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Abstract

Motivated by applications to modern networking technadsgithere has been tremendous interest
in designing efficient gossip-based protocols for compuaggregate functions. While gossip-based
protocols provide robustness due to their randomized eataducing the message and time complexity
of these protocols is also of paramount importance in théesoof resource-constrained networks such
as sensor and peer-to-peer networks.

We present efficient gossip-based algorithms for aggrezatgputation that are both time optimal
and almost message-optimal. Givem-@mode network, our algorithms guarantee that all the nodas c
compute the common aggregates (such as Min, Max, Count, Suenage, Rank etc.) of their values
in optimal O(logn) time and using)(nloglogn) messages. Our result improves on the algorithm of
Kempe et al. [8] that is time-optimal, but ug@én log n) messages as well as on the algorithm of Kashyap
et al. [7] that use® (n log log n) messages, but is not time-optimal (take@og n log log n) time). Our
algorithm uses a technique calleddistributed random ranking that gives an efficient distributed pro-
cedure to partition the network into a forest of (disjoimBes of small size. Since the size of each tree
is small, aggregates within each tree can be efficientlyiobthat their respective roots. All the roots
then perform a uniform gossip algorithm on their local aggtes to reach a distributed consensus on the
global aggregates.

Our algorithms are non-address oblivious. In contrast, n@vsa lower bound of2(nlogn) on
the message complexity of any address-oblivious algorfttmecomputing aggregates. This shows that
non-address oblivious algorithms are needed to obtairifisigntly better message complexity.
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1 Introduction
1.1 Background and Previous Work

Aggregate statistics (e.g., Average, Max/Min, Sum, and, Count etc.) anéicagtly useful for many appli-
cations in networks [2, 5, 8, 9, 11, 18]. These statistics have to be cothpwe data stored at individual
nodes. For example, in a peer-to-peer network, the average numfilesatored at each node or the maxi-
mum size of files exchanged between nodes is an important statistic neeslestdiyp designers for optimiz-
ing overall performance [16, 19]. Similarly, in sensor networks, kngwtire average or maximum remaining
battery power among the sensor nodes is a critical statistic. Many ressffols have been dedicated to
developing scalable and distributed algorithms for aggregate computatiomgitinem gossip-based algo-
rithms [1, 2, 4, 7, 8, 10, 12, 14, 17] have recently received signifiadantion because of their simplicity of
implementation, scalability to large network size, and robustness to freqewdnk topology changes. In
a gossip-based algorithm, each node exchanges information with a ranclowsln communication partner
in each round. The randomness inherent in the gossip-based pratatotally provides robustness, sim-
plicity, and scalability [6, 7]. We refer to [7, 8, 6] for a detailed discus®arihe advantages of gossip-based
computation over centralized and deterministic approaches and their aén@sts/to emerging networking
technologies such as peer-to-peer, wireless, and sensor netwaikgpaper focuses on designing efficient
gossip-based protocols for aggregate computation that have low messdgjene complexity. This is es-
pecially useful in the context of resource-constrained networks asiskensor and wireless networks, where
reducing message and time complexity can yield significant benefits in terms efilgncongestion and
lengthening node lifetimes.

Much of the early work on gossip focused on using randomized commumidatiosumor propagation
[3, 15, 6]. In particular, Karp et al. [6] gave a rumor spreading aljor (for spreading a single message
throughout a network ofi nodes) that take®(log n) communication rounds ard(n log log n) messages.

It is easy to establish th&t(logn) rounds are needed by any gossip-based rumor spreading algoriiem (th
bound also holds for gossip-based aggregate computation). Theyhalaed that any rumor spreading
algorithm needs at lea§X(n log log n) messages for a class of randomized gossip-based algorithms referred
to asaddress-oblivious algorithms [6]. Informally, an algorithm is called address-oblivious if theiglen to

send a message to its communication partner in a round does not dependpariilee’s address. Karp et
al’s algorithm is address-oblivious. For non-address obliviousigfgos, they show a lower bound af(n)
messages, if the algorithm is allowed oxilog n) rounds.

Kempe et al. [8] were the first to present randomized gossip-basedtlatgs for computing aggre-
gates. They analyzed a gossip-based protocol for computing sumageasequantiles, and other aggregate
functions. In their scheme for estimating average, each node selectearastiom node to which it sends
half of its value; a node on receiving a set of values just adds them to itshalved value. Their protocol
takesO(log n) rounds and use®(nlogn) messages to converge to the true averagerimade network.
Their protocol is address-oblivious. The work of Kashyap et al. W&k the first to address the issue of
reducing the message complexity of gossip-based aggregate protaoisatethe cost of increasing the
time complexity. They presented an algorithm that significantly improves ovandssage complexity of
the protocol of Kempe et al. Their algorithm uses o6lyn log log n) messages, but is not time optimal
— it runs inO(log nloglogn) time. Their algorithm achieves thi8(logn/loglogn) factor reduction in
the number of messages by randomly clustering nodes into groups @?&izen), selecting representative
for each group, and then having the group representatives gossigah@mselves. Their algorithm is not
address-oblivious. For other related work on gossip-based ptstoge refer to [7, 2] and the references
therein.



