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In this part, we will prove Theorem 1 and Theorem 2 in the paper.
Theorem 1: Any solution w∗ of problem (4) is also a solution to problem (5)

(and vice versa) with ξ∗ = 1
n

∑n
i=1 ξ∗i and ζ∗ = 1

|E|
∑

(p,q)∈E ζ∗(p,q).

Proof: Adapting the proof from Joachims (2006), we will prove that for
every w, the smallest feasible ξ∗ and ζ∗ are related by ξ∗ = 1

n

∑n
i=1 ξ∗i and

ζ∗ = 1
|E|

∑
(p,q)∈E ζ∗(p,q). For any given w, the optimal ξ∗i in problem (4) can be

achieved individually as ξ∗i = max{0, 1− Yiw
TBiu∗i } and the optimal ξ∗ in prob-

lem (5) is achieved by ξ∗ = maxck∈{0,1}{0, 1
n

∑n
k=1 ck− 1

n
wT

∑n
k=1 ckYkBku∗k} =

1
n

∑n
i=1 max{0, 1− Yiw

TBiu∗i } = 1
n

∑n
i=1 ξ∗i . Similarly,

ζ∗(p,q) = max

{
0, maxk∈{1,...,np}{wT Bpk√

d(p)
− wT Bqu∗q√

d(q)
}, maxk∈{np+1,...,np+nq}{

wT Bq(k−np)√
d(q)

− wT Bpu∗p√
d(p)

}
}

and

ζ∗ = max



0,

1

|E|w
T

|E|∑
j=1

(
np∑

k=1

τjk(
Bpk√
d(p)

− Bqu∗q√
d(q)

) +

nq∑

k=1

τjk(
Bqk√
d(q)

− Bpu∗p√
d(p)

)

)



=
1

|E|
|E|∑
j=1

max

{
0, max

k∈{1,...,np}
{w

TBpk√
d(p)

− wTBqu∗q√
d(q)

}, max
k∈{np+1,...,np+nq}

{w
TBq(k−np)√

d(q)
− wTBpu∗p√

d(p)
}
}

=
1

|E|
|E|∑
i=1

ζ∗(p,q)

where, ej = (p, q). So, for any w, the objective function values for problem (4)
and (5) are the same given the optimal ξ, ξi, ζ and ζ(p,q). Therefore, these two
problems are exactly equivalent.

¤
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Theorem 2: For each cutting plane iteration described in Table 1, the objective
function will be increased by at least κ = min{Cε1

2
,

ε21
8R2 ,

µε2
2

,
ε22

16R2 ,
(ε1+ε2)2

(24+16
√

2)R2},
and R2 = maxi,j B2

ij .

Proof: The proof is based on the dual form of the original problem. So, we
first wrote down the dual form and then proved the theorem based on this dual
form.

For the s-th Cutting Plane iteration, the optimization problem can be written
as:

min
w,ξ≥0,ζ≥0

1

2
‖w‖2 + Cξ + µζ (1)

s.t. ∀ci ∈ Ωts
1 ,

1

n
wT

n∑

k=1

cikYkBku
(t)
k
≥ 1

n

n∑

k=1

cik − ξ

∀τi ∈ Ωts
2 ,

1

|E|w
T

|E|∑
j=1

(
np∑

k=1

τijk(
Bpk√
d(p)

−
B

qu
(t)
q√

d(q)
) +

nq∑

k=1

τij(k+np)(
Bqk√
d(q)

−
B

pu
(t)
p√

d(p)
)

)
≤ ζ

Please note that ej = (p, q), for the convenience of analysis, let’s assume that
xts

i = 1
n

∑n
k=1 cikYkBku

(t)
k

,∀ci ∈ Ωts
1 , and

xts
i+|Ωts

1 |
= − 1

|E|
∑|E|

j=1

(∑np

k=1 τijk(
Bpk√
d(p)

−
B

qu
(t)
q√

d(q)
) +

∑nq

k=1 τij(k+np)(
Bqk√
d(q)

−
B

pu
(t)
p√

d(p)
)

)
, ∀τi ∈

Ωts
2 .

