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Abstract

Motivated by applications to modern networking technologies, there has been tremendous interest
in designing efficient gossip-based protocols for computing aggregate functions. While gossip-based
protocols provide robustness due to their randomized nature, reducing the message and time complexity
of these protocols is also of paramount importance in the context of resource-constrained networks such
as sensor and peer-to-peer networks.

We present efficient gossip-based algorithms for aggregatecomputation that are both time optimal
and almost message-optimal. Given an-node network, our algorithms guarantee that all the nodes can
compute the common aggregates (such as Min, Max, Count, Sum,Average, Rank etc.) of their values
in optimal O(log n) time and usingO(n log log n) messages. Our result improves on the algorithm of
Kempe et al. [8] that is time-optimal, but usesO(n log n) messages as well as on the algorithm of Kashyap
et al. [7] that usesO(n log log n) messages, but is not time-optimal (takesO(log n log log n) time). Our
algorithm uses a technique called asdistributed random ranking that gives an efficient distributed pro-
cedure to partition the network into a forest of (disjoint) trees of small size. Since the size of each tree
is small, aggregates within each tree can be efficiently obtained at their respective roots. All the roots
then perform a uniform gossip algorithm on their local aggregates to reach a distributed consensus on the
global aggregates.

Our algorithms are non-address oblivious. In contrast, we show a lower bound ofΩ(n log n) on
the message complexity of any address-oblivious algorithmfor computing aggregates. This shows that
non-address oblivious algorithms are needed to obtain significantly better message complexity.

∗Department of Electrical Engineering, National DongHwa University, Hualien 97401, Taiwan. E-mail:jenyeu@ieee.org
†Department of Computer Science, Purdue University, West Lafayette, IN 47907, USA. E-mail:gopal@cs.purdue.edu



1 Introduction
1.1 Background and Previous Work

Aggregate statistics (e.g., Average, Max/Min, Sum, and, Count etc.) are significantly useful for many appli-
cations in networks [2, 5, 8, 9, 11, 18]. These statistics have to be computed over data stored at individual
nodes. For example, in a peer-to-peer network, the average number offiles stored at each node or the maxi-
mum size of files exchanged between nodes is an important statistic needed bysystem designers for optimiz-
ing overall performance [16, 19]. Similarly, in sensor networks, knowing the average or maximum remaining
battery power among the sensor nodes is a critical statistic. Many researchefforts have been dedicated to
developing scalable and distributed algorithms for aggregate computation. Among them gossip-based algo-
rithms [1, 2, 4, 7, 8, 10, 12, 14, 17] have recently received significant attention because of their simplicity of
implementation, scalability to large network size, and robustness to frequent network topology changes. In
a gossip-based algorithm, each node exchanges information with a randomlychosen communication partner
in each round. The randomness inherent in the gossip-based protocolsnaturally provides robustness, sim-
plicity, and scalability [6, 7]. We refer to [7, 8, 6] for a detailed discussionon the advantages of gossip-based
computation over centralized and deterministic approaches and their attractiveness to emerging networking
technologies such as peer-to-peer, wireless, and sensor networks.This paper focuses on designing efficient
gossip-based protocols for aggregate computation that have low messageand time complexity. This is es-
pecially useful in the context of resource-constrained networks suchas sensor and wireless networks, where
reducing message and time complexity can yield significant benefits in terms of lowering congestion and
lengthening node lifetimes.

Much of the early work on gossip focused on using randomized communication for rumor propagation
[3, 15, 6]. In particular, Karp et al. [6] gave a rumor spreading algorithm (for spreading a single message
throughout a network ofn nodes) that takesO(log n) communication rounds andO(n log log n) messages.
It is easy to establish thatΩ(log n) rounds are needed by any gossip-based rumor spreading algorithm (this
bound also holds for gossip-based aggregate computation). They also showed that any rumor spreading
algorithm needs at leastΩ(n log log n) messages for a class of randomized gossip-based algorithms referred
to asaddress-oblivious algorithms [6]. Informally, an algorithm is called address-oblivious if the decision to
send a message to its communication partner in a round does not depend on thepartner’s address. Karp et
al.’s algorithm is address-oblivious. For non-address oblivious algorithms, they show a lower bound ofω(n)
messages, if the algorithm is allowed onlyO(log n) rounds.

Kempe et al. [8] were the first to present randomized gossip-based algorithms for computing aggre-
gates. They analyzed a gossip-based protocol for computing sums, averages, quantiles, and other aggregate
functions. In their scheme for estimating average, each node selects another random node to which it sends
half of its value; a node on receiving a set of values just adds them to its own halved value. Their protocol
takesO(log n) rounds and usesO(n log n) messages to converge to the true average in an-node network.
Their protocol is address-oblivious. The work of Kashyap et al. [7]was the first to address the issue of
reducing the message complexity of gossip-based aggregate protocols, even at the cost of increasing the
time complexity. They presented an algorithm that significantly improves over themessage complexity of
the protocol of Kempe et al. Their algorithm uses onlyO(n log log n) messages, but is not time optimal
— it runs inO(log n log log n) time. Their algorithm achieves thisO(log n/ log log n) factor reduction in
the number of messages by randomly clustering nodes into groups of sizeO(log n), selecting representative
for each group, and then having the group representatives gossip among themselves. Their algorithm is not
address-oblivious. For other related work on gossip-based protocols, we refer to [7, 2] and the references
therein.
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1.2 Our Results

In this paper, we present efficient gossip-based algorithms for computing various aggregate functions that
improves upon previous results. Given an-node network, our algorithms guarantee that all the nodes can
compute the common aggregates (such as Min, Max, Count, Sum, Average, Rank etc.) of their values in
optimalO(log n) time and usingO(n log log n) messages. Our result improves on the algorithm of Kempe
et al. [8] that is time-optimal, but usesO(n log n) messages as well as on the algorithm of Kashyap et al. [7]
that usesO(n log log n) messages, but is not time-optimal (takesO(log n log log n) time). Our algorithms
use a simple scheme called asdistributed random ranking (DRR) that gives an efficient distributed protocol
to partition the network into a forest of disjoint trees ofO(log n) size. Since the size of each tree is small,
aggregates within each tree can be efficiently obtained at their respectiveroots. All the roots then perform
a uniform gossip algorithm on their local (tree) aggregates to reach a distributed consensus on the global
aggregates. Our idea of forming trees and then doing gossip among the roots of the trees is similar to the idea
of Kashyap et al. The main novelty is that our DRR technique gives a simple and efficient distributed way of
decomposing the network into disjoint trees (groups) which takes onlyO(log n) rounds andO(n log log n)
messages. This leads to a simpler and faster algorithm than that of [7]. Our algorithm is non-address oblivi-
ous, i.e., some steps use addresses to decide which partner to communicate in around. The time complexity
of our algorithm is optimal and the message complexity is within a factoro(log log n) of the optimal. This
is because, Karp et al [6] showed a lower bound ofω(n) for any non-address oblivious rumor spreading
algorithm that operates inO(log n) rounds. (Computing aggregates is at least as hard as rumor spreading.)