1.2 Our Results

In this paper, we present efficient gossip-based algorithms for congpugiiious aggregate functions that
improves upon previous results. Givemanode network, our algorithms guarantee that all the nodes can
compute the common aggregates (such as Min, Max, Count, Sum, Averagk eft.) of their values in
optimal O(log n) time and using)(n log log n) messages. Our result improves on the algorithm of Kempe
et al. [8] that is time-optimal, but usé3(n log n) messages as well as on the algorithm of Kashyap et al. [7]
that usesD(n loglogn) messages, but is not time-optimal (take€og n log logn) time). Our algorithms
use a simple scheme calleddistributed random ranking (DRR) that gives an efficient distributed protocol

to partition the network into a forest of disjoint trees®@flog n) size. Since the size of each tree is small,
aggregates within each tree can be efficiently obtained at their respemitge All the roots then perform

a uniform gossip algorithm on their local (tree) aggregates to reach #udistt consensus on the global
aggregates. Our idea of forming trees and then doing gossip among theftte trees is similar to the idea

of Kashyap et al. The main novelty is that our DRR technique gives a simgleficient distributed way of
decomposing the network into disjoint trees (groups) which takes@(lyg ) rounds and)(n log log n)
messages. This leads to a simpler and faster algorithm than that of [7]ldg@uttam is non-address oblivi-
ous, i.e., some steps use addresses to decide which partner to communicatgnith. & he time complexity

of our algorithm is optimal and the message complexity is within a fagfiog log n) of the optimal. This

is because, Karp et al [6] showed a lower boundu6f) for any non-address oblivious rumor spreading
algorithm that operates i@ (log n) rounds. (Computing aggregates is at least as hard as rumor spreading.)

Our second contribution is a lower bound @fn logn) on the message complexity of any address-
oblivious algorithm for computing aggregates. This shows that noneaddiblivious algorithms (such as
ours) are needed to get a significant improvement in message complexity.

Our algorithm, henceforth called @RR-gossip, proceeds in phases. In phase one, every node runs the
DRR scheme to construct a forest of (disjoint) trees. Within each treegiseptivo, the local aggregate (e.g.,
sum or maximum) of the tree is computed by a Convergecast process amedtdtthe root of the tree.
Finally in phase three, all the roots utilize a suitably modified version of the nmifssip algorithm of
Kempe et al. [8] to obtain the global aggregate. Finally, if necessaryptits forward the global aggregate
along the tree to other nodes in their trees.

1.3 Organization

The rest of this paper is organized as follows. The network model igidedcin Section 2 followed by
sections where each phase of the DRR-gossip algorithm is introduceshahded separately. The whole
DRR-gossip algorithm is summarized in Section 6. In Section 7, we establistealbownd for the address
oblivious model. We conclude in Section 8.

2 Modd

The network consists of a skt of n nodes; each nodec V has a data value denoted by The goal is to
compute aggregate functions such as Min, Max, Sum, Average etc., abdeevalues.

The nodes communicate in discrete time-steps referredrtmuads. As in prior work on this problem [6,
7], we assume that communication rounds are synchronized, and afl cadeommunicate simultaneously
in a given round. Each node can communicate with every other node. dana reach node can choose
a communication partner independently and uniformly at random. A ndslesaid tocall a nodej if 4
chooseg as a communication partner. (This is known asrdr@om phone call model [6].) Once a call is
established, we assume that information can be exchanged in both diredtogghe link. In one round,
a node can call onlyne other node. (If multiple nodes attempt to communicate with a node, then the
connection is queued up.) We assume that nodes have unique addidestngth of a message is limited
to O(logn + log s), wheres is the range of values. It is important to limit the size of messages used in
aggregate computation, as communication bandwidth is often a costly re$oulis&ributed settings. All



Algorithm 1. F =DRR(G)
foreach node: € V do
chooserank(i) independently and uniformly at random frdf 1] ;
set found = FALSE // higher ranked node not yet found ;
setparent(i) = NULL // initially every node is a root node;
setk = 0 // number of random nodes probed ;
repeat
sample a node independently and uniformly at random frdrmand get its rank ;
if rank(u) > rank(i) then
setparent(i) = u;
setfound = TRUE;
setk=k+1;
end
until found == TRUFE or k <logn —1;
if found == TRUEF then
send a connection message including its identifi¢q its parent nodgarent(i);
end
Collect the connection messages and accordingly construct the sethufdtec nodesC'hild(i);
if Child(i) = () then
become a leaf node;

ese
become an intermediate node;

end
end

the above assumptions are also used in prior work [8, 7]. Our algoritinoterate the following types of
failures (similar to the algorithms of [8, 7]). In particular, we assume two tgbéailures: (i) some fraction
of nodes may crash initially, and (ii) links are lossy and messages can gefltuss, while nodes cannot
fail once the algorithm has started, communication can fail with a certain ppiliipad. Without loss of
generality,1/logn < § < 1/8: Larger values of, requires onlyO(1/log(1/4)) repeated calls to bring
down the call probability below/8, and smaller values only make it easier to prove our claims.

Throughout the paper, “with high probability (whp)” means “with probab#ityeastl — 1/n®, for some
a > 0"

3 Phasel: Distributed Random Ranking
3.1 TheDRR algorithm

The DRR algorithm is as follows. Every node V' chooses a rank independently and uniformly at random
from [0, 1]. (Equivalently, each node can choose a rank uniformly at randam([fron3]; however, choosing
from [0, 1] leads to a smoother analysis, e.g., allows use of integrals.) Eachirtbéa samples up to
logn — 1 random nodes sequentially (one in each round) till it finds a node of high& to connect to. If
none of thelogn — 1 sampled nodes have higher rank thidmecomes a “root”. Since every node except
root nodes connects to a node with higher rank, there is no cycle in thh.gFaus this process results in a
collection of (disjoint) trees which together constitute a fofésAlgorithm 1 gives the pseudo-code of the
DRR algorithm.

