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Abstract

Traditionally, the performance of distributed algorithivess been measured in terms of running time
and message complexity. However, in many settings, a mawgae and relevant measure of performance
is required. In ad hoc wireless networks, energy is a vetjcatifactor for measuring the efficiency of a
distributed algorithm. Thus in addition to the traditiotiahe and message complexity, it is also relevant
to considerenergy complexityhat accounts for the total energy associated with the rgessaxchanged
among the nodes in a distributed algorithm.

This paper focuses on the energy complexity of distributgdréghms for the Euclidean minimum span-
ning tree (MST) problem, one of the most important problemdistributed computing. We show tight
upper and lower bounds on the energy complexity of distetdEuclidean) MST algorithms. We also
study distributedapproximationalgorithms for MST that have almost optimal energy compiexiut give
a constant factor approximation to the MST. We present tuedfaesults, one where nodes are distributed
randomly in a plane, and the other where nodes can be ailyitéstributed. For random distribution of
nodes, we show th&2(log n) is a lower bound on the energy complexity of any distribute®valgorithm.
We then give a distributed algorithm that constructs anno@itiMST with O(log n) energy complexity on
average and(log nloglogn) energy complexity with high probability. This is an improwent over the
previous best known bound on the average energy complekif(log® n). All the above results assume
that nodes do not know their geometric coordinates. If néaesv their own coordinates, then we give an
algorithm withO(1) energy complexity that gives ab(1) approximation to the MST. For arbitrary distri-
bution of nodes, we give a lower bound on the energy compldaitany distributed MST algorithm and
present an algorithm matching this lower bound within a fpggrithmic factor. Our algorithm gives an
O(1) approximation to the MST. Our results show that messagenaptalgorithms (such as the classical
algorithm due to Gallager et al.) are not energy-optimal, lance it is necessary to design new distributed
algorithms that are energy-optimal.
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1 Introduction

Emerging technologies such as ad hoc wireless networksearsthisnetworks operate under inherent resource
constraints. Consider a sensor network, an ad hoc wiretds®rk in a geographic area built up of a large num-
ber of inexpensive devices called as sensors. Sensors haxgyeonstraints due to the limited battery power
of the sensor nodes; this severely constrains the amourttnepatation the nodes can do and the distance to
which they can communicate. A distributed algorithm whiongsumes a relatively large amount of power may
not be suitable in such a resource-constrained networktdgwogy of these networks can change frequently
due to mobility or node failures. Communication cost anchiaog time is even more crucial in such a dynamic
setting. A distributed algorithm that runs on such devidesutd have as little communication as possible and
should run as fast as possible (i.e., requiring a small nnmfx@mmunication rounds) and use as small energy
as possible. Hence it becomes critical to design energgieaxifi distributed algorithms that operate on these
networks.

Traditionally, the performance of distributed algorithires been measured in terms of running time and
message complexity. In fact, in standard distributed cdimguiterature, these are the two most widely used
measures [18, 21]. Message complexity concerns the tomabauof messages transmitted over all the edges
during the course of the algorithm. However, in many sefimge require a more accurate and relevant measure
of performance. A good example is radio and wireless netsyavkiere energy is a very critical factor for mea-
suring the efficiency of a distributed algorithm. Transmgta message between two nodes has an associated
cost (energy) and moreover this cost can depend on the twesr{edy., the distance between them among other
things). Thus in addition to the traditional time and messegmplexity, it is also relevant to considemergy
complexitythat accounts for the total energy associated with the rgessaxchanged among the nodes in a
distributed algorithm.

This paper addresses the minimum spanning tree (MST) pmhi@e of the most important problems
in distributed computing. In particular, motivated by actheireless and sensor networks, we focus on the
Euclidean MST problem. Our goal in this paper is to studyritisted algorithms for the Euclidean MST
problem that have low energy complexity. We show energy dexiy lower bounds on the performance
of any distributed MST. We also study distributadproximationalgorithms for MST that give better energy
complexity at the price of some additional information attibwe coordinates of the nodes and obtain a constant
factor approximation to the MST.

1.1 Model and Problem

Network Model. We assume that the network is modeled as a weighted undirgiaphG = (V, E, w) where
V is the set of the nodes (vertices) aAds the set of the (bi-directional) communication links be&m them
andw(e) is the weight of the edge € E. Without loss of generality, we assume tliatis connected. The
weightw(u, v) represents the energy associated with transmitting a gedstween, andv. The graphG
has the following underlying geometry. The nodes are sgt pf= n points distributed in a unit square and two
nodes are connected if they are within distana# each other. Without loss of generality, we assume thst
chosen such tha¥ is connected. We study two different node distributiong:réhdom, where the points are
distributed randomly (the graph induced is also known gsndom geometric grapf0]); and (2) arbitrary,
where we make no assumption on the distribution of the poifiteisG can be considered as a weighted unit
disk graph. This is a standard geometric graph model thabéas widely used in the literature for modeling
communications networks in a plane, e.g., wireless and aqdemsor) networks.

Formally, the energy complexity of the distributed algumitis defined a§ ;" ; w; wherew; is the weight
of the edge which connects the nodes exchangingtthenessage, anth is the total number of messages
exchanged by the algorithm. The weight of an edge is a fumatiothe distance between the two points.
Although our results are generalizable to a wide variety eight functions, for concreteness, we assume that
w(u,v) is proportional to some fixed power (denotedi@<of the distance betweemandv, i.e., w(u,v) =
a(d(u,v))* whered(u,v) is the (Euclidean) distance betweerandv, anda is some fixed constant. The
motivation for this comes from energy requirements in agddireless) communication paradigm: to transmit



a message over a distancehe requirecenergyis (proportional toy-“, where typicallya is 2 [6, 12]. In this
paper, unless otherwise stated, we assume2. (Our results can be generalized to other values a$ well.)
Distributed Computing Model. Each node irG hosts a processor with limited initial knowledge. Specifica
we make the common assumption that each node has uniquéyidembers (this is not really essential, but
simplifies presentation) and at the beginning of computatéach vertex accepts as input its own identity
number. Thus, a node has orbcal knowledge limited to itself. Nodes do not even know the wsgif its
incident edges (or equivalently the distance to its neigilbdVe assume that the communication is synchronous
and occurs in discrete time steps. The energy associate@dwitdirectional communication between neighbors
uwandv is O(w(u,v)), i.e., if u wants to send a messageut@ndv replies back ta: then the cost associated
with this bi-directional communication Bw(u,v). (A message is of sizé(logn) bits). In a one-directional
communication, when a node can send a message to a distadcg r, we assume that any node within
distanced can receive the message. The cost associated with this geetsséproportional to)}/?. This is
called adocal broadcastingand is a feature of radio and wireless networks. We assuma ti@de can receive
messages from more than one neighbor in the same time stéipis Imodel, we ignore “collisions” between
messages; such issues do arise in real-world radio andessraeketworks. However, the collisions can easily be
resolved by a constant-factor increase in energy comglekia distributed algorithm [15].