Our second contribution is a lower bound ofΩ(n log n) on the message complexity of any address-
oblivious algorithm for computing aggregates. This shows that non-address oblivious algorithms (such as
ours) are needed to get a significant improvement in message complexity.

Our algorithm, henceforth called asDRR-gossip, proceeds in phases. In phase one, every node runs the
DRR scheme to construct a forest of (disjoint) trees. Within each tree, in phase two, the local aggregate (e.g.,
sum or maximum) of the tree is computed by a Convergecast process and obtained at the root of the tree.
Finally in phase three, all the roots utilize a suitably modified version of the uniform gossip algorithm of
Kempe et al. [8] to obtain the global aggregate. Finally, if necessary, the roots forward the global aggregate
along the tree to other nodes in their trees.

1.3 Organization

The rest of this paper is organized as follows. The network model is described in Section 2 followed by
sections where each phase of the DRR-gossip algorithm is introduced andanalyzed separately. The whole
DRR-gossip algorithm is summarized in Section 6. In Section 7, we establish a lower bound for the address
oblivious model. We conclude in Section 8.

2 Model
The network consists of a setV of n nodes; each nodei ∈ V has a data value denoted byvi. The goal is to
compute aggregate functions such as Min, Max, Sum, Average etc., of the node values.

The nodes communicate in discrete time-steps referred to asrounds. As in prior work on this problem [6,
7], we assume that communication rounds are synchronized, and all nodes can communicate simultaneously
in a given round. Each node can communicate with every other node. In a round, each node can choose
a communication partner independently and uniformly at random. A nodei is said tocall a nodej if i
choosesj as a communication partner. (This is known as therandom phone call model [6].) Once a call is
established, we assume that information can be exchanged in both directionsalong the link. In one round,
a node can call onlyone other node. (If multiple nodes attempt to communicate with a node, then the
connection is queued up.) We assume that nodes have unique addresses. The length of a message is limited
to O(log n + log s), wheres is the range of values. It is important to limit the size of messages used in
aggregate computation, as communication bandwidth is often a costly resourcein distributed settings. All
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Algorithm 1: F =DRR(G)

foreach node i ∈ V do
chooserank(i) independently and uniformly at random from[0, 1] ;
setfound = FALSE // higher ranked node not yet found ;
setparent(i) = NULL // initially every node is a root node;
setk = 0 // number of random nodes probed ;
repeat

sample a nodeu independently and uniformly at random fromV and get its rank ;
if rank(u) > rank(i) then

setparent(i) = u;
setfound = TRUE;
setk = k + 1;

end
until found == TRUE or k < log n − 1 ;
if found == TRUE then

send a connection message including its identifier,i, to its parent nodeparent(i);
end
Collect the connection messages and accordingly construct the set of its children nodes,Child(i);
if Child(i) = ∅ then

become a leaf node;
else

become an intermediate node;
end

end

the above assumptions are also used in prior work [8, 7]. Our algorithm can tolerate the following types of
failures (similar to the algorithms of [8, 7]). In particular, we assume two typesof failures: (i) some fraction
of nodes may crash initially, and (ii) links are lossy and messages can get lost. Thus, while nodes cannot
fail once the algorithm has started, communication can fail with a certain probability δ. Without loss of
generality,1/ log n < δ < 1/8: Larger values ofδ, requires onlyO(1/ log(1/δ)) repeated calls to bring
down the call probability below1/8, and smaller values only make it easier to prove our claims.

Throughout the paper, “with high probability (whp)” means “with probabilityat least1−1/nα, for some
α > 0”.

3 Phase I: Distributed Random Ranking
3.1 The DRR algorithm

The DRR algorithm is as follows. Every nodei ∈ V chooses a rank independently and uniformly at random
from [0, 1]. (Equivalently, each node can choose a rank uniformly at random from [1, n3]; however, choosing
from [0, 1] leads to a smoother analysis, e.g., allows use of integrals.) Each nodei then samples up to
log n − 1 random nodes sequentially (one in each round) till it finds a node of higher rank to connect to. If
none of thelog n − 1 sampled nodes have higher rank theni becomes a “root”. Since every node except
root nodes connects to a node with higher rank, there is no cycle in the graph. Thus this process results in a
collection of (disjoint) trees which together constitute a forestF. Algorithm 1 gives the pseudo-code of the
DRR algorithm.

We next analyze the number of trees and the size of each tree produced by the DRR algorithm; these are
critical in bounding the time complexity of DRR-gossip.
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3.2 Number of Trees

Theorem 1 The number of trees produced by the DRR algorithm is O(n/ log n) whp.

Proof: The probability that a nodei becomes a root isΘ(1/ log n), because this is the probability that
its rank is highest among all thelog n − 1 nodes probed. Hence, by linearity of expectation, the expected
number of roots (and thus, trees) isO(n/ log n).

To show tight concentration, we use the following argument. Assume that ranks have already been
assigned to the nodes. Number the nodes according to the order statistic of their ranks: theith node is the
node with theith smallest rank. Let the indicator random variableXi take the value of 1 if theith smallest
node is a root and 0 otherwise. (Note that probability thatXn = 1 is 1 and the probability thatX0 = 1 is
0.) Let X =

∑n
i=1 Xi be the total number of roots. As shown above,E[X] = O(n/ log n). Clearly,Xis

are independent random variables, since the probability that theith smallest ranked node becomes the root
depends only on thelog n − 1 nodes that it samples and independent of the samples of the rest of the nodes.
Applying a Chernoff’s bound [13] we have:

Pr(X > 6E[X]) ≤ 2E[X] = o(1/n).