The transformed formulation is:

min
w,ξ≥0,ζ≥0

1

2
‖w‖2 + Cξ + µζ (2)

s.t. ∀i ∈ {1, 2, . . . , |Ωts
1 |}, wTxts

i ≥
1

n
cT

i 1− ξ

∀i ∈ {|Ωts
1 |+ 1, |Ωts

1 |+ 2, . . . , |Ωts
1 |+ |Ωts

2 |}, wTxts
i ≥ −ζ

2



The dual form of problem is:

max
α≥0

− 1

2
αTKα +

1

n

|Ωts
1 |∑

i=1

αic
T
i 1 (3)

s.t.

|Ωts
1 |∑

i=1

αi = C

|Ωts
1 |+|Ωts

2 |∑

i=|Ωts
1 |+1

αi = µ

where K = XTX and X = [xts
1 , . . . ,xts

|Ωts
1 |

, . . . ,x|Ωts
1 |+|Ωts

2 |]
For each iteration, there are three possibilities:

1.H ts
1 is false. H ts

2 is true. cts is added to Ωts
1

Let cts+1 be the newly added constraint. Let α̂ts be the optimal solution of the
dual problem before this constraint is added.

Suppose α̃ts = [α̃ts
1 , α̃ts

2 , . . . , α̃ts
|Ωts

1 |
, 0, α̃ts

|Ωts
1 |+1

, α̃ts
|Ωts

1 |+|Ωts
2 |

]. To lower bound
the progress made by each cutting plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:
max0≤β≤C Dts+1(α̃ts + βη) − Dts+1(α̃ts), where the direction η is specified as
(with this direction, and 0 ≤ β ≤ C, the solution will be guaranteed to lie in the
feasible region):

ηj =





− 1

C
α̃ts

j , j = 1, . . . , |Ωts
1 |

1, j = |Ωts
1 |+ 1

0, j = |Ωts
1 |+ 2, . . . , |Ωts

1 |+ |Ωts
2 |+ 1

(4)

In our formulation, we have: ∂Dts+1 (α̃ts )

∂α̃ts
j

= 1
n
(ctj)T1− (w̃ts)Tx

ts+1

j = ξ, if α̃ts
j 6=

0, j = 1, . . . , |Ωts
1 |, and ∂Dts+1 (α̃ts )

∂α̃ts

|Ωts
1 |+1

= 1
n
(ctj)T1− (w̃ts)Tx

ts+1

j ≥ ξ + ε1. Then, we

can get:

∇Dts+1(α̃ts)T η ≥ξ + ε1 −
|Ωts

1 |∑
j=1

α̃ts
j

C
ξ ≥ ε1 ≥ 0
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ηTKη =(x
ts+1

|Ω|+1)−
2

C

|Ωts
1 |∑

i=1

α̃ts
i K(x

ts+1

i ,x
ts+1

s+1 ) +
1

C2

|Ωts
1 |∑

i=1

|Ωts
1 |∑

j=1

α̃ts
i α̃ts

j K(x
ts+1

i ,x
ts+1

j )

≤R2 +
2

C
CR2 +

1

C2
C2R2 = 4R2 (5)

where R2 = maxi,j∈Bi
B2

ij . By utilizing Corollary (13) proved in Tsochantaridis et al.
(2006), the minimum increase is:

max
0≤β≤C

Dts+1(α̃ts + βη)−Dts+1(α̃ts) ≥ min{Cε1

2
,

ε2
1

8R2
} (6)

2. H ts
1 is true. H ts

2 is false. Ωts
2 is updated by appending τ ts .

Let τ ts+1 be the newly added constraint. Let α̂ts be the optimal solution of the
dual problem before this constraint is added.