MST Problem. We are interested in studying energy-efficient distribuagbrithms for the Euclidean MST
problem in the above model. Formally, the Euclidean MST fawbis, given a networlG = (V, E, w), to
find a treeT’ spanningV such thatz(u’v)eT d(u,v) is minimized. We actually consider a generalized ver-
sion of the above problem: Find a tréespanningV” such thatz(u,v)eT d*(u,v) is minimized wherex is a
(small) positive number. The motivation for this objectfiuaction comes from energy requirements in a wire-
less communication paradigm as mentioned earlier. It caitydae shown (e.g., using Kruskal's algorithmic
construction [5]) that the MST which minimizes, ,, . d(u,v) also minimizesy, e d*(u, v) for any

a > 0. In the rest of the paper, we use the terwostandquality interchangeably. Note that plays a role in
determining the approximation ratio guarantee (for exlgréhms, it does not matter). Although our results
can be generalized to aay we focus oy = 1 (the Euclidean MST) and = 2.

Computing an MST by a distributed algorithm is a fundametdak, as the following distributed com-
putation can be carried over the best backbone of the conuaiion graph. Two important applications of
MST are in broadcasting and data aggregation. In wirelesgonks, an MST can be used as a communication
tree to minimize energy consumption since it minimiE@u’v)eT d*(u,v). In data aggregation, the idea is to
combine the data coming from different sources enrouteitoirte redundancy and minimize the number of
transmissions and thus saving energy. Common aggregatidios are minimum, maximum, average, etc [17].
One popular paradigm for computing such aggregates is tstrean a (directed) tree rooted at the sink where
each node forwards its (locallgggregateddata collected from its subtree to its parent [13]. For suates,
MST is the optimal data aggregation tree [15]. It was showfilji, 25] that broadcasting based on MST
consumes energy within a constant factor of the optimum.

1.2 Our Results

We show tight upper and lower bounds on the energy complexXitistributed MST algorithms. We present
two sets of results, one for random distribution, and theotbr arbitrary distribution.

Random distribution®: We first show that2(logn) is a lower bound on the energy complexity of any dis-
tributed MST algorithm. In fact, we show that this is the lov®und for constructing any spanning tree in
the network. We then give a distributed algorithm that camss an optimal MST withO(log n) energy com-
plexity on average an@(log n loglog n) energy complexity with high probability (whfa) The previous best
known bound on the average energy complexity for distrith®MEST in this model was2(log? n) [15]. This
bound was obtained in [15] for a natural implementation ef ¢lassical algorithm of Gallager, Humblet, and

1A summarized version of our results for the random distrdutase appeared as a brief announcement in the proceeditioes
20th ACM Symposium on Parallelism in Algorithms and Architees (SPAA) 2008 [3].
2Throughout this paper, “whp” means with probability terglto 1 asn — oo, wheren is the number of nodes in the network.



Spira (henceforth called as GHS algorithm) [9]. All the abaesults assume that nodes do not know their
geometric coordinates. If nodes know their own coordinatiesn we give an algorithm witlw(1) energy
complexity that gives a(1) approximation to the MST. We note th@{1) is a lower bound on the energy
complexity of any distributed MST algorithm (even with nsdanowing their coordinates) since any algorithm
has to communicate at least once using the tree edges of an & an instance specified by the $é&tof
nodes, we denote this lower bounda&/ ST'(V') = Z(u,u)eMST(V)(d(Uv”))2- whereM ST (V') denotes the
minimum Euclidean spanning tree &h If the nodes are distributed uniformly at random, it is weibwn that

> uwyensTvy(d(u,v)* = Q(1) (e.g., see [15]).

Arbitrary distribution:  We first give a lower bound on the energy complexity for anyritisted MST algo-
rithm and present an algorithm matching this lower bounthiwia polylogarithmic factor. Our algorithm gives
anO(1) approximation to the MST. Our lower bound says that anyidisted algorithm has energy complexity
that is at leasf)(/n x LM ST(V)), whereLM ST (V) is defined as above. We then give a distributed algo-
rithm that has energy complexity(y/n log® n x LM ST(V)). We also show that a natural implementation of
the GHS algorithm will takéX(n x LM ST (V)).

1.3 Related Work

Although message complexity of a distributed algorithnedily influences the energy complexity, algorithms
that have optimal message complexity are not necessamgggroptimal. The message-optimal GHS algo-
rithm [9] usesO(nlogn + |E|) messages. It was shown in [15] that this algorithm requitésg?® n) energy

on average under random distribution; in contrast we shaittiere is an algorithm that tak€glog n) energy

on the average and this is asymptotically optimal. Theredes&ibuted algorithms that construct the MST
optimally in terms of time complexity [8, 21]. But these afifloms require much more messages than GHS
algorithm, and consequently require a lot more energy. Tigilslited algorithm of [14, 15] requires only
O(log n) energy, but it gives af(log n)-approximation to the MST. The work of [15] raised the quastf
whether there exists a distributed algorithm(aflog n) energy complexity and this paper answers this in the
affirmative.

Our model is related to the more general cost-sensitive aamization model of Awerbuch et al. [2] which
was also inspired by the need to go beyond the tradition&mof message complexity. In this model, the cost
of sending a message across an edge is equal to the weigbtedgle. Awerbuch et al. give a distributed MST
algorithm with communication cost complexity O min(W (G) + LM ST (V') logn,n - LM ST (V')), where
W(G) is the sum of the weights of all the edgesGi(see also the algorithm of [22]). Our results cannot be
directly compared with this since our weight functions dra oertain type (based on the underlying geometry)
and ours uses local broadcasting instead of the pointitit-poessage passing model of [2]. Nevertheless,
comparing the energy complexity of our algorithm on arlpjtrdistribution to the above shows that our bounds
are significantly better at the cost of providin@dl) approximation to the MST.