3.3 Tree Size

Theorem 2 The number of nodes in every tree produced by the DRR algorithm is at most O(log n) whp.

Proof: We bound that the probability that a tree of sizeO(log n) is produced by the DRR algorithm. Fix
a setS of k = c log n nodes, for some sufficiently large positive constantc. We first compute the probability
that this set ofk nodes form a tree. For the sake of analysis, we will direct tree edges asfollows: a tree edge
(i, j) is directed from nodei to nodej if rank(j) < rank(i), i.e. i connects toj. W.l.o.g., fix a permutation
of S: (s1, . . . , sα, . . . , sβ , . . . , sk) whererank(sα) > rank(sβ), 1 ≤ α < β ≤ k. This permutation
naturally induces a spanning directed tree onS in the following fashion:s1 is the root and any other node
sα (1 < α ≤ k) connects to a node in the totally strict ordered set{s1, . . . , sα−1} (as fixed by the above
permutation). For convenience, we denote the event that a nodes connects to any node on a directed tree,T ,
ass → T . Note thats → T implies thats’s rank is less than that of any node on the treeT . Also, we denote a
directed spanning tree induced on the strictly totally ordered set{s1, s2, . . . , sα, . . . , sh} asTh where a node
sα can only connects to its preceding nodes in the ordered set. As a special case,T1 is the induced directed
tree containing only the root nodes1. In the following, we bound the probability ofTk happening:

Pr(Tk) = Pr (T1 ∩ (s2 → T1) ∩ (s3 → T2) ∩ · · · ∩ (sk → Tk−1))

= Pr(T1) Pr(s2 → T1| T1) Pr(s3 → T2|T2) . . .Pr(sk → Tk−1| Tk−1). (1)

To bound each of the terms in the product, we use the principle of deferreddecisions: when a new node
is sampled (i.e., for the first time) we assign it a random rank. For simplicity, we assume that each node
sampled is a new node — this does not change the asymptotic bound, since there are now onlyk = O(log n)
nodes under consideration and each node samples at mostO(log n) nodes. This assumption allows us to
use the principle of deferred decisions to assign random ranks without worrying about sampling an already
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whererq = rank(sq) is the rank of nodesq, 1 ≤ q ≤ α. The above expression is bounded bya
n , where

0 < a < 1 if α > 2 and0 < a ≤ (1 − 1
log n+2) if α = 2. Besides,Pr(T1) ≤ 1

log n (cf. Theorem 1); hence,

the equation (1) is bounded by( a
n)k−1 1

log n .
Using the above, the probability that a tree of sizek = c log n is produced by the DRR algorithm is
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3.4 Complexity of the DRR algorithm

Theorem 3 The message complexity of the DRR algorithm is O(n log log n) whp. The time complexity is
O(log n) rounds.

Proof: Let d = log n−1. Fix a nodei. Its rank is chosen uniformly at random from[0, 1]. The expected
number of nodes sampled before a nodei finds a higher ranked node (or else, alld nodes will be sampled) is
computed as follows. The probability that exactlyk nodes will be sampled isΘ( 1

k+1
1
k ), since the last node

sampled should be the highest ranked node andi should be the second highest ranked node (whp, all the
nodes sampled will be unique). Hence the expected number of nodes probed is

d
∑

k=1

Θ(k
1

k + 1

1

k
) = O(log d).

Hence the number of messages exchanged by nodei isO(log d). By linearity of expectation, the total number
of messages exchanged by all nodes isO(n log d) = O(n log log n).

To show concentration, we set up a Doob martingale as follows. LetX denote the random variable that
counts the total number of nodes sampled by all nodes.E[X] = O(n log d). Assume that ranks have already
been assigned to the nodes. Number the nodes according to the order statistic of their ranks: theith node
is the node with theith smallest rank. Let the indicator r.v.Zik (1 ≤ i ≤ n, 1 ≤ k ≤ d) indicate whether
the kth sample by theith smallest ranked node succeeded or not (i.e., it found a higher ranked node). If
it succeeded thenZij = 1 for all j ≤ k andZij = 0 for all j > k. ThusX =

∑n
i=1

∑d
k=1 Zik. Then

the sequenceX0 = E[X], X1 = E[X|Z11], . . . , Xnd = E[X|Z11, . . . , Znd] is a Doob martingale. Note
that |Xℓ − Xℓ−1| ≤ d (1 ≤ ℓ ≤ nd) because fixing the outcome of a sample of one node affects only the
outcomes of other samples made by the same node and not the samples made by other nodes. Applying
Azuma’s inequality, for a positive constantǫ we have:

Pr(|X − E[X]| ≥ ǫn) ≤ 2 exp(− ǫ2n2

2n(log n)3
) = o(1/n).

The time complexity is immediate since each node probes at mostO(log n) nodes in as many rounds.
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4 Phase II: Convergecast and Broadcast
In the second phase of our algorithm, the local aggregate of each tree willbe obtained at the root by the
Convergecast algorithm — an aggregation process starting from leaf nodes and proceeding upward along the
tree to the root node. For example, to compute the local max/min, all leave nodessimply send their values to
their parent nodes. An intermediate node collects the values from its children, compares them with its own
value and sends its parent node the max/min value among all received valuesand its own. A root node then
can obtain the local max/min value of its tree. Provided in the Appendix A, Algorithm 7 and Algorithm 8
are the pseudo-codes of the Convergecast-max algorithm and the Convergecast-sum algorithm, respectively.
In the pseudo-codes, the inputv ∈ Mn,1, whereMx,y is thex× y matrix, representing the value vector over
all nodes inV ; the outputcovmax ∈ Mm,1 andcovsum ∈ Mm,2 are the computed aggregates at root nodes,
wherem is the number of root nodes.