Suppose α̃ts = [α̃ts
1 , α̃ts

2 , . . . , α̃ts
|Ωts

1 |
, α̃ts

|Ωts
1 |+1

, α̃ts
|Ωts

1 |+|Ωts
2 |

, 0]. To lower bound
the progress made by each cutting plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:
max0≤β≤µ Dts+1(α̃ts + βη)−Dts+1(α̃ts), where the direction η is specified as:

ηj =





0, j = 1, . . . , |Ωts
1 |

− 1

µ
α̃ts

j , j = |Ωts
1 |+ 1, . . . , |Ωts

1 |+ |Ωts
2 |

1, j = |Ωts
1 |+ |Ωts

2 |+ 1

(7)

In our formulation, we have: ∂Dts+1 (α̃ts )

∂α̃ts
j

= −(w̃ts)Tx
ts+1

j = ζ , if α̃ts
j 6= 0, j =

|Ωts
1 |+1, . . . , |Ωts

1 |+ |Ωts
2 |, and ∂Dts+1 (α̃ts )

∂α̃ts

|Ωts
1 |+|Ωts

2 |+1

= −(w̃ts)Tx
ts+1

|Ωts
1 |+|Ωts

2 |+1
≥ (ζ + ε2).

Then, we can get:

∇Dts+1(α̃ts)T η ≥ζ + ε2 −
|Ωts

1 |+|Ωts
2 |∑

j=|Ωts
1 |+1

α̃ts
j

µ
ζ ≥ ε2 ≥ 0
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ηTKη =(x
ts+1

|Ωts
1 |+|Ωts

2 |+1
)2 − 2

µ

|Ωts
1 |+|Ωts

2 |∑

i=|Ωts
1 |+1

α̃ts
i K(x

ts+1

i ,x
ts+1

|Ωts
1 |+|Ωts

2 |+1
)

+
1

µ2

|Ωts
1 |+|Ωts

2 |∑

i=|Ωts
1 |+1

|Ωts
1 |+|Ωts

2 |∑

j=|Ωts
1 |+1

α̃ts
i α̃ts

j K(x
ts+1

i ,x
ts+1

j )

≤Q2 +
2

µ
µQ2 +

1

µ2
µ2Q2 = 4Q2 = 8R2 (8)

By utilizing Corollary 13 proved in Tsochantaridis et al. (2006), the minimum
increase is:

max
0≤β≤µ

Dts+1(α̃ts + βη)−Dts+1(α̃ts) ≥ min{µε2

2
,

ε2
2

16R2
} (9)

3. Both H ts
1 and H ts

2 are false. The most violated constraints are added to both
Ωts

1 and Ωts
2 .

Let cts+1 and τ ts+1 be the newly added constraint. Let α̂ts be the optimal
solution of the dual problem before this constraint is added.

Suppose α̃ts = [α̃ts
1 , α̃ts

2 , . . . , α̃ts
|Ωts

1 |
, 0, α̃ts

|Ωts
1 |+1

, α̃ts
|Ωts

1 |+|Ωts
2 |

, 0]. To lower bound
the progress made by each cutting plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:
max0≤β≤min{C,µ} Dts+1(α̃ts + βη)−Dts+1(α̃ts), where the direction η is specified
as:

ηj =





− 1

C
α̃ts

j , j = 1, . . . , |Ωts
1 |

1, j = |Ωts
1 |+ 1

− 1

µ
α̃ts

j , j = |Ωts
1 |+ 2, . . . , |Ωts

1 |+ |Ωts
2 |+ 1

1, j = |Ωts
1 |+ |Ωts

2 |+ 2

(10)

In our formulation, we have: ∂Dts+1 (α̃ts )

∂α̃ts
j

= 1
n
(ctj)T1− (w̃ts)Tx

ts+1

j = ξ, if α̃ts
j 6=

0, j = 1, . . . , |Ωts
1 |, and ∂Dts+1 (α̃ts )

∂α̃ts

|Ωts
1 |+1

= 1
n
(ctj)T1− (w̃ts)Tx

ts+1

j ≥ ξ + ε1, α̃ts
j 6= 0,

and ∂Dts+1 (α̃ts )
∂α̃j

= −(w̃ts)Tx
ts+1

j = ζ , j = |Ωts
1 | + 2, . . . , |Ωts

1 | + |Ωts
2 | + 1, and
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∂Dts+1 (α̃ts )