We next analyze the number of trees and the size of each tree produtieelDRR algorithm; these are
critical in bounding the time complexity of DRR-gossip.



3.2 Number of Trees

Theorem 1 The number of trees produced by the DRR algorithmis O(n/ log n) whp.

Proof: The probability that a nodebecomes a root i©(1/log n), because this is the probability that
its rank is highest among all tHegn — 1 nodes probed. Hence, by linearity of expectation, the expected
number of roots (and thus, treesYi$n/logn).

To show tight concentration, we use the following argument. Assume thks fzave already been
assigned to the nodes. Number the nodes according to the order statiseir oaittks: theith node is the
node with theith smallest rank. Let the indicator random variallletake the value of 1 if théth smallest
node is a root and 0 otherwise. (Note that probability tkigt= 1 is 1 and the probability thaky, = 1 is
0.) LetX = " , X; be the total number of roots. As shown abok8X] = O(n/logn). Clearly, X;s
are independent random variables, since the probability thathismallest ranked node becomes the root
depends only on thieg n — 1 nodes that it samples and independent of the samples of the rest of & nod
Applying a Chernoff’s bound [13] we have:

Pr(X > 6E[X]) < 28X = o(1/n).

3.3 TreeSize
Theorem 2 The number of nodes in every tree produced by the DRR algorithmis at most O (log n) whp.

Proof: We bound that the probability that a tree of si2fog n) is produced by the DRR algorithm. Fix
a setS of k£ = clog n nodes, for some sulfficiently large positive constani/e first compute the probability
that this set ok nodes form a tree. For the sake of analysis, we will direct tree eddefiags: a tree edge
(i, 7) is directed from nodéto nodej if rank(j) < rank(i), i.e.i connects tg. W.l.0.g., fix a permutation
of St (51,..+,5a,---,58,...,5K) Whererank(s,) > rank(sz), 1 < o < § < k. This permutation
naturally induces a spanning directed treeSm the following fashion:s; is the root and any other node
se (1 < a < k) connects to a node in the totally strict ordered{sst ..., s.—1} (as fixed by the above
permutation). For convenience, we denote the event that asncalenects to any node on a directed tfEg,
ass — T. Note thats — T implies thats’s rank is less than that of any node on the ffeé\lso, we denote a
directed spanning tree induced on the strictly totally orderedsseto, . .., sq, ..., sp} asTy, where a node
s« €an only connects to its preceding nodes in the ordered set. As a seEalcis the induced directed
tree containing only the root nodg. In the following, we bound the probability @f, happening:

PI‘(Tk) =Pr (Tl N (82 — Tl) N (83 — Tg) n---N (Sk — kal))
= PI‘(Tl) PI‘(SQ — T1| Tl) PI’(83 — TQ‘ TQ) N PI‘(Sk — Tk—l‘ Tk—l)- (1)

To bound each of the terms in the product, we use the principle of defde@dions: when a new node
is sampled (i.e., for the first time) we assign it a random rank. For simplicity,ssemae that each node
sampled is a new node — this does not change the asymptotic bound, sircartheow only: = O(logn)

nodes under consideration and each node samples atinbgin) nodes. This assumption allows us to
use the principle of deferred decisions to assign random ranks withmuying about sampling an already



sampled node.

P(Sa_> a— 1|Ta 1

1lognl o—1
/// / ( >r§dra...dr1
n
a—1 10n1
= 1+7"a+7' +. " dry, . . . dry

a—l (logn)
o (a! * (a+1). + (a+2). e (logn+a).>

wherer, = rank(s,) is the rank of node,, 1 < ¢ < «. The above expression is bounded bywhere
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3.4 Complexity of the DRR algorithm

Theorem 3 The message complexity of the DRR algorithm is O(n loglogn) whp. The time complexity is
O(log n) rounds.

Proof: Letd = logn— 1. Fix a node. Its rank is chosen uniformly at random frdf 1]. The expected
number of nodes sampled before a nofiads a higher ranked node (or else,&fltodes will be sampled) is
computed as follows. The probability that exadtiypodes will be sampled |®(k T k) since the last node
sampled should be the highest ranked nodeiastibuld be the second hlghest ranked node (whp, all the
nodes sampled will be unique). Hence the expected number of nodesdpsob

d 11
Z@(km%) = O(logd).

k=1

Hence the number of messages exchanged byiiede(log d). By linearity of expectation, the total number
of messages exchanged by all node@ (s log d) = O(nloglogn).

To show concentration, we set up a Doob martingale as follows XLdénote the random variable that
counts the total number of nodes sampled by all nodgX’] = O(nlog d). Assume that ranks have already
been assigned to the nodes. Number the nodes according to the ordéc sthtiweir ranks: theth node
is the node with théth smallest rank. Let the indicator r. ¥z, (1 < i < n, 1 < k < d) indicate whether
the kth sample by théth smallest ranked node succeeded or not (i.e., it found a higher ranked node). If
it succeeded thedt;; = 1forallj < kandZ; = Oforallj > k. ThusX = > S% | Zy. Then
the sequenc& = E[X], X, = E[X|Z11],...,Xna = E[X|Z11,...,Z,4] is @ Doob martingale. Note
that| X, — X,—1| < d (1 < ¢ < nd) because fixing the outcome of a sample of one node affects only the
outcomes of other samples made by the same node and not the samples macde bpadel. Applying
Azuma’s inequality, for a positive constaive have:

€2n?

Pr(|X — E[X]| > en) < QGXP(—W

) =o(1/n).