After the Convergecast process, each root broadcasts its addressto all other nodes in its tree via the tree
links. This process proceeds from the root down to the leaves via the treelinks (these two-way links were
already established during phase 1.) At the end of this process, all non-root nodes know the identity (address)
of their respective roots.
Complexity of Phase II

Every node except the root nodes needs to send a message to its parentin the upward aggregation process
of the Convergecast algorithms. So the message complexity isO(n). Since each node can communicate with
at most one node in one round, the time complexity is bounded by the size of the tree (this is the reason for
bounding size and not just the height). Since the tree size (hence, tree height also) is bounded byO(log n)
(cf. Theorem 2) the time complexity of Convergecast and broadcast isO(log n). Moreover, as the number
of roots is at mostO(n/ log n) by Theorem 1, the message complexity for broadcast is alsoO(n).

5 Phase III: Gossip
In the third phase, all roots of the trees then compute the global aggregate by performing the uniform gossip
algorithm on the graph̃G = clique(Ṽ ), whereṼ ⊆ V is the set of roots and|Ṽ | = m.

The idea of uniform gossip is as follows. Every root independently and uniform at random selects an
node to send its message. If the selected node is another root then the task iscompleted. If not, then the
selected node needs to forward the received message to its root. (Thus,to traverse through an edge ofG̃, a
message needs at most two hops ofG.)

The algorithm 2, Gossip-max, and the algorithm 4, Gossip-ave, a modificationfrom the Push-Sum algo-
rithm of [8, 7], compute theMax andAve aggregates respectively (other aggregates such as Min, Sum etc.
can be calculated by a suitable modification). Note that there is no sampling procedure in the Gossip-ave
algorithm. The algorithm 3, Data-spread, a modification of Gossip-max, is used by a root node to spread its
value. If a root needs to spread a particular value over the network, it sets the particular value as its initial
value of the Gossip-max algorithm and all the other roots set their initial value tominus infinity.

5.1 Performance of the Gossip-max and Data-spread Algorithms

Let m denote the number of the root nodes. By Theorem 1, we havem = |Ṽ | = O(n/ log n) where
n = |V |. Karp, et al. [6], have proved that all them nodes of a complete graph can know a particular rumor
(e.g., theMax in our application) inO(log m) = O(log n) rounds with high probability by using their Push
algorithm, a prototype of our Gossip-max algorithm, with uniform selection probability. Similar to the Push
algorithm, the Gossip-max algorithm needsO(m log m) = O(n) messages for all the roots to obtainMax
if the selection probability is uniformly1/m. However, in the implementation of the Gossip-max algorithm
on the ranking tree forest, the root of a tree is selected withthe probability proportional to the size of its
ranking tree. The uniformity of the selection probability does not hold here, although the fluctuation of the
tree size may be small. In this case, we can only guarantee that after the gossip procedure of the Gossip-max
algorithm, a portion of the roots including the root of the largest tree will possess theMax. After gossip
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Algorithm 2: x̂max =Gossip-max(G, F, Ṽ , y)

Initialization: every rooti ∈ Ṽ is of the initial valuex0,i = y(i) from the inputy.
/* To computeMax, x0,i = y(i) = covmax(i); to computeAve, x0,i = y(i) = covsum(i, 2). ∗ /
gossip procedure:
for t=1 : O(log n) rounds do

Every rooti ∈ Ṽ independently and uniformly at random selects a node inV and sends the
selected node a message containing its current valuext−1,i.
Every nodej ∈ V − Ṽ forwards any received messages to its root.
Every rooti ∈ Ṽ

- collects messages and compares the received values with its own value
- updates its current valuext,i, which is also thêxmax,t(i), nodei’s current estimate ofMax, to
the maximum amid all received values and its own.

end
sampling procedure:
for t=1 : 1

c log n rounds do
Every rooti ∈ Ṽ independently and uniformly at random selects a node inV and sends each of
the selected nodes an inquiry message.
Every nodej ∈ V − Ṽ forwards any received inquiry messages to its root.
Every rooti ∈ Ṽ , upon receiving inquiry messages, sends the inquiring roots its value.
Every rooti ∈ Ṽ , updatesxt,i, i.e. x̂max,t(i), to the maximum value it inquires.

end

Algorithm 3: x̂ru =Data-spread(G, F, Ṽ , xru)

Initialization: A root nodei ∈ Ṽ who intends to spread its valuexru, |xru| < ∞ setupsx0,i = xru.
All the other nodesj setupx0,j = −∞.
Run gossip-max(G, F, Ṽ , x0) by the initialized values.

Algorithm 4: x̂ave =Gossip-ave(G, F, Ṽ , covsum)

Initialization: Every rooti ∈ Ṽ setups a vector(s0,i, g0,i) = covsum(i), wheres0,i andg0,i are the
local sum of values and the size of the tree rooted ati, respectively.
for t = 1 : O(log m + log(1/ǫ)) rounds do

Every root nodei ∈ Ṽ independently and uniformly at random selects a node inV and sends the
selected node a message containing a row vector(st−1,i/2, gt−1,i/2).
Every nodej ∈ V − Ṽ forwards any received messages to the root of its ranking tree.
Let At,i ⊆ Ṽ be the set of roots whose messages reach root nodei at roundt. Every root node
i ∈ Ṽ updates its row vector by

st,i = st−1,i/2 +
∑

j∈At,i
st−1,j/2,

gt,i = gt−1,i/2 +
∑

j∈At,i
gt−1,j/2.

Every root nodei ∈ Ṽ updates its estimate of the global average byx̂ave,t(i) = x̂ave,t,i = st,i/gt,i.
end

procedure, roots can sample aO(log n) number of other roots to confirm and update, if necessary, their
values and reach the consensus onMax.
Gossip Procedure

We have the following theorem for the Gossip procedure.
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Theorem 4 Running the Gossip-max algorithm on G̃ = clique(Ṽ ) of G(V, E), after the gossip procedure,
whp, at least Ω( c·n

log n) root nodes already have the global maximum, Max, where n = |V | and 0 < c < 1.

We refer to the Appendix for the proof.
Sampling Procedure

From Theorem 4, after the gossip procedure, there areΩ( cn
log n) = Ω(cm), 0 < c < 1 nodes with the

Max. For all the roots to reach the consensus onMax, all the roots then sample each other as in the sampling
procedure. It is possible that the root of a larger ranking tree will be sampled more frequently than the roots
of smaller trees. However, this non-uniformity is an advantage, since the roots of larger ranking trees could
have obtained theMax in the gossip procedure with higher probability due to this same non-uniformity.In
the sampling procedure, a root withoutMax can obtainMax with higher probability by this non-uniform
sampling.