2 Random Distribution of Nodes

2.1 Lower Bound

We show a non-trivial lower bound 6i(log n) on the energy required by any distributed algorithm to coiest
any spanning tree of the networR (1) lower bound is trivial, as mentioned in Section 1.2). Thisifb holds
under the following assumptions: (1) the model is synchosnience the lower bound applies to asynchronous
model as well); (2) any non-empty set of processors may gtaralgorithm; a processor that is not started
remains asleep until a message reaches it and can be awadneously; (3) no assumption is made on
the size of the messages; this assumption only strengthersoand; (4) nodes do not have any information
on their geometric coordinates.

Theorem 2.1 Any distributed algorithm need3(log n) energy WHP to construct a spanning tree.

Proof: The proof makes use of a classical lower bound due Korach Et@jlthat shows tha®(n log n) mes-
sages is needed by any distributed algorithm for constrgcispanning tree (or equivalently, leader election)
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in a complete network. More precisely, Korach et al. loweurimbshows thaf2(n logn) differentedges need
to be used by any algorithm. This bound can be shown to applya® Vegas type randomized algorithms also.

Our model can also be viewed as complete weighted networ&renthe weight between any two nodes
andv is w(u,v) = (d(u,v))?. According to the Korach et al. bound, at leastlog n different edges need to
be used by any distributed MST algorithm for some fixed camnsta To obtain a lower bound on the energy
complexity, we compute the minimum energy needed to senelagt bne message throughog n different
edges. We need the following lemma.

Lemma 2.1 For everynode, WHP, at least/bn energy is needed if the node wants to communicate with its
closestk neighbors, for allk > a1 logn, wherea; < a is a fixed positive constant artdis a suitably large
constant.

Proof: Fix an arbitrary node. Let X be the random variable that denotes the total number of neibm
distance\/k/bn of v. E[X] = k/b. Using a Chernoff bound [19], for suitably large

Pr(X>k)=Pr(X >(1+4+b-1)k/b) < (e/b)"C < (e/b)" logn — o(1/n).
That is, WHP, the number of neighborswofvithin distance/k/bn is less thark. Hence, if a node wants to

communicate with its closegtneighbors, it has to send a message to a distance of at\}% WHP. Thus,
the energy needed for thisigbn. By the union bound [19], this holds for every node WHR3

We only focus on those nodes that communicate with more dhéog n of its closest neighbors. Let the
set of such nodes be denoted Ryrelevant set). We ignore the energy spent by the rest ofddesand focus
only on lower bounding the energy needed by the nodéds iSince, the total number of edges used should be
at leastan log n and sincer; < a, the nodes irk need to use at leaSt(n log n) edges, i.e., communicate with
at leastQ(n log n) (closest) neighbors. Each node lacommunicates with at leaét > a, logn neighbors
and by Lemma 2.1, it has to spend at |efagin energy WHP. Thus, WHP, the total energy needed is at least:

Y overk/tn=1/ny k> Q(logn). O
2.2 An Energy-Optimal Distributed MST Algorithm

In this section, we give an energy-optimal distributed M&joethm of energy complexity) (log n), matching
the lower bound shown in the previous section.

We assume that grapf (cf. Section 1.1) is connected by setting the transmissimiius to ther value
given below. Theorem 2.2 shows that this guarantees thesctinity of random geometric graphs.

Theorem 2.2 [11, 20] If r = czlogn \yherec, is a constant larger thad, then the graph is connected whp.

n ’

Our algorithm crucially depends on the following Theorer8. 2t essentially says that, if = \/% (for
some constant; ), then there will be a unique giant component and other stoatiponents. Refer to Figure 1.
In Figure 1(a), the giant component is shown. A maximal cotet cluster of white cells in Figure 1(a) is
called asmall region In Figure 1(b), these small regions are represented ascgtisy All small components
are inside such small regions, and moreover there are nobémy small components in any one small region.

Theorem 2.3 There exists a positive constantsuch that, ifr = /%%, then there is a unique giant component
containing©®(n) nodes whp. Furthermore, whp, all remaining components desa@re trapped inside small
regions, each of which contains at mgbg? n nodes, for some positive constaht

The theorem is essentially similar to Theorem 1 in [23], gt ¢conditions are different. In our model two
nodes are connected to each other if they are within \/% (for some constant;) of each other, whereas
in [23] each node is connected to theclosest nodes whetk is some fixed constant (independentf We
refer to Appendix A for the proof of Theorem 2.3.

Our distributed MST algorithm consists of two steps, eaclwvbich uses the GHS algorithm with some
modifications. For constants, co, andg (as defined in Theorems 2.2 and 2.3), our algorithm works|ksve.
(The modified GHS algorithm is described in Section 2.2.1.)
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Figure 1: A giant component and small regions

Step 1:
1. Each node sets its radius\t;é% (i.e., it communicates with nodes only within this distance
2. Run the modified GHS algorithm.
Step 2:
1. Each component computes its size, the number of nodest#ios.
If the size is greater thafilog? n, it considers itself as a giant component.

2. Each node increases its radiug f621%8™

3. Run the modified GHS algorithm on the remaining component.
(The giant component does not participate but only accepisaection messages from small components.)

The main idea of our algorithm is based on the fact that, #fieefirst step, with high probability, there will
be one unique giant component and other small componerdghanthose small components will be trapped
inside small regions, each of which contains at ni@dbg? n) nodes. In the second step, the small components
in each small region are merged with each others in the saralt sgion or with the giant component, and
eventually all nodes will be connected with high probakiliBy controlling the transmission radius in each
step, we bound the energy complexity as in the following teeo

Theorem 2.4 Our algorithm constructs an optimal MST usi@glog n) energy on average ar@d(log n loglogn)
energy whp.