The time complexity is immediate since each node probes at@dsg ») nodes in as many roundl



4 Phasell: Convergecast and Broadcast

In the second phase of our algorithm, the local aggregate of each trekewslbtained at the root by the
Convergecast algorithm — an aggregation process starting from ldasramd proceeding upward along the
tree to the root node. For example, to compute the local max/min, all leave siotfdg send their values to
their parent nodes. An intermediate node collects the values from its childbepares them with its own
value and sends its parent node the max/min value among all received &atligs own. A root node then
can obtain the local max/min value of its tree. Provided in the Appendix A, Alguarithand Algorithm 8
are the pseudo-codes of the Convergecast-max algorithm and ther@eras-sum algorithm, respectively.
In the pseudo-codes, the inputc M, 1, wherelM,, , is thex x y matrix, representing the value vector over
all nodes inV; the outpuicov ., € M,, 1 andcovg,,, € M,, » are the computed aggregates at root nodes,
wherem is the number of root nodes.

After the Convergecast process, each root broadcasts its atloladbether nodes in its tree via the tree
links. This process proceeds from the root down to the leaves via thérikegthese two-way links were
already established during phase 1.) At the end of this process, atbobnedes know the identity (address)
of their respective roots.

Complexity of Phasel |

Every node except the root nodes needs to send a message to itsrprentpward aggregation process
of the Convergecast algorithms. So the message complexityris. Since each node can communicate with
at most one node in one round, the time complexity is bounded by the size oé¢hgttis is the reason for
bounding size and not just the height). Since the tree size (hence, gt &igo) is bounded bg (logn)

(cf. Theorem 2) the time complexity of Convergecast and broadcaxtlig; n). Moreover, as the number
of roots is at mosO(n/ log n) by Theorem 1, the message complexity for broadcast is@(s9.

5 Phaselll: Gossip

In the third phase, all roots of the trees then compute the global aggraga¢eforming the uniform gossip
algorithm on the grapli’ = clique(V'), whereV C V is the set of roots angl/| = m.

The idea of uniform gossip is as follows. Every root independently arifdum at random selects an
node to send its message. If the selected node is another root then thedasiplsted. If not, then the
selected node needs to forward the received message to its root. {@maserse through an edge 6f a
message needs at most two hop&-of

The algorithm 2, Gossip-max, and the algorithm 4, Gossip-ave, a modifidetimrthe Push-Sum algo-
rithm of [8, 7], compute thél/ax and Ave aggregates respectively (other aggregates such as Min, Sum etc.
can be calculated by a suitable modification). Note that there is no samplingdpirecin the Gossip-ave
algorithm. The algorithm 3, Data-spread, a modification of Gossip-max, tshysa root node to spread its
value. If a root needs to spread a particular value over the networsitilse particular value as its initial
value of the Gossip-max algorithm and all the other roots set their initial valorios infinity.

5.1 Performance of the Gossip-max and Data-spread Algorithms

Let m denote the number of the root nodes. By Theorem 1, we have |V| = O(n/logn) where

n = |V|. Karp, et al. [6], have proved that all the nodes of a complete graph can know a particular rumor
(e.g., theMax in our application) in0D(log m) = O(log n) rounds with high probability by using their Push
algorithm, a prototype of our Gossip-max algorithm, with uniform selectionaisidity. Similar to the Push
algorithm, the Gossip-max algorithm needém logm) = O(n) messages for all the roots to obtdifiax

if the selection probability is uniformly /m. However, in the implementation of the Gossip-max algorithm
on the ranking tree forest, the root of a tree is selected thighprobability proportional to the size of its
ranking tree. The uniformity of the selection probability does not hold here, although tloeuthtion of the
tree size may be small. In this case, we can only guarantee that after tiegosedure of the Gossip-max
algorithm, a portion of the roots including the root of the largest tree will gessheM ax. After gossip



Algorithm 2: %4 =Gossip-max@, F, V, y)

Initialization: every rooti € V is of the initial valuex, ; = y(¢) from the inputy.
* To computeM az, xo; = y(i) = COVpaz(i); to computedve, xo; = y(i) = cOVsym(3,2). * /
gossip procedure:
for t=1: O(logn) rounds do
Every rooti € V independently and uniformly at random selects a nodé and sends the
selected node a message containing its current value;.
Every nodej € V — V forwards any received messages to its root.
Every rooti € V
- collects messages and compares the received values with its own value
- updates its current value ;, which is also thek,,q. (7), nodei’s current estimate af/az, to
the maximum amid all received values and its own.

end

sampling procedure;

for t=1: Llogn roundsdo
Every rooti € V independently and uniformly at random selects a nodé and sends each of
the selected nodes an inquiry message.
Every nodej € V — V forwards any received inquiry messages to its root.
Every rooti € V, upon receiving inquiry messages, sends the inquiring roots its value.
Every rooti € V, updates ;, i.€. Xpaq,:(7), to the maximum value it inquires.

end

Algorithm 3: %,,, =Data-spread§, F, V, x,,)

Initialization: A root nodei € V who intends to spread its valug,, |z,,| < co setupsry; = Tyy.
All the other nodeg setupz ; = —oc.
Run gossip-maxg, F, V, x¢) by the initialized values.