Theorem 5 Running the Gossip-max algorithm on the overlay complete graph G̃ = clique(Ṽ ) of G(V, E),
after the sampling procedure, whp, all the roots will know the Max.

Proof: After the sampling procedure, the probability that none of the max-roots being sampled by a

non-max-root is at most
(

m−cm
m

)
1

c
log n

< 1
n . Thus, after the sampling procedure, with probability at least

1 − 1
n , all the roots will know theMax.

5.1.1 Complexity of the Gossip-max and the Data-spread algorithms

The gossip procedure takesO(log n) rounds andO(m log n)=O( n
log n log n)=O(n) messages. The sam-

pling procedure takesO(1
c log n)=O(log n) rounds andO(m

c log n)=O(n) messages. To sum up, this phase
totally takesO(log n) rounds andO(n) messages for all the roots in a network to reach consensus onMax.

The complexity of the Data-spread algorithm is the same as the Gossip-max algorithm.

5.2 Performance of the Gossip-ave Algorithm

In the case that the uniformity of gossip is held, it has been shown in [8] thaton anm-clique with probability
at least1−δ′, Gossip-ave (uniform push-sum in [8]) needsO(log m+log 1

ǫ +log 1
δ′ ) rounds andO(m(log m+

log 1
ǫ + log 1

δ′ )) messages for all them nodes to reach consensus on the global average within a relative
error at mostǫ. When the uniformity does not hold, the performance of uniform gossip willdepend on the
distribution of the selection probability. It has been shown in [7] that in their efficient gossip algorithm the
node being selected with the largest probability will have the global average, Ave, in O(log m + log 1

ǫ )
rounds. In this paper, we prove that the same upper bound holds for our Gossip-ave algorithm, namely, the
root of the largest tree will haveAve afterO(log m+log 1

ǫ ) rounds of the gossip procedure of the Gossip-ave
algorithm. Note that unlike the Gossip-max algorithm, the Gossip-ave algorithm has no sampling procedure.
In this bound,m = O(n/ log n) is the number of roots obtained from the DRR algorithm and the relative
errorǫ = n−α, α > 0. Thus, the root of the largest tree will haveAve afterO(log m + log 1

ǫ ) = O(log n)
rounds of the gossip procedure. The upper bound of the running time ofthe Gossip-ave algorithm is in the
following theorem.

Theorem 6 Whp, there exists a time Tave = O(log m + α log n) = O(log n), α > 0, such that for all time
t ≥ Tave, the relative error of the estimate of average aggregate on the root of the largest ranking tree, z,
is at most 2

nα−1 , where the relative error is |x̂ave,t,z−xave|
|xave|

and the global Ave is xave =
∑

j xj , when all xj

have the same sign. (We can always offset the values to have the same sign.)

We refer to the Appendix for the proof.
Complexity of Gossip-ave
The Gossip-ave algorithm needsO(log m + log 1

ǫ ) = O(log n) rounds andm · O(log n) = O(n) messages
for the root of the largest tree to have the global average aggregate,Ave, within a relative error at most

2
nα−1 , α > 0.
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6 DRR-gossip Algorithms
Putting together our results from the previous sections, we present Algorithm 5, the DRR-gossip-max algo-
rithm, and Algorithm 6, the DRR-gossip-ave algorithm, for computingMax andAve, respectively. In the
DRR-gossip-max algorithm, after the Gossip-max procedure, all the roots will know Max whp. If necessary,
a root then broadcastsMax to its tree members, requiringO(log n) rounds andO(n) messages since the size
of a tree is at mostO(log n) nodes by Theorem 2 and the number of roots isO(n/ log n) by Theorem 1.

The DRR-gossip-ave algorithm is more involved than the DRR-gossip-max algorithm. Unlike the Gossip-
max algorithm which ensures that all the roots will haveMax whp, the Gossip-ave algorithm only guarantees
that the root of the largest tree will have theAve whp. After the Gossip-ave algorithm, the root of the largest
tree has to spread out theAve by the Data-spread algorithm. Hence, every root needs to know in advance if it
is the root of the largest tree. To achieve this, the Gossip-max algorithm is executed beforehand on tree sizes
which are obtained from the Convergecast-sum algorithm. (Note that the Gossip-max procedure in the DRR-
gossip-max algorithm is executed on the local maximums computed by the Convergecast-max algorithm.) In
the end, every root broadcastsAve obtained from the Data-spread algorithm to all its tree members.

Algorithm 5: DRR-gossip-max

RunDRR(G) to obtainF, the ranking tree forest.
Run Convergecast-max(F,v).
Run Gossip-max(G, F, Ṽ , covmax).
Every root node broadcasts theMax to nodes in its ranking tree.

Algorithm 6: DRR-gossip-ave

RunDRR(G) algorithm to obtainF, the ranking tree forest.
Run Convergecast-sum(F, v) algorithm.
Run Gossip-max(G, F, Ṽ , covsum(∗, 2)) algorithm on the sizes of ranking trees to find the root of
the largest tree. At the end of this phase, a rootz will know that it is the one with the largest tree size.
Run Gossip-ave(G, F, Ṽ , covsum) algorithm.
Run Data-spread(G, F, Ṽ , Ave) algorithm—the root of the largest ranking tree uses its average
estimate, i.e.,Ave, as the value to spread.
Every root broadcasts its value to all the nodes in its ranking tree.

6.1 The complexity of DRR-gossip algorithms

To conclude from the previous sections, the time complexity of the DRR-gossipalgorithms isO(log n) since
all the phases needO(log n) rounds. The message complexity is dominated by the DRR algorithm in the
phase I which needsO(n log log n) messages.

7 Lower Bound for Address-Oblivious Algorithms
We show that any address-oblivious algorithm for computing aggregatesrequiresΩ(n log n) messages, re-
gardless of the number of rounds or the size of the (individual) messages. We assume the random phone
call model: i.e., communication partners are chosen randomly (without depending on their addresses). The
following theorem gives a lower bound for computing the Min aggregate. The argument can be adapted for
other aggregates as well.