The correctness of our algorithm immediately follows fromedrem 2.2 and the correctness of GHS algo-
rithm. The proof of energy complexity is given in Section.2.2

2.2.1 A Modified GHS Algorithm

In this section we describe the modified GHS algorithm andyaedts message complexity. In the modified
GHS algorithm, most of steps are the same as those in thaalri@HS algorithm [9]. The difference is that
each node additionally keeps a list of its neighbors thatraother fragments with their distance information.
As in [9], a subtree of MST is calledfeagment In each phase, after two or more fragments are merged, each
node sends a message to its neighbors to announce its nemefragl if the id has changed. Each node updates
its list when it receives those announcements from its eigh This modification enables each node to find
its minimum outgoing edge without any additional messagefist-by looking up its list and picking up the
one with the minimum distance.

Let us compute the message complexity of this modified GHS8rigihgn. For each node, the number of
messages needed to announce its new fragment id is boundée bytal number of phases. The number of
messages needed for broadcast and convergecast is thestreedginal algorithm. Thus the total message
complexity isO(n¢) wheren is the number of nodes anglis the number of phases.



In the modified GHS algorithm in Step 2, two simple technigaes used to reduce the expected energy
complexity. Firstly, the giant fragment does not partitgbut only accepts connection messages from small
fragments. Secondly, when small fragments are merged hatlgiant fragment, small fragments change their
ids. That is, the giant fragment keeps its fragment id soiteaiodes do not need to announce new ids.

2.2.2 Energy Complexity Analysis

In this section we analyze the energy complexity of our athor. We first give a high probability analysis.

In Step 1, the total number of phases in the modified GHS algoris O(log n), and consequently the
total number of messages@¥n log n). Sending one message requif@sl /n) energy since the transmission
radius isO(4/1/n). Therefore, the total energy required in Step @{%og n). At the beginning of Step 2, each
fragment needs to compute its size. This can be done with mabast and one convergecast, which need
O(n) messages and consequertilyl) energy in total.

We now compute the energy required by the modified GHS algurih Step 2. It is shown that the number
of nodes in a small region is at moStlog® n) whp. Thus, the number of fragments in a small region is at
mostO(log®n), and each small fragment just needs to connect only withr imall fragments in the same
small region or the giant fragment. Therefore, the total berof phases in the modified GHS algorithm is
at mostO(log logn) whp. Thus the total number of messages needed in Ste@2risog logn) whp. The
energy needed for each messagé{$ogn/n) since we increased the transmission radiue(q/logn/n).
Thus, the total energy required in Step 20glogn loglogn). Therefore, the overall energy complexity is
O(log nloglogn) whp.

Now we show that the expected energy complexityidogn). The expected energy required by the
modified GHS algorithm in Step 1 and the computation of eaabrfrent’s size in Step 2 is cleady(logn).
Thus it suffices to show that the expected energy requirebdynbdified GHS algorithm in Step 2(log n).
This can be shown from the following lemma. The proof of Lenrfacan be found in Appendix B.

Lemma 2.2 In the modified GHS algorithm used in Step 2, the expected euaibmessages needed by all
nodes in any one small region is a constant.

By Lemma 2.2, it follows that the expected energy requireddonect all nodes in one small region is
O(logn/n). Since there are at moét(n) small regions, the required energy for all nodes in all smeajlons
is O(logn). The energy needed by all nodes in the giant fragmeait(isgn) since there are at moéx(n)
messages for accepting connection requests from smathénaty. Therefore, the total expected energy required
is O(log n). This completes the proof of Theorem 2.4.

2.3 AnO(1) Approximation Algorithm with O(1) Energy Complexity

We know that the lower bound on energy complexity for distid@al construction of any spanning tree, hence
also MST, is2(log n). However, if some additional information such as coordiraif the nodes is given to the
nodes, a more energy-efficient algorithm can be developethid section, we present a distributed algorithm
to construct a spanning tree assuming that each node knewwit coordinates. This spanning tree gives a
constant approximation to MST, and the energy complexityefalgorithm is also constant.

Nodes are distributed uniformly at random in a unit squarth Vewer-left corner at0,0) and upper-right
corner at(1, 1) (see Figure 2a). Each nodenows its coordinateér,, y,,). We define theanksof the nodes
as follows: for any two nodes andw,

rank(u) < rank(v) iff (zy + yu < Ty + Yp) OF (T4 + Yu = Ty + Y @NAY, < yy).
Assuming that no two nodes have the same coordinates, fopainyof nodesu and v, either ranku) <
rank(v) or rankv) < rank(w). To build the spanning tree, each node, except the node héthighest rank, is
connected to the nearest node of higher rank. It is easy tthaéé such a construction, the resulting graph
is a single connected component with no cycle, i.e., a trbé ffee is calledhearest neighbor treENNT) (cf.
[15]). In [15], an NNT is constructed using a different ramid ranku) < rank(v) iff (z, < x,) or (z, =
x, andy, < y,), which also gives us constant approximation and constarggrcomplexity. However, in that



ranking, there are few nodes that need to go far away to findeheest node of higher rank. As a result, it is not
suitable for the unit disk graph model with= ©(,/ 1"%) that we are using in this paper. With our modified
ranking scheme, we show that every node finds the nearesohbigher rank within distance = @(\: IOEL")

with high probability (see Lemma 2.5 below). To achieve ooalgwith this modified ranking of the nodes
requires an entirely different technique to prove the beusglgiven below.
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Figure 2:(a), (b), (c): The potential regioR, marked by dark color and the potential distadcefor an arbitrary node
u. (d): A pie slice with area equal to the area of the potenéiglon shown in (¢)¢,, is the potential angle fau.

Consider an arbitrary nodeas shown in Figure 2. The straight lime-y = x,, +y.,, which passes through
u making equal angles with both axes, divides the unit squdacetivo regions. The region in the half plane
x4y > z, + yu, the dark region in the figure, is called thetential regionfor «, denoted byR,,. Any node in
R, has higher rank than, andw is connected to the nearest nodehip. The area ofR,, is called thepotential
areafor u, denoted by4,,. The distance to the farthest pointit), from w is called thepotential distancéor w,
denoted byL,,. Now, as shown in Figure 2(d), consider a pie slice with amgl€in radian) of the circle with
centery, and radiusl,, such that the area of the pie slice equals the potential areaf.e., %auLi = A,. that

254127 . Angle o, is called thepotential anglefor .

iS, oy, =
Lemma 2.3 For anyu, the potential angley, > % radian.