Algorithm 4: X4, =Gossip-ave@, F, V, covaum)
Initialization: Every rooti € V setups a vectdso i, go,i) = COVeum (i), Wheresy; andgo ; are the
local sum of values and the size of the tree rooteq @spectively.
for t =1 : O(logm + log(1/¢)) roundsdo
Every root node € V independently and uniformly at random selects a nodé and sends the
selected node a message containing a row Vestor ;/2, g;—1,/2).
Every nodej € V — V forwards any received messages to the root of its ranking tree.
Let A;; C V be the set of roots whose messages reach roothad®und:. Every root node
i € V updates its row vector by
Sti = St-1i/2+ Xjea,, St-14/2
Gti = gi—1,i/2+ ZjeAm. 9t-1,5/2-
Every root node € V updates its estimate of the global average&py (1) = Zave,t,i = St,i/9t.i-
end

procedure, roots can sampleCdlog n) number of other roots to confirm and update, if necessary, their
values and reach the consensus\dnz.
Gossip Procedure

We have the following theorem for the Gossip procedure.

7



Theorem 4 Running the Gossip-max algorithmon G = clique(V) of G(V, E), after the gossip procedure,
whp, at least £2( 757 ) root nodes already have the global maximum, M az, where n = |[V]and 0 < ¢ < 1.

We refer to the Appendix for the proof.
Sampling Procedure

From Theorem 4, after the gossip procedure, thereXggg") = Q(cm), 0 < ¢ < 1 nodes with the
Mazx. For all the roots to reach the consensus\ar, all the roots then sample each other as in the sampling
procedure. It is possible that the root of a larger ranking tree will bgpted more frequently than the roots
of smaller trees. However, this non-uniformity is an advantage, since tie oblarger ranking trees could
have obtained thé/ax in the gossip procedure with higher probability due to this same non-uniforimity.
the sampling procedure, a root withautaz can obtainM ax with higher probability by this non-uniform
sampling.

Theorem 5 Running the Gossip-max algorithm on the overlay complete graph G = clique(V) of G(V, E),
after the sampling procedure, whp, all the roots will know the Mazx.
Proof: After the sampling procedure, the probability that none of the max-rootgtssimpled by a

1 : . -
non-max-root is at mos@%) clogn % Thus, after the sampling procedure, with probability at least
1 — 1, all the roots will know theM az. [

5.1.1 Complexity of the Gossip-max and the Data-spread algorithms

The gossip procedure také¥logn) rounds and)(m log n):O(logn logn)=0(n) messages. The sam-

pling procedure take@(% logn)=0(log n) rounds and) (2 log n)=0(n) messages. To sum up, this phase

totally takesO (log n) rounds and)(n) messages for all the roots in a network to reach consensii$aan
The complexity of the Data-spread algorithm is the same as the Gossip-maixhagor

5.2 Performance of the Gossip-ave Algorithm

In the case that the uniformity of gossip is held, it has been shown in [8bthaim-clique with probability
atleastl—¢’, Gossip-ave (uniform push-sum in [8]) ne€d€og m+log %-Flog %) rounds and (m(log m+

log% + log %)) messages for all thex nodes to reach consensus on the global average within a relative
error at most. When the uniformity does not hold, the performance of uniform gossipdeflend on the
distribution of the selection probability. It has been shown in [7] that in tHégient gossip algorithm the
node being selected with the largest probability will have the global averdge in O(logm + log %)
rounds. In this paper, we prove that the same upper bound holdsrf@assip-ave algorithm, namely, the
root of the largest tree will havave afterO(log m+log %) rounds of the gossip procedure of the Gossip-ave
algorithm. Note that unlike the Gossip-max algorithm, the Gossip-ave algoritamdsampling procedure.

In this bound,m = O(n/logn) is the number of roots obtained from the DRR algorithm and the relative
errore = n=®, a > 0. Thus, the root of the largest tree will haviee after O(logm + log 1) = O(logn)
rounds of the gossip procedure. The upper bound of the running tine @ossip-ave algorithm is in the
following theorem.

Theorem 6 Whp, there existsatime T, = O(logm + alogn) = O(logn), o > 0, such that for all time
t > Toves the relative error of the estimate of average aggregate on the root of the largest ranking tree, z,

isat most =, where the relative error |s‘”‘“’j;z7““| and the global Ave iszgpe = Z xj, when all z;
have the same sign. (We can always offset the values to have the same sign.)

We refer to the Appendix for the proof.
Complexity of Gossip-ave
The Gossip-ave algorithm nee@glog m + log %) = O(logn) rounds andn - O(logn) = O(n) messages
for the root of the largest tree to have the global average aggredate,within a relative error at most
2 a>0.

na_—1-



6 DRR-gossip Algorithms

Putting together our results from the previous sections, we presentithlgos, the DRR-gossip-max algo-
rithm, and Algorithm 6, the DRR-gossip-ave algorithm, for computidga and Ave, respectively. In the
DRR-gossip-max algorithm, after the Gossip-max procedure, all the rdalbkaw M ax whp. If necessary,
aroot then broadcasid ax to its tree members, requirin@(log n) rounds and)(n) messages since the size
of a tree is at mogD(log n) nodes by Theorem 2 and the number of root9 s/ logn) by Theorem 1.

The DRR-gossip-ave algorithm is more involved than the DRR-gossip-masxthilag. Unlike the Gossip-
max algorithm which ensures that all the roots will hd¥ex whp, the Gossip-ave algorithm only guarantees
that the root of the largest tree will have thee whp. After the Gossip-ave algorithm, the root of the largest
tree has to spread out the by the Data-spread algorithm. Hence, every root needs to know in eglifdn
is the root of the largest tree. To achieve this, the Gossip-max algorithrecsieed beforehand on tree sizes
which are obtained from the Convergecast-sum algorithm. (Note that th&smax procedure in the DRR-
gossip-max algorithm is executed on the local maximums computed by the Cecastgnax algorithm.) In
the end, every root broadcastse obtained from the Data-spread algorithm to all its tree members.