∂α̃ts

|Ωts
1 |+|Ωts

2 |+2

= −(w̃ts)Tx
ts+1

|Ωts
1 |+|Ωts

2 |+2
≥ (ζ + ε2). Then, we can get:

∇Dts+1(α̃ts)T η ≥ξ + ε1 + ζ + ε2 −
|Ωts

1 |+|Ωts
2 |+1∑

j=|Ωts
1 |+2

α̃ts
j

µ
ζ −

|Ωts
1 |∑

j=1

α̃ts
j

C
ξ ≥ ε1 + ε2 ≥ 0

ηTKη =(x
ts+1

|Ωts
1 |+1

)2 + (x
ts+1

|Ωts
1 |+|Ωts

2 |+2
)2 +

1

C2

|Ωts
1 |∑

i=1

|Ωts
1 |∑

j=1

α̃ts
i α̃ts

j K(x
ts+1

i ,x
ts+1

j )

+
1

µ2

|Ωts
1 |+|Ωts

2 |+1∑

i=|Ωts
1 |+2

|Ωts
1 |+|Ωts

2 |+1∑

j=|Ωts
1 |+2

α̃ts
i α̃ts

j K(x
ts+1

i ,x
ts+1

j )

+
2

Cµ

|Ωts
1 |∑

i=1

|Ωts
1 |+|Ωts

2 |+1∑

j=|Ωts
1 |+2

α̃ts
i α̃ts

j K(x
ts+1

i ,x
ts+1

j ) + 2K(x
ts+1

|Ωts
1 |+1

, ,x
ts+1

|Ωts
1 |+|Ωts

2 |+2
)

− 2

C

|Ωts
1 |∑

j=1

α̃ts
j K(x

ts+1

j ,x
ts+1

|Ωts
1 |+1

)− 2

C

|Ωts
1 |∑

j=1

α̃ts
j K(x

ts+1

j ,x
ts+1

|Ωts
1 |+|Ωts

2 |+2
)

− 2

µ

|Ωts
1 |+|Ωts

2 |+2∑

j=|Ωts
1 |+1

α̃ts
j K(x

ts+1

j ,x
ts+1

|Ωts
1 |+1

)− 2

µ

|Ωts
1 |+|Ωts

2 |+2∑

j=|Ωts
1 |+1

α̃ts
j K(x

ts+1

j ,x
ts+1

|Ωts
1 |+|Ωts

2 |+2
)

≤R2 + 2R2 + R2 + 2R2 + 2
√

2R2 + 2
√

2R2 + 2R2 + 2
√

2R2 + 2
√

2R2 + 4R2

=(12 + 8
√

2)R2 (11)

By utilizing Corollary 13 proved in Tsochantaridis et al. (2006), the minimum
increase is:

max
0≤β≤min{C,µ}

Dts+1(α̃ts + βη)−Dts+1(α̃ts) ≥ min{min{C, µ}(ε1 + ε2)

2
,

(ε1 + ε2)
2

(24 + 16
√

2)R2
}

(12)

Consider all of these three cases together, we will get such a conclusion: For
each Cutting Plane iteration, the objective function will increase at least
min{Cε1

2
,

ε21
8R2 ,

µε2
2

,
ε22

16R2 ,
min{C,µ}(ε1+ε2)

2
, (ε1+ε2)2

(24+16
√

2)R2} = min{Cε1
2

,
ε21

8R2 ,
µε2
2

,
ε22

16R2 ,
(ε1+ε2)2

(24+16
√

2)R2},
and R2 = maxi,j B2

ij

6



References
Joachims, T. Training linear SVMs in linear time. In KDD, 2006.

Tsochantaridis, I., Joachims, T., Hofmann, T., and Altun, Y. Large margin methods for
structured and interdependent output variables. JMLR, 2006.

7