Proof: For a nodeu with z,, + ¥y, > 1, i.e.,u is in triangle BC D at some point) as shown in Figure 2(c):
A, = APSC andL, < PS. Thus,a, = 24¢ > % If x,, +y, < 1,1.e.,uisintriangleABD, A, > ABCD,

= 2
L, < BD,and thusy, > 3. O

Lemma 2.4 If d, denotes the distance fromto the nearest node in the potential regify, E[d%] < —2—

Proof: Consider Figure 2(d). By construction, the area of the pee $PQ H with angle«,, and radiusL,, is

equal to area of the potential regidt),, which is regionPSC'. Thus, the areas of regiol8T'H andTQSC

are equal. Now remove the nodes from redgio@SC' and place them in regioRT H uniformly at random.
In this process, we are only moving some nodes away fiomhus if d;, denotes the distance fromto the
nearest node in the pie slideQ H, we haved,, < d’,. Now we computeZ|[d’?].

Consider the region in the pie slideéQ H within distancer from « as shown in Figure 2(e). By uniform
distribution, the probability that a particular node residn a particular region is equal to the area of that region
since the area of the unit squat3C D is 1. Thus, the probability that there is at least one nodeerahanu,
within distancer from « in the pie slice, is given by

n—1

Firy=1- (1 — %aurz)
Density function,f(r) = diF(r) = (n—Dayr (1 — Layr?)

T

E[di] < E[dg] = fL“r2f(r) dr = %u {1 —nz" 14 (n—1)az"} < 2

0 — nay

n—2

wherex =1 — %auLﬁ. The last inequality follows from the factthat< < 1. O



Using the above lemmas, in the following theorem, we showedkpected sum of the squared edge lengths
of the NNT is constant. It is well-known that the expected siithe squared edges of MST@1) [24] when
the nodes are distributed in a unit square uniformly at remdbhus NNT gives us a constant approximation.

Theorem 2.5 The expected sum of the squared edge lengths of the {{NT, .\ lel?] = O(1).
Proof: E[Y.cnnt lel?] = B> ev d2] =X uev E[d2] = nE[d%] < 4,by Lemma2.3and 2.4. O

Using a slightly different technique, we can show that thpeekted sum of the edge lengths (i.e., the case of
Euclidean MST, in contrast to the sum of thguarededge lengths) of the NNTE[Y", .\ lel] = O(Vn).
For MST,E[Y".cust lel] = ©(v/n) [24]. Thus, in this case, we also have constant approximatioMST.

In the following lemma, we show that all nodes find the neaneste in their potential regions within

distance@(\/lc’%) with high probability. That is, with high probability, theNNI can be constructed in unit

disk graph, where the transmission radius for each no@x 1"g”).

Lemma 2.5 Simultaneously forall. € V, d, < ¢ log" with probability at leastl — W

Proof: Letr = c,/log" Consider an arbitrary node If L, < r, thenPr{d, < r} = 1. Assume that
L, > r. Now, Pr{d, < r}is larger or equal to the probability that there is at lea®t nade inR, within
distancer from u. Thus, we have

-1 lu2 -1 1
Pr{dy <r} > 1= (1—gour?®)" 21— 2™ 70 >0 - —,

Using the union bound], < r holds simultaneously for all € V' with probability at leasti — ﬁ
n
O
In the following theorem, we show that we can devise a digteith algorithm to construct NNT with con-

stant energy complexity.

Theorem 2.6 There is a distributed algorithm to construct NNT with expdcenergy complexit¢)(1) and
message complexity(n).

Proof: Consider the following algorithm. Assume that each nadenows its potential distancg,, and the
number of nodes — nodew can locally compute exadt, from its coordinates and a rough approximation
for n will work; the bounds on energy and messages hold as longmexmate value for is ©(n). To find
the nearest node in the potential regi®y, each node: transmits aequestmessage containing its coordinates
(2w, ) to distancer; = \/% inroundsi = 1,2,...,m = [lgnL2]. Any nodev within distancer; can hear
the message and replies back:tid rank(u) < rank(v), i.e.,visin R,. If u gets back replies from one or more
nodes, it selects the nearest node among them and serasactionmessage to it, and stops exploration;
otherwise,u continues to the next phagé,+ 1)st phase. If. does not find any node iR, within distanceL,,
(it happens only to the highest ranked node), it terminatgsvay.

Nodeu needs the first transmission with probability= 1. Fori > 2, u needs théth transmission only if
there is no node within distaneg_; in R,. That is, the probability thai needsth transmission is

Di S (1 — %OéuT‘iQ_l)n_l S (1 _ 2i—3/n)n—1 S 6_27;74.

The expected number of nodesiiy within distancer; is at most%wrfn = 2=17. Thus, the expected number
of repliesu receives is at most'—!7. Additionally, » sends at most onequestmessage and or@nnection
message in each phase. That is, the expected number of messaiase, £[M;] < 2 + 20~ 1. Therefore,
the expected number of messages fonallodes is at most

anl M;]=n(2+m) —Fnz:2—i—2l1 )_2i74:O(n).
=2
The expected energy is at mosztz piE[M;]r? =22 +7) + Z (24212027 = 0(1). O

i=1 1=2



Figure 3: The circleS, can be moved aroungl, while keeping the distance froy fixed, so that the closest
pair of nodes); € 1 andw; € S, can be varied.

3 Arbitrary Distribution of Nodes

In this section, we produce a lower bound on energy compldaitany distributed algorithm where the nodes
placed arbitrarily in a two dimensional plane and presenglgorithm matching this lower bound within a
polylogarithmic factor.

3.1 A Lower Bound on Energy Complexity

Let »(v) be the largest radius that nodesends a message to, during the entire course of the algorfom

a given setS of nodes on the plane, and a radius vectdhat specifies a radius(v) for eachv € S, let
B(S,7) = {p = (v,y) € R? : Fv € S, d(p,v) < r(v)}, whered(p,v) denotes the Euclidean distance
between the poinp on the plane and the nodec S. If r(v) = ¢ for all v, we denoteB(S, ) simply by
B(S,¢). LetV = V4, UV; be a set of nodes on the plane, partitioned it@andV;, each containing. /2 nodes.
The setsl; and V, form disjoint circlesS; and Ss, respectively, where the nodes on each circle are spaced
unit distance apart as shown in Figure 3. Lebe the distance between the circlesandS;. We consider a
energy-optimum algorithm and the radius vect@hosen by it - s@(v) denotes the radius explored by nade
in this algorithm.