Algorithm 5: DRR-gossip-max
RunDRR(G) to obtainF, the ranking tree forest.
Run Convergecast-mdx{v).
Run Gossip-maxg, F, V, covmaz)-
Every root node broadcasts théax to nodes in its ranking tree.

Algorithm 6: DRR-gossip-ave
Run DRR(G) algorithm to obtairf, the ranking tree forest.
Run Convergecast-suifi, v) algorithm.
Run Gossip-maiG, F, V, covgum (%, 2)) algorithm on the sizes of ranking trees to find the root of
the largest tree. At the end of this phase, a rowill know that it is the one with the largest tree size.
Run Gossip-avés, F, V, cov ) algorithm.
Run Data-spredgd-, F, v, Ave) algorithm—the root of the largest ranking tree uses its average
estimate, i.e.Ave, as the value to spread.
Every root broadcasts its value to all the nodes in its ranking tree.

6.1 Thecomplexity of DRR-gossip algorithms

To conclude from the previous sections, the time complexity of the DRR-gakgipthms isO(log ) since
all the phases nee@(logn) rounds. The message complexity is dominated by the DRR algorithm in the
phase | which need8(n log log n) messages.

7 Lower Bound for Address-Oblivious Algorithms

We show that any address-oblivious algorithm for computing aggregedesres(2(n log n) messages, re-
gardless of the number of rounds or the size of the (individual) messagesassume the random phone
call model: i.e., communication partners are chosen randomly (without dieygemad their addresses). The
following theorem gives a lower bound for computing the Min aggregate. arfjument can be adapted for
other aggregates as well.

Theorem 7 Any address-oblivious algorithm that computes the Minimum value, Min, in a n-node network
needs 2(n log n) messages whp.



Proof: Fix any arbitrary node € V. We lower bound the humber of messages (transmissions) ex-
changed between nodes befopmrrectly knows the minimum valué/in, among all nodes. Suppose nodes
can send messages that are arbitrary long. (The bound will hold tegamf this assumption.) Without
loss of generality, we will assume that a node can send a list of all nodess#d and the corresponding
node values learned so far (without any aggregation).:Forhave correct knowledge of the minimum, it
should somehow know the values at all other nodes. (Otherwise, arsadye— who may know the random
choices made by the nodes — can always make sure that the minimum is ataoldés not known by
i.) There are two ways thatcan learn about another nogle value: (1) direct wayi gets to know;’s value
by communicating witly directly ; and (2) indirect wayi gets to know;’s value by communicating with a
nodew # j which has a knowledge gfs value. Note thatv itself may have learned aboyis value either
directly or indirectly (hence the definition is recursive). Also, at the bagi of the algorithm, since each
node knows only about its own value, only the direct way applies.

The main idea of the proof is to appeal to a coupon collector’s problem [£3}) to bound the number
of messages needed byo know all the othern — 1 values. In a coupon collector setting, there atypes
of coupons, and in each step, each coupon can be generated iddefyeand uniformly at random from
all then types. It is known that the number of steps needed to collect ah tt@upon types i©(nlogn)
whp [13]. Here we have: node values in place of coupons. The main difference between the coupon
collector’s setting and here is that in one roundan get many different new node values by accessing some
nodew. However, each of these different values would have involved aa&paessage between some two
nodes. In other words, ifgets to knowy different new node values in a round by accessinghen each of
thesef values would be attributed to at leg&tifferent transmissions that would be needed to bring these
values tow. On the other hand, iflearns nothing new in accessing then one transmission is wasted (the
transmission betweehandw). Randomly permute thé different (f > 1) node values learnt bi/(some of
these values might be new tand others already known & in round¢ (¢ > 1); let these be denoted by
Xt ... X}i. Since calls are made randomly, for all Pr(X! = j) = 1/n for any particular node (value)

j. But the random variables are not independent; however, the dependnly increases the probability of
accessing a new item:

(1) if X! is a new item (i.e., not known biybefore), therPr(X |past) = 1/n. This follows because the
probability of this new item reaching is 1/n. This can be formally shown by induction on the number of
steps needed by the item to reach

(2) if X! is an old item, the®r (X! |past) > 1/n. This can be again shown by induction on the number
of steps needed by the item to reach

Thus, the number of messages needed stochastically dominates the nustbps oeeded in the coupon
collector’s problem. Hence the claimed lower bound follows. |

8 Concluding Remarks

We presented a gossip-based protocol for computing aggregates kbsitOt@: log logn) messages and
O(logn) rounds. Our protocol is non-address oblivious. We also showed(tfralog n) messages are
needed by any address-oblivious algorithm. An interesting question idablish whethef2(n log logn)
messages is a lower bound for gossip-based aggregate computation rfiontaeldress oblivious random
phone call model) if onlyD(log n) rounds are allowed.
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Appendices

A Convergecast algorithms

Algorithm 7: cov,,. =convergecast-mak(v)
Input: the ranking foresF, and the value vector over all nodes irF
Output: the localM ax aggregate vectatov,,,, OvVer roots
foreach leaf node do send its value to its parent;

foreach intermediate node do
- collect values from its children;

- compare collected values with its own value;
- update its value to the maximum amid all and send the maximum to its parent.
end

foreach root node = do
- collect values from its children;

- compare collected values with its own value;
- update its value to the local maximum vak@v,,,. (2).
end

