignore the overhead involved in accessing the
items and all other assumptions of the model stay the same. What are the load bounds for this
protocol?
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3. Suppose we allow only O(1) maximum load for each processor. That is, a processor cannot
request additional items if its load exceeds a constant. Then what are the time bounds for Protocol
1?
4. Our model assumes exclusive access, i.e., an item can be accessed by only one processor in one
time step. We observe that this assumption can be relaxed. For example, one can specify an upper
bound (say k) on the number of processors that can simultaneously access an item. Thus, up to k

processors can simultaneously access an item in the same time step. We can then study the same
randomized protocols under this modified condition. We leave it to the reader to extend the time
and load bounds for this generalized setting.
5. Our model makes the simplifying assumption that an item can be accessed in one time step,
no matter where it is located in the network. However, to be applicable to practical distributed
networks, the model should be extended to take into account the latency in finding and accessing an
item. In this context, a natural extension of our work is to study arbitrary networks where routing
delay and congestion in intermediate nodes have to be taken into account. In particular, it will be
interesting to study the problem first on special types of network topologies such as hypercube and
grid networks.
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