Lemma 3.1 Let i denote the radius vector chosen by an optimum algorithm.n,TB€S,, L) C B(S;,7),
whereL is the minimum distance between sg€fsand .Ss in Figure 3.

Proof: For simplicity, we assume below that the energy optimumrétlym only explores from nodes ifi;,
i.e., it hasr(w) = 0 for all w € Ss; the argument can be completed to consider the generaigeisi well.
SupposeB(Sy, L) € B(S1,7). Then, there exists a poipt= (r,y) € R? andv; € S; such thatd(p,v;) < L
andp ¢ B(S1,7). In this case, the adversary can position cirleso that there is a node; € S at the
locationp, and the nodes; andw; are the closest pair of nodes between these circles. Thieisadius vector
7 is not adequate to find the minimum outgoing edge fi&m O

The above lemma implies that if the minimum outgoing edgeaHersetS has lengtt?, then any optimum
algorithm must explore enough region so as to cadvées,, ¢). We recall thatL. M/ ST (V') (defined in Section
1.2) is a trivial lower bound on the energy complexity.

Corollary 3.1 There is an instance of Euclidean MST on a8edf n nodes for which the energy complexity
of any algorithm that computes the MST is at [€Q§LM ST (V')\/n).

Proof: We consider the above instance, with= /n. Let+ denote the optimum radius vector chosen by
the optimum algorithm. Then the MST' contains; — 1 edges among the nodes on each circle, and the edge
between the closest pair of nodess Sy andw; € Sy. Thus,LMST(V) =Y pl(e)? =2 (%2 - 1)+ L? =
O(n). Let R be the radius of circleS;. Then, the circumferencerR > 3. By Lemma 3.1, we must have
B(S1,L) C B(S1,7). The area ofB(S1, L) is at leastr(R + L)? — (R — L)?> = 47RL > ny/n. Then,

the area ofB(S),7) is also at least\/n. Thus, we have g 77(v)> > ny/n. Thereforey", ., r(v)* >
>ves, T(0)2 > 2ny/n = QLMST(V)y/n). O

Notice that the above lower bound holds even if each node &ntswown coordinates. Using the same
instance given above, we can show the following lower bounthe performance of the GHS algorithm.

Corollary 3.2 There is an instance of Euclidean MST on a8etdf n nodes for which the energy complexity
of the GHS algorithm is at lea$t(n - LM ST(V)).



3.2 An Almost Optimal Algorithm

We present a distributed algorithm with energy compleglity,/n log® n- LM ST(V')), which is within a factor

of O(log® n) of the optimal energy complexity. The algorithm constrizctsee with cost within a constant factor
of the cost of MST. The algorithm proceeds in stages, as iGtHH8 algorithm. In the GHS algorithm, initially
at the first stage, each single node forms one singleton #agmn each subsequent stage, each fragment
finds its minimum outgoing edge (MOE) and merges with anoffegment using the MOE. The algorithm
continues until the whole network is connected in one fragimé&he details of the algorithm can be found in
[9]. Although GHS algorithm is message optimal, its energgnplexity can be as much as LM ST'(V') in
arbitrary distribution (Corollary 3.2). To improve energymplexity, we modify only how a fragment finds its
minimum outgoing edge; the rest of the algorithm works dyaas GHS algorithm, where each fragment uses
the following ANDMOE algorithm as a subroutine to find its MOE. The algorithmMOE may not find
the exact minimum out going edge at each stage; howeverdi fin edge with length at most twice the length
of the minimum outgoing edge, leading to a constant factpr@pmation to the MST overall.

Algorithm F INDMOE : Each fragmen¥’ performs the following steps to compute an approximate mmim
outgoing edge (AMOE).

1. Perform a pre-order traversal /") of the treeF'. This can be easily done in a distributed manner using
energy at mose - LM ST(F). Let the nodes and edges in this tourde. .., v, andey,...,en_1,
respectively. Note that some edges might be duplicatedisndider, and some nodes could appear
multiple times, butn < 2|F|. LetL = S"7 ' 4(e;).

2. The algorithm runs in rounds. In thith round, a fragment executes the following steps.

(@) Asubsetd; = {v;),-- -, Vi) } Of k(i) nodes is chosen such that the following conditions hold.

Let S;(A;) denote the set of nodes @f(F) that lie between thgth andj + 1st nodes of4;, i.e.,
S;(A ) = {Vi(j)+1, Vi(j)+2> - - - » Vi(j+1) )+ Let Ej(A;) denote the edges in the segment formed by

S] (4,), i.e., E = {(’UZ(] +1,vi(j)+2), ooy (ViGj+1)=1, Vigi+1)) }- We need the sed; to ensure that
for eachj, we have (i (i) < ¢ - L/2" for a constant/, and either (i) £;| = 1 with the only edge
in E; having length at least’, or (jii) ZeeE {(e) < c-2¢, for some constant. Such an4; can be
easily constructed in a distributed manner using enrgy M/ ST'(F'), by maintaining prefix sums
of the sequencé (F).

(b) Each nodey;(;) € A; broadcasts its fragment id using a radius:0of2’. Any nodew that lies in
a different fragment that hears this message sends backaavdedgement. If there are multiple
such nodesv that can respond, they break ties by communicating to thegnfient leader in time
proportional to the energy of that fragment. If nagg) gets back such a response from some node
w in a different fragment, it communicates to all other nodeslj and this fragment stops this
phase. This communication can be done on the kresing workLAM ST (F').