Theorem 7 Any address-oblivious algorithm that computes the Minimum value, Min, in a n-node network
needs Ω(n log n) messages whp.

9



Proof: Fix any arbitrary nodei ∈ V . We lower bound the number of messages (transmissions) ex-
changed between nodes beforei correctly knows the minimum value,Min, among all nodes. Suppose nodes
can send messages that are arbitrary long. (The bound will hold regardless of this assumption.) Without
loss of generality, we will assume that a node can send a list of all node addresses and the corresponding
node values learned so far (without any aggregation). Fori to have correct knowledge of the minimum, it
should somehow know the values at all other nodes. (Otherwise, an adversary — who may know the random
choices made by the nodes — can always make sure that the minimum is at a nodewhich is not known by
i.) There are two ways thati can learn about another nodej’s value: (1) direct way:i gets to knowj’s value
by communicating withj directly ; and (2) indirect way:i gets to knowj’s value by communicating with a
nodew 6= j which has a knowledge ofj’s value. Note thatw itself may have learned aboutj’s value either
directly or indirectly (hence the definition is recursive). Also, at the beginning of the algorithm, since each
node knows only about its own value, only the direct way applies.

The main idea of the proof is to appeal to a coupon collector’s problem (e.g.,[13]) to bound the number
of messages needed byi to know all the othern − 1 values. In a coupon collector setting, there aren types
of coupons, and in each step, each coupon can be generated independently and uniformly at random from
all then types. It is known that the number of steps needed to collect all then coupon types isΘ(n log n)
whp [13]. Here we haven node values in place ofn coupons. The main difference between the coupon
collector’s setting and here is that in one round,i can get many different new node values by accessing some
nodew. However, each of these different values would have involved a separate message between some two
nodes. In other words, ifi gets to knowf different new node values in a round by accessingw, then each of
thesef values would be attributed to at leastf different transmissions that would be needed to bring these
values tow. On the other hand, ifi learns nothing new in accessingw, then one transmission is wasted (the
transmission betweeni andw). Randomly permute thef different (f ≥ 1) node values learnt byi (some of
these values might be new toi and others already known toi) in roundt (t ≥ 1); let these be denoted by
Xt

1, . . . X
t
f . Since calls are made randomly, for allα, Pr(Xt

α = j) = 1/n for any particular node (value)
j. But the random variables are not independent; however, the dependence only increases the probability of
accessing a new item:

(1) if Xt
α is a new item (i.e., not known byi before), thenPr(Xt

α|past) = 1/n. This follows because the
probability of this new item reachingw is 1/n. This can be formally shown by induction on the number of
steps needed by the item to reachw.

(2) if Xt
α is an old item, thenPr(Xt

α|past) ≥ 1/n. This can be again shown by induction on the number
of steps needed by the item to reachw.

Thus, the number of messages needed stochastically dominates the number ofsteps needed in the coupon
collector’s problem. Hence the claimed lower bound follows.

8 Concluding Remarks
We presented a gossip-based protocol for computing aggregates that takes O(n log log n) messages and
O(log n) rounds. Our protocol is non-address oblivious. We also showed thatΩ(n log n) messages are
needed by any address-oblivious algorithm. An interesting question is to establish whetherΩ(n log log n)
messages is a lower bound for gossip-based aggregate computation (in thenon-address oblivious random
phone call model) if onlyO(log n) rounds are allowed.
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Appendices

A Convergecast algorithms

Algorithm 7: covmax =convergecast-max(F,v)
Input: the ranking forestF, and the value vectorv over all nodes inF
Output: the localMax aggregate vectorcovmax over roots
foreach leaf node do send its value to its parent;
foreach intermediate node do

- collect values from its children;
- compare collected values with its own value;
- update its value to the maximum amid all and send the maximum to its parent.

end
foreach root node z do

- collect values from its children;
- compare collected values with its own value;
- update its value to the local maximum valuecovmax(z).

end

Algorithm 8: covsum =Convergecast-sum(F,v)
Input: the ranking forestF and the value vectorv over all nodes inF
Output: the localAve aggregate vectorcovmax over roots.
Initialization: every nodei stores a row vector(vi, wi = 1) including its valuevi and a size countwi

foreach leaf node i ∈ F do
- send its parent a message containing the vector(vi, wi = 1)
- reset(vi, wi) = (0, 0).

end
foreach intermediate node j ∈ F do

- collect messages (vectors) from its children
- compute and updatevj = vj +

∑

k∈Child(j) vk, andwj = wj +
∑

k∈Child(j) wk, where
Child(j) = {j’s children nodes}
- send computed(vj , wj) to its parent
- reset its vector(vj , wj) = (0, 0) when its parent successfully receives its message.

end
foreach root node z ∈ Ṽ do

- collect messages (vectors) from its children
- compute the local sum aggregatecovsum(z, 1) = vz +

∑

k∈Child(z) vk, and the size count of the
treecovsum(z, 2) = wz +

∑

k∈Child(z) wk, whereChild(z) = {z’s children nodes}.

end
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B The proof of Theorem 4

Proof: As per our failure model, a message may fail to reach the selected root nodewith probabilityρ
(which is at most2δ, since failure may occur either during the initial call to a non-root node or during the
forwarding call from the non-root node to the root of its tree). For convenience, we call those roots who
know theMax value (the global Maximum) as the max-roots and those who do not as the non-max-roots.

Let Rt be the number of max-roots in roundt. Our proof is in two steps. We first show that, whp,
Rt > 4 log n after 8 log n/(1 − ρ) rounds of Gossip-max. IfR0 > 4 log n then the task is completed.
Consider the case whenR0 < 4 log n. Since the initial number of max-roots is small in this case, the chance
that a max-root selects another max-root is small. Similarly, the chance that twoor more max-roots select
the same root is also small. So, in this step, whp a max-root will select a non-max-root to send out its gossip
message. If the gossip message successfully reaches the selected non-max-root, theRt will increase by 1.
Let Xi denote the indicator of the event that a gossip messagei from some max-root successfully reaches
the selected non-max-root. We havePr(Xi = 1) = (1 − ρ). ThenX =

∑8 log n/(1−ρ)
i=1 Xi is the minimal

number of max-roots after8 log n/(1− ρ) rounds. Clearly,E[X] = 8 log n. Here we conservatively assume
the worst situation that initially there is only one max-root and at each round only one max-root selects a
non-max-root. SoX is the minimal number of max-roots after8 log n/(1 − ρ) rounds.