Algorithm 8: covg,,, =Convergecast-sumi(v)
Input: the ranking foresF and the value vector over all nodes irfF
Output: the localAve aggregate vectatov,,,, Over roots.
Initialization: every node stores a row vectaf;, w; = 1) including its valuev; and a size counb;
foreach leaf node: € IF do
- send its parent a message containing the veeiofw; = 1)
- reset(v;, w;) = (0, 0).
end

foreach intermediate node j € F do
- collect messages (vectors) from its children

- compute and updatg = v; + > iconid) Ok ANdw; = w;j + 3 opiagg) Wk Where

Child(j) = {j’s children node}

- send computedv;, w;) to its parent

- reset its vecto(v;, w;) = (0, 0) when its parent successfully receives its message.
end

foreach root node z € V do
- collect messages (vectors) from its children
- compute the local sum aggregaiev sum (2, 1) = vz + > yconia(z) Vk> @nd the size count of the
treecovsum(2,2) = wz + X pecniia(z) Wk, WhereChild(z) = {z's children nodeb.

end
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B Theproof of Theorem 4

Proof. As per our failure model, a message may fail to reach the selected rootnbdarobability p
(which is at mos®4, since failure may occur either during the initial call to a non-root nodeuoingd the
forwarding call from the non-root node to the root of its tree). Forvemience, we call those roots who
know theM ax value (the global Maximum) as the max-roots and those who do not as theaomeots.

Let R; be the number of max-roots in rourtd Our proof is in two steps. We first show that, whp,
R, > 4logn after8logn/(1 — p) rounds of Gossip-max. IRy > 4logn then the task is completed.
Consider the case whd®y < 4 logn. Since the initial number of max-roots is small in this case, the chance
that a max-root selects another max-root is small. Similarly, the chance thair tmore max-roots select
the same root is also small. So, in this step, whp a max-root will select a nofraotto send out its gossip
message. If the gossip message successfully reaches the selectedxaoont, theR; will increase by 1.
Let X; denote the indicator of the event that a gossip mess&gen some max-root successfully reaches
the selected non-max-root. We hake(X; = 1) = (1 — p). ThenX = Zle‘)lg"/(lfp) X; is the minimal
number of max-roots afteflog n/(1 — p) rounds. ClearlyE[X] = 8logn. Here we conservatively assume
the worst situation that initially there is only one max-root and at each ronhdome max-root selects a
non-max-root. SoX is the minimal number of max-roots aft@togn /(1 — p) rounds.

Applying Azuma’s inequality [13] and setting= 1/2:

2(810gn)

Pr(|X — E[X]| > eE[X]) < 2exp <_62E[X]2>
I—p

1prx12
< 2exp (—4 [ ]>:2exp(—logn):2-n_1.

16logn

Hence, with probability at least— % after8logn/(1 — p) = O(logn) rounds,R; > %E[X] = 4logn.

In the second step of our proof, we find tlogver bound of the increasing rate of R, whenR; > 4logn.
In each round, there arB; messages sent out from max-roots. kétdenote the indicator of an event
that such an messagdrom a max-root successfully reaches a non-max-root. W;he- 0 when one of
the following event happens. (1) The messadgails in routing to its destination in probability. (2) The
messageé destined to another max-root although it successfully travels over therewith probability
(1 — p). The probability of this event is at mo _")ft g™ since whp the size of a ranking treedglog n)
(cf. Theorem 2). (3) The messagand at least one another message are destined to the same non-max-root.
As the probability three or more messages are destined to a same node makrws only consider the case
that two messages select the same non-max-root. We also conservatohetiedboth two messages on their
possible contributions to the increaself This event happens with the probability at mgs‘tw.

Applying union bound [13],
2(1 —p)Rilogn

- .

SinceR; < £- for any constand < ¢ < 1 (otherwise, the task is completed),

logn

Pr(Y;=0)<p+

Pr(Y;=0)<p+2c(1-p)=c+(1-)p,
wherec = 2¢ < 1 is a constant that is suitably fixed so that (1 — ¢/)p < 1. Consequently, we have
Pr(Yi=1)> (1-¢)(1—-p),andE[Y] = .7 E[Y;] > (1 —¢)(1— p)R:. Applying Azuma’s inequality,
2 2
Pr(lY — E[Y]| > €E[Y]) < 2exp <—E ;E][%Y] >
t

(1 —c)*(1 - p)*Ry
;)

< 2exp (—
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Since in this step, whi®, > 4logn, and(1 — ¢)?(1 — p)? > 0, settinge = 5 anda = O(1), we obtain
Pr(Y < 2(1 — 1 —=p)R) <2-n"%

Thus, whp,R;41 > Ry + 5(1—¢)(1— p)R, = BR;, where3 = 1+ (1 —¢)(1 — p) > 1. Therefore, whp,
after(8logn/(1 — p) +loggn) = O(log n) rounds, at leasi(;5%-) roots will have theM a. [ |

C Theproof of Theorem 6

To prove Theorem 6, we need some definitions as in [8]. We definetaple contribution vectoy; ; such
thats;; = yii-x = Zj Yijx; andw; = ||yl = Zj Y.i,5, Wherey, ; ; is the j-th entry ofy; ; and
x; is the initial value at root nodg, i.e.,z; = cov.,n,(j) the local aggregate of the ranking tree rooted at
node; computed by Convergecast-suiy; = e;, the unit vector with thé-th entry being 1. Therefore,
Yo Yij = 1, and)’, wy; = m. Wheny,; is close to 1, wherel is the vector with all entries 1, the
approximate ofdve, Zgpe i = ;“ is close to the true averagngve Note thatw; ; which is different from
gt; IS a dummy parameter borrowed from [8] to characterize the diffusiordspee

In our Gossip-ave algorithm, we sgi; to be the size of the roats ranking tree. The algorithm then
computes the estimate of average directlyiby. + ; = s¢.i/g:,i. If we seta dummy weighty ;, whose initial
valuewg; = 1, Vi € V, the algorithm performs in the same manner as that every node works otes trip

(St,i5 Gt.i, we,i) and computeS e ;i = % (st,i/wy,;) is the estimate of the average local sum on a
root andg; ; /w ; is the estimate of the avéraée size of a ranking tree. Their relative eredospanded in the
same way as follows.