3. The edgdwv;;), w) is used as the AMOE for fragmeit.

Lemma 3.2 The cost of the AMOE chosen by any fragmi€im any phase is within a factor @fof its minimum
outgoing edge (MOE).
Proof: In the above algorithm, if phasas. . .,7 — 1 have been unsuccessful, it means that the MOE for this

fragment has length at lea&t Suppose phaseis successful, and some nodg;) € A; gets a response from
some nodev in a different fragment. By constructiofi;;), w) < 2it1 and hence the lemma follows. O

Lemma 3.3 In any phase, the energy done by fragmErih computing an AMOE is at most
Vnlog?n(LMST(F) 4+ ¢((MOE(F))?), whereM O E(F) denotes the minimum outgoing edge for this frag-
mentF'.

Proof: The step of constructing the traversa(F") only requires a total energy 6¥(LM ST'(F')). Next, we
consider the steps in any roundf the algorithm. Constructing the sdt, and communicating with all nodes
in A; if an AMOE is found in step 2(b) takes ener@y LM ST (F')), by doing all the communication using
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only edges off". Recall the definition of the quantity. Let L, = " . £(e)?; note thatL, < ¢- LM ST(F)

for some constant. Each node iMd; explores within the rang®, and so the total energy incurred in this phase
is at mostk(i)2% + Lo, where the first term of (i)2% comes from sets;(A4;) which have more than one edge,
and the second comes from considering $ets{;) which have a single edge. Sinké) < ¢'L/2, the energy
done in this round is at mostL2’ + L,. There can be at most log n rounds, so the cost of second term over
all rounds is at mos(L; log n). We now bound the cost of the first term above, over all rouhésd = 2
denote the length of the MOE. Then, the above process cewifarO(i’) rounds. Below, we derive a bound
for 3", ¢ L2. We have two cases:

Case 1 d < L/\/n. In this case, we hav®.,_, /L2 < ¢L2" < ¢;L?/\/n, where the last inequality
follows from the fact thatl < L/./n. Letm, be the edges iff (F) whose lengths are in the ranfgé, 2:+1],

so that we have. = ), m;2". Let s be an index such that,2° > m,2" for anyt # s. Then, we have
m2t < L < my2tlogn andLy > my(2%)2. This implies,

(m;2tlogn)? < my¢Lo log? n
Voo T Wn
where the last inequality follows because < n. Therefore, the energy complexity in this case is at most

Loy/nlog? n.
Case 2 d > L/\/n. In this case, we separate the sy, k()22 = .., k(i)22 + 30, k(i)22,
wherei” is an index such that’” = L/,/n. From the bound o (i) and Case 1, we havg ;. k(i)2% <
S icw L20 < ¢ Lyy/nlog?n. Fori > i, we havek(i) < \/n. Therefore, we hav& i, k(i)2% <
ca/n2% = ¢9\/nd? for a constant,. Putting everything together, the total energy in this dasat most
c1Lay/nlog? n + cyy/nd?.

Therefore, the total energy for finding the AMOE in any phasati moste; Loy/nlog? n + coy/nd?> =
O(y/nlog? n(LMST(F) +d?). O

Lemma 3.4 The final tree constructed above is a constant factor apprakion to the MST.

Proof: Consider theth phase of the above algorithm. In this phase, the algorihaoses an outgoing edge
of length at most - 2 between two fragments’ andV”, if the shortest edge between these two sets is in the
range(2?, 2°+1], for a constant.

LetC; = {C%,... ,C,"LZ_} be the set of components formed among thelsef all edges of length greater
than2’ are deleted. Let; = |C;| be the number of componentsdn LetT,,; be the minimum spanning tree on
the setV of nodes. LeD; denote the set of components formed by the above algoritiine @nd of phase It
is easy to prove by induction tht, n;2* = O cer,,, ¢(e)¥). It can be seen that the sBf of components
constructed by the algorithm at the end of phaisea coarsening of; ., for a constant/, i.e., if two nodesu
andv are in the same componentdn ./, they are in the same componentIq. Therefore, the cost of the tree
constructed by the algorithm is within a constant factomhef optimum, for any fixede > 1. O

Theorem 3.1 For any instancd’, the total energy needed by the above algorith@ (&M ST (V)/nlog® n).
Proof:  For any fragmentF’, the total energy done i©(y/nlog?n(LMST(F) + {((MOE(F))?), where
MOE(F) denotes the minimum outgoing edge for this fragment. Tloeeefthe total energy done in any
phase ig)(y/nlog® n- LM ST(V)), since the fragments are all disjoint in any phase. Sinae tieeO (log 1)
phases, this leads to a total energyOdk/n log® n - LMST(V)). O

L?/y/n < < Lyv/nlog®n,

4 Concluding Remarks

We showed that, without coordinate information, the lowauitd on energy complexity to construct any span-
ning tree, hence also MST, §¥(log n), under random distribution of nodes. With coordinate infation, the
best known lower bound i€(1) for random distributions. For both random and arbitranytritistions, we
showed an (almost) energy-optimal algorithm that givesrestamt approximation to the MST. An important
guestion is to ask whether there is an energy-optimal algarto construct an (exact) MST when the coordi-
nates are given to the nodes.
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Appendix
A Proof of Theorem 2.3

A.1 The Giant Component

We prove the first part of Theorem 2.3, which says about tha& g@mponent. The overall proof of Theorem 2.3
is similar to that in [23]. The basic idea is to reduce our jgobto site percolation in a finite box. In the original
site percolation problem, we consider an infinite grid ofs;elhere each site is occupied with probability
and we ask the probability at which an infinite cluster ofsienerges. It is well known that there is a critical
probability p (denoted by,), below which the probability that an infinite cluster egig asymptotically O and
above which the probability is asymptotically 1. It is alswlvn that in the supercritical phase ¢ p,), with
high probability, there is a unique giant cluster in the bax #at its complement consists of small regions,
each containing (log? n) sites [10].

To do this reduction, we first replace the uniform distribotdf nodes with a Poisson distribution to exploit
the strong independence property of the latter. That isstalolition of nodes in one region does not affect the
distribution of nodes in any other disjoint region. Theratiseasy way to connect these two settings (cf. [23]),
and we can safely assume that we haveodes that are generated by Poisson processes in a uni¢ sélee
we repeat the same arguments and lemma as [23] because wiheweldter.