Applying Azuma’s inequality [13] and settingǫ = 1/2:

Pr(|X − E[X]| > ǫE[X]) < 2 exp

(

− ǫ2E[X]2

2(8 log n
1−ρ )

)

< 2 exp

(

−
1
4E[X]2

16 log n

)

= 2 exp (− log n) = 2 · n−1.

Hence, with probability at least1 − 2
n , after8 log n/(1 − ρ) = O(log n) rounds,Rt > 1

2E[X] = 4 log n.
In the second step of our proof, we find thelower bound of the increasing rate of Rt whenRt > 4 log n.

In each round, there areRt messages sent out from max-roots. LetYi denote the indicator of an event
that such an messagei from a max-root successfully reaches a non-max-root. TheYi = 0 when one of
the following event happens. (1) The messagei fails in routing to its destination in probabilityρ. (2) The
messagei destined to another max-root although it successfully travels over the network with probability
(1 − ρ). The probability of this event is at most(1−ρ)Rt log n

n since whp the size of a ranking tree isO(log n)
(cf.Theorem 2). (3) The messagei and at least one another message are destined to the same non-max-root.
As the probability three or more messages are destined to a same node is very small, we only consider the case
that two messages select the same non-max-root. We also conservatively exclude both two messages on their
possible contributions to the increase ofRt. This event happens with the probability at most(1−ρ)Rt log n

n .
Applying union bound [13],

Pr(Yi = 0) ≤ ρ +
2(1 − ρ)Rt log n

n
.

SinceRt ≤ cn
log n for any constant0 < c < 1 (otherwise, the task is completed),

Pr(Yi = 0) ≤ ρ + 2c(1 − ρ) = c′ + (1 − c′)ρ,

wherec′ = 2c < 1 is a constant that is suitably fixed so thatc′ + (1 − c′)ρ < 1. Consequently, we have
Pr(Yi = 1) > (1− c′)(1−ρ), andE[Y ] =

∑Rt

i=1 E[Yi] > (1− c′)(1−ρ)Rt. Applying Azuma’s inequality,

Pr(|Y − E[Y ]| > ǫE[Y ]) < 2 exp

(

−ǫ2E[Y ]2

2Rt

)

< 2 exp

(

−ǫ2(1 − c′)2(1 − ρ)2Rt

2

)

.
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Since in this step, whpRt > 4 log n, and(1 − c′)2(1 − ρ)2 > 0, settingǫ = 1
2 andα = O(1), we obtain

Pr(Y <
1

2
(1 − c′)(1 − ρ)Rt) < 2 · n−α.

Thus, whp,Rt+1 > Rt + 1
2(1− c′)(1− ρ)Rt = βRt, whereβ = 1 + 1

2(1− c′)(1− ρ) > 1. Therefore, whp,
after(8 log n/(1 − ρ) + logβ n) = O(log n) rounds, at leastΩ( c·n

log n) roots will have theMax.

C The proof of Theorem 6

To prove Theorem 6, we need some definitions as in [8]. We define am-tuple contribution vectoryt,i such
that st,i = yt,i · x =

∑

j yt,i,jxj andwt,i = ‖yt,i‖1 =
∑

j yt,i,j , whereyt,i,j is thej-th entry ofyt,i and
xj is the initial value at root nodej, i.e.,xj = covsum(j) the local aggregate of the ranking tree rooted at
nodej computed by Convergecast-sum.y0,i = ei, the unit vector with thei-th entry being 1. Therefore,
∑

i yt,i,j = 1, and
∑

i wt,i = m. Whenyt,i is close to 1
m1, where1 is the vector with all entries 1, the

approximate ofAve, x̂ave,t,i =
st,i

gt,i
, is close to the true averagexave. Note thatwt,i which is different from

gt,i is a dummy parameter borrowed from [8] to characterize the diffusion speed.
In our Gossip-ave algorithm, we setg0,i to be the size of the rooti’s ranking tree. The algorithm then

computes the estimate of average directly byx̂ave,t,i = st,i/gt,i. If we set a dummy weightwt,i, whose initial
valuew0,i = 1, ∀i ∈ Ṽ , the algorithm performs in the same manner as that every node works on a triplet

(st,i, gt,i, wt,i) and computeŝxave,t,i =
(st,i/wt,i)
(gt,i/wt,i)

. (st,i/wt,i) is the estimate of the average local sum on a

root andgt,i/wt,i is the estimate of the average size of a ranking tree. Their relative errors are bounded in the
same way as follows.

The relative error in the contributions (with respect to the diffusion effect of gossip) at nodei at timet is
∆t,i = maxj | yt,i,j

‖yt,i‖1

− 1
m | = ‖ yt,i,j

‖yt,i‖1

− 1
m‖∞. Also, a potential function

Φt =
∑

i,j

(yt,i,j −
wt,i

m
)2

is the sum of the variance of the contributionsyt,i,j . We name the root of the largest ranking tree the nodez.
To prove Theorem 6, we further need some auxiliary lemmas.

Lemma 8 (geometric convergence of Φ) The conditional expectation E[Φt+1|Φt = φ] = 1
2(1−∑i∈Ṽ P 2

i )φ <
1
2φ, where Pi = (1 − δ)gi

n is the probability that the root node i is selected by other root nodes, gi is the size
of ranking tree rooted at node i, δ is the probability that a message fails to reach its destined root node and
n is the total number of nodes in the network.