The relative error in the contributions (with respect to the diffusion effégossip) at nodéat timet is

Ay = max; |t — | = |5 — 7 llo- Also, a potential function

is the sum of the variance of the contributiang ;. We name the root of the largest ranking tree the node
To prove Theorem 6, we further need some auxiliary lemmas.

Lemma 8 (geometric convergence of ®) Theconditional expectation E[®;41|P; = ¢] = (1 Y PH¢ <

%qﬁ, where P; = (1 — )% isthe probability that the root node i is selected by other root nodes g; isthesize

of ranking tree rooted at node i, ¢ is the probability that a message fails to reach its destined root node and

n isthetotal number of nodes in the network.

Proof. This proof is generalized from [8]. The difference is that the selectrabability, P;, is not
uniform any more but depends on the tree size, The P; is the probability that root is selected by any
other roots ang _, P? is the probability that two roots select the same root. The conditional expectatio
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of potential at round + 1 is

[‘Pt+1|¢t = ¢]
w; w
= *¢ + 5 Z (yz,j — E’) <yk,j — E’“) P;
1,5,k
1 Wi W
AT () (- 2) T
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The last equality follows from the fact that

Z(yk,]——) Zyk,] Zm —1-1=

k
|

Lemma9 Thereexistsa T = O(logm) such that after V¢ > 7 rounds of Gossip-ave, w; , > 27" at the root
z of the largest ranking tree.

Proof: In the case that the selection probability is uniform, it has been shown indBbthanm-clique,
with probability at least — % after4 log m+1log 26’ rounds, a message originating from any node (through a
random walk on the clique) would have visited all nodes of the clique. Wheedigtribution of the selection
probability is not uniform, it is clear that a message originating from any modst have visited the node
with the highest selection probability after a certain number of rounds tha¢ateg thant log m + log 24’
with probability at least — & [
From the previous two lemmas, we derive the following theorem.

Theorem 10 (diffusion speed of Gossip-ave) With probability at least 1 — &', there exists a time Ty, =
O(logm + log % + log %), such that V¢ > Ty,., the contributions at the root, z, of the largest ranking tree is

nearly uniform, i.e, || #2= — Lo < e

Proof: By Lemma 8, we obtain that[®;] < (m — 1)27t < m27%, as®y = (m — 1). By Lemma 9,
we setr = 4logm + log 2 andé? = €2 - & - 2727, Then aftert = logm + log  rounds of Gossip-ave,
E[®,] < & By Markov's Inequality, with probability at leadt— &, the potentiakb, < €2 - 2-27, which
guarantees thaw, ; ; — “’“] < ¢-277 for all the root nodes.
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To have the goahmax; |ﬁ — %| < ¢, we need the lower bound on the weight of nadeFrom

Lemma 9w, . = [|y.|l1 > 277 with probability at least — %’ Note that Lemma 9 only applies for the

root nodez of the largest ranking tree. (A root node of a relatively small ranking tnay not be selected

often enough to have such lower bound on its weight.) Taking union boltia grobability, we obtain,

with probability at least — ¢', max; | 5=t — 1l <e [ |
Now we are ready to prove Theorem 6.

Proof of Theorem 6

Proof: From Theorem 10, with probability at least— ¢’, it is guaranteed that aftér,,. = O(logm +

log  +log #) rounds of Gossip-ave, at the roobf the largest tred)| s = 1|l < e. Letbothe = n=@

andd’ =n~?, a > 0, thenT,,. = O(logm + 2alogn) = O(logn).
Apply Holder’s Inequality, we obtain

R L | R
%Zj%‘ %Zj;vj‘
. Iy = - Moo - IIx[1 € e
B ‘Zj$j‘ - ’ijj’.

iy .

Whenz; are all with the same sign, we havéf‘vzlg—mJ‘J < €. Further, we need to bound the relative
m Laj i

error of theAve. Let sqe > 0, gave > 0 1 be thetrue average of the sum of values in a ranking tree and

the true average of the size of a ranking tree, respectively. The ghwbehgeAve is x4y = 27 Since

‘ Sz 5ave| < €Sque and| iz _ gave| < €Jave W€ obtain

Wt,z Wt,z

St,z 1 ‘

St,z

4 St (wt,z) c [l—es(we 1+ € 5406

avetz Gt,z (M) 1+e€ g(we7 1 — € gave
Wt,z

Sete’ = ce, wherec = ﬁ > 2 is bounded whea < 1. (For example, it < 1072, thenc = 2.02 and

¢ = 20¢.) Typically, we set = n~, and thert’ = —2— ~ 2¢. Thus, with probability at least — -1, the

o —1 ~

relative error at the root of the largest ranking tree is

|3A3ave,t,z - $ave| < 6/,
’xave|

by O(logm + 2a'logn) = O(logn) rounds of Gossip-ave algorithm. |

1The gqve > 0 by definition. We can always offset values to hayg. > 0.

16