We consider two Poisson procesdgsand P;. Process, has parameteiy := n — en, wheree is a small
positive constant. Proceg$s is built on top of Py by adding to it a new independent Poisson processwith
parameteRen. It is well known thatP; is a Poisson process with parameter:= pg + 2en = n + en. We
then define a sequence of point procedsgst sandwiched betweeR, and P,. Starting fromQq := Py, Qi+1
is given by@); by adding one point chosen uniformly at randomAn— ;. Our reduction to site percolation
will apply simultaneously to all;’'s, showing the existence of a unique giant component fan €gavith high
probability. Each®; generates points uniformly in the box (conditioned on theginumber of points). The
next lemma shows that, with high probability, one of thgwill generate exactly: points. As a consequence,
if something holds for al);’s simultaneously, it also holds for the originalnodes problem.

LemmaA.1 [23] Let Ny and N; be the Poisson variables relative # and P;, respectively. There is a
positive constant such that

Pr <{N0 <n< Nt}) <e M,

We now introduce site percolation problem by subdividing timit square into a grid of non-overlapping
square cells as shown in Figure 1(a). ket \/g be the transmission radius wheres a constant, which will
be fixed. Setting the transmission radius- \/g we get an infinite grid of cells as grows. To simplify our
analysis, we define the distance between two nades(z1, y1) andv = (z3, y2) asmax(|x; — z2l, |y1 — y2|)
instead of using Euclidean distance. This simplificaticiecf our energy complexity bounds only up to a
constant factor. We set the length of a side of each c€jl$o that any two nodes in the neighboring cells are
connected. Thus, all nodes in a cluster of occupied celldwih connected component. The expected number
of nodes in each cell i§. Let us define a cell to bgoodif the number of nodes inside the cell is greater than
or equal tog.

Lemma A.2 Letp. be the probability that a cell is good. Théim, .., p. — 1.

Proof. It follows from the large deviation principle of the Poiss@mdom variables. O

Now we establish the theorem about the giant component byisgdhat the largest cluster of good cells
form a giant component of nodes. Clearly, the giant compbaksio includes the nodes in any occupied cells
that are connected to the largest cluster of good cells.
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Lemma A.3 Letg be the largest component of nodes when the transmissiongadk \/g For any constant
ac (% I 2) there is a choice af such that for a positive constant

Pr(|g| <an) < e~V

Proof: Letm ~ 47" be the number of cells ard be the largest cluster of good cells. By Theorem 1.1 in [7],
for any given constant € (0, %), there is a value gf. such that

Pr(|C| < (1 —6)m) < e nV™,
By definition, a good cell contains at legshodes. Thus, it contains at leastl — §)m good cells, then its
corresponding component contains at ldast §)cm /8 nodes.

Pr(|G| <an) < Pr(|C|<8an/c)+ Pr({No <n < N;})
= Pr(|C] <2a-4n/c) + Pr({No <n < N})
< emViAn/e | gmmn < o

for some positive constant and largen. The first inequality follows from the fact that we do the retion
only if the conditionPr({ Ny < n < N;}) holds. O

A.2 The Small Regions

We prove the second part of Theorem 2.3 and complete the vphoté. We assume that we have chosen the
constanic; so that there exists a giant component with high probabiligt us consider the complement of the
largest cluster of good cells. We now show that the maximaheoted clusters of cells in the complemenCof
are small clusters. We call this maximal connected clustmall region In Figure 1(b), gray area represents
these small regions. Definitely small components of noddswiinside this small region. The lemma below
bounds the number of cells in a small region.

Lemma A.4 Let|S| be the number of cells in regiosl. For any small regionS and some positive constamt
Pr(|S| =k) < e VE
Proof: It follows from the result in the supercritical phase foegpercolation [10]. O

The lemma below bounds the number of nodes in a small region.

Lemma A.5 Let Z; be the random variable that represents the number of nodeslif, and letS be a small
region. For largen, there is a positive constantsuch that

Pr(>"Zi>h)<e -k,
1€S

Proof:

Pr (ZZi>h> =Y Pr (ZZi>h||S|:k> Pr(|S|=k) = Y Pr (ZZi>h) Pr(|S| = k)

i€S k i€s k i<k

= ZPT(ZZ >h)Pr|S|—k ZPT(ZZ >h)Pr|S|—k)

k<2h i<k k> 2h i<k

IN

SNoPr(> Zi>h|+ > Pr(Sl=k) < Y Pr| > Zi>h|+ > Pr(S|=k)
k<2h i<k k>2h k<2h i<2h k> 2k
2h
= —P Zi>h Pr(|S|=k) < Zemh —VE < e VR
r(z >)+z Wsi=h) < ey 3 e

<2 k> 2k k>2
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The second last inequality follows from the large deviapoimciple and Lemma A.4. O

The following lemma completes the proof of Theorem 2.3. Lsestansider the eveidt: with the transmission
radiusr = \/g there is a unique giant component containing at leashodes and all remaining components
of nodes are trapped inside small regions, each of whictagmat most log? n nodes.

Lemma A.6 Whemn is large, for everyx € (1, 3) and appropriate constantsand 3,
Pr(€) <n
whered is a positive constant.

Proof: By Lemma A.3, the probability that there is no component witleastan nodes is at most—71v™,
By Lemma A.5 and union bound, the probability that theretexassmall region with more thahlog? n nodes
is at moste 2V Ale’n — pl-72vB Thys,

Pr(€) < e~V 4 pl=mVB <y —d

for some positive constamtand largen by choosings appropriately. O

B Proof of Lemma 2.2

Let.S be a small region containing a nodet the end of Step 1. Let alg8, be the total number of messages
needed by during the modified GHS algorithm in Step 2. Thé¥, is bounded by:log Fis wherec is some
constant andFs is the number of fragments ifi at the end of Step 1. LeVg be the number of messages
needed by all nodes ifi, that is,Ng = EUES N,. As in Lemma A.5,7Z; represents the number of nodes in
cell i. ThusFy is bounded by) , ¢ Z;, which is the total number of nodes  The following inequalities
complete the proof by showing thBf Ns] is bounded by some constant.

<Z Zl-> clog Fs

€S

(327 ()
c-zh:hlogh-Pr (ZZZ- > h)

=i
c- Zhlogh-e‘”‘/ﬁ < o0.
h

E[Ng]

IN

E

IN

c-E

IN

IN

The bound onPr (3°,.¢ Z; > h) follows from Lemma A.5.

€S
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