Proof: This proof is generalized from [8]. The difference is that the selection probability, Pi, is not
uniform any more but depends on the tree size,gi. ThePi is the probability that rooti is selected by any
other roots and

∑

i∈Ṽ P 2
i is the probability that two roots select the same root. The conditional expectation
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of potential at roundt + 1 is

E[Φt+1|Φt = φ]

=
1

2
φ +

1

2

∑

i,j,k

(

yi,j −
wi

m

)(

yk,j −
wk

m

)

Pi

+
1

2

∑

j,k

∑

k′ 6=k

(

yk,j −
wk

m

)(

yk′,j −
wk′

m

)

∑

i∈Ṽ

P 2
i

=
1

2
φ +

1

2

∑

i,j,k

(

yi,j −
wi

m

)(

yk,j −
wk

m

)

Pi

+

∑

i∈Ṽ P 2
i

2

∑

k,j,k′

(

yk,j −
wk

m

)(

yk′,j −
wk′

m

)

−
∑

i∈Ṽ P 2
i

2

∑

k,j

(

yk,j −
wk

m

)2

=
1

2
(1 −

∑

i∈Ṽ

P 2
i )φ

+
1

2

∑

i,j

(Pi +
∑

i∈Ṽ

P 2
i )
(

yi,j −
wi

m

)

∑

k

(

yk,j −
wk

m

)

=
1

2
(1 −

∑

i∈Ṽ

P 2
i )φ <

1

2
φ.

The last equality follows from the fact that

∑

k

(

yk,j −
wk

m

)

=
∑

k

yk,j −
∑

k

wk

m
= 1 − 1 = 0.

Lemma 9 There exists a τ = O(log m) such that after ∀t > τ rounds of Gossip-ave, wt,z ≥ 2−τ at the root
z of the largest ranking tree.

Proof: In the case that the selection probability is uniform, it has been shown in [8] that on anm-clique,
with probability at least1− δ′

2 , after4 log m+log 2δ′ rounds, a message originating from any node (through a
random walk on the clique) would have visited all nodes of the clique. When the distribution of the selection
probability is not uniform, it is clear that a message originating from any nodemust have visited the node
with the highest selection probability after a certain number of rounds that is greater than4 log m + log 2δ′

with probability at least1 − δ′

2 .
From the previous two lemmas, we derive the following theorem.

Theorem 10 (diffusion speed of Gossip-ave) With probability at least 1 − δ′, there exists a time Tave =
O(log m + log 1

ǫ + log 1
δ′ ), such that ∀t ≥ Tave, the contributions at the root, z, of the largest ranking tree is

nearly uniform, i.e., ‖ yt,z,y

‖yt,z‖1

− 1
m‖∞ ≤ ǫ.

Proof: By Lemma 8, we obtain thatE[Φt] < (m − 1)2−t < m2−t, asΦ0 = (m − 1). By Lemma 9,
we setτ = 4 log m + log 2

δ′ and ǫ̂2 = ǫ2 · δ′

2 · 2−2τ . Then aftert = log m + log 1
ǫ̂ rounds of Gossip-ave,

E[Φt] ≤ ǫ̂. By Markov’s Inequality, with probability at least1 − δ′

2 , the potentialΦt ≤ ǫ2 · 2−2τ , which
guarantees that|yt,i,j − wt,i

m | ≤ ǫ · 2−τ for all the root nodesi.
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To have the goalmaxj | yt,z,y

‖yt,z‖1

− 1
m | ≤ ǫ, we need the lower bound on the weight of nodez. From

Lemma 9,wt,z = ‖yt,z‖1 ≥ 2−τ with probability at least1 − δ′

2 . Note that Lemma 9 only applies for the
root nodez of the largest ranking tree. (A root node of a relatively small ranking tree may not be selected
often enough to have such lower bound on its weight.) Taking union bound of the probability, we obtain,
with probability at least1 − δ′, maxj | yt,z,y

‖yt,z‖1

− 1
m | ≤ ǫ.

Now we are ready to prove Theorem 6.
Proof of Theorem 6
Proof: From Theorem 10, with probability at least1 − δ′, it is guaranteed that afterTave = O(log m +
log 1

ǫ +log 1
δ′ ) rounds of Gossip-ave, at the rootz of the largest tree,‖ yt,z,y

‖yt,z‖1

− 1
m‖∞ ≤ ǫ. Let bothǫ = n−α

andδ′ = n−α, α > 0, thenTave = O(log m + 2α log n) = O(log n).
Apply Hölder’s Inequality, we obtain

∣

∣

∣

st,z

wt,z
− 1

m

∑

j xj

∣

∣

∣

∣

∣

∣

1
m

∑

j xj

∣

∣

∣

=

∣

∣

∣

yt,z ·x
‖yt,z‖1

− 1
m · 1 · x

∣

∣

∣

∣

∣

∣

1
m

∑

j xj

∣

∣

∣

≤ m ·
‖ yt,z

‖yt,z‖1

− 1
m · 1‖∞ · ‖x‖1

∣

∣

∣

∑

j xj

∣

∣

∣

≤ ǫ ·
∑

j |xj |
∣

∣

∣

∑

j xj

∣

∣

∣

.

Whenxj are all with the same sign, we have

��� st,z

wt,z
− 1

m

P
j xj

���
| 1

m

P
j xj| ≤ ǫ. Further, we need to bound the relative

error of theAve. Let save > 0, gave > 0 1 be thetrue average of the sum of values in a ranking tree and
the true average of the size of a ranking tree, respectively. The globalaverageAve is xave = save

gave
. Since

| st,z

wt,z
− save| ≤ ǫsave and| gt,z

wt,z
− gave| ≤ ǫgave we obtain

x̂ave,tz =
st,z

gt,z
=

(

st,z

wt,z

)

(

gt,z

wt,z

) ∈
[

1 − ǫ

1 + ǫ

save

gave
,

1 + ǫ

1 − ǫ

save

gave

]

.

Setǫ′ = cǫ, wherec = 2
(1−ǫ) > 2 is bounded whenǫ < 1. (For example, ifǫ ≤ 10−2, thenc = 2.0̄2̄ and

ǫ′ = 200
99 ǫ.) Typically, we setǫ = n−α, and thenǫ′ = 2

nα−1 ≈ 2ǫ. Thus, with probability at least1 − 1
nα , the

relative error at the rootz of the largest ranking tree is

|x̂ave,t,z − xave|
|xave|

≤ ǫ′,

by O(log m + 2α log n) = O(log n) rounds of Gossip-ave algorithm.

1Thegave > 0 by definition. We can always offset values to havesave > 0.
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