Multiple Instance Learning on Structured Data
— Supplemental Materials

In this part, we will prove Theorem 1 and Theorem 2 in the paper.
Theorem 1: Any solution w* of problem (4) is also a solution to problem (5)

(and vice versa) with &* = £ 3" ¢*and ¢* = ﬁ > pa)e Stog)”

Proof: Adapting the proof from Joachims (2006), we will prove that for
every w, the smallest feasible ¢* and (* are related by £* = %Z?:lff and
- \_fél > payei Cpg)- For any given w, the optimal & in problem (4) can be
achieved individually as £ = max{0, 1 — Y;w” B;,: } and the optimal £* in prob-
lem (5) is achieved by £* = maxc,e(013{0, £ > p_; cr— W’ > 1 e YiBrur} =
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where, e¢; = (p,q). So, for any w, the objective function values for problem (4)
and (5) are the same given the optimal &, &;, ¢ and ((, ). Therefore, these two

problems are exactly equivalent.
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Theorem 2: For each cutting plane iteration described in Table 1, the objective

. . . - . % 5% pe 6% 61+62
function will be increased by at least £ = min{=?, ¢35, 52, 552, @iri6vD) R2}
and R2 = max; ; BZQJ

Proof: The proof is based on the dual form of the original problem. So, we
first wrote down the dual form and then proved the theorem based on this dual
form.

For the s-th Cutting Plane iteration, the optimization problem can be written

as:
i Sllwl?+ CE+ ¢ W
w,gégzo 2 w H
1 - 1 —
s.t. Ve; € Qtf, —w’ E CikYkBku(t) > — E cir — &
n k n
k=1 k=1

(t)

|E| np (t) B
VTZ Qtsa T § ( § Ti k quq + § Tij (k+n 4 )
’ j=1 ’ ) \/_ \/_

Please note that e; = (p, ¢), for the convenience of analysis, let’s assume that
st = %22:1 CzkYkB u}(;),Vci - Qts, and
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The transformed formulation is:
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The dual form of problem is:
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For each iteration, there are three possibilities:
1.H} is false. HZ* is true. c' is added to Q'
Let c's+! be the newly added constraint. Let a's be the optimal solution of the
dual problem before this constraint is added.

Suppose afs = [a%, ak, ... a‘Qté‘,O a"éts‘ﬂ,altgtls'mgs']. To lower bound
the progress made by each cutting plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:
maxo<g<c D't1(a' + (n) — D's+1(a'), where the direction 7 is specified as
(with this direction, and 0 < § < (), the solution will be guaranteed to lie in the
feasible region):
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In our formulation, we have:
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where R? = max; jcp, B?j. By utilizing Corollary (13) proved in Tsochantaridis et al.
(2006), the minimum increase is:
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2. Hi* is true. Hy is false. (2% is updated by appending 7t

Let 7'=+* be the newly added constraint. Let o' be the optimal solution of the
dual problem before this constraint is added.
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the progress made by each cuttlng plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:

maxo<g<, D'+ (a' + On) — D'+ (a'), where the direction 7 is specified as:
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By utilizing Corollary 13 proved in Tsochantaridis et al. (2006), the minimum
increase is:

2
Ds+1(at) > min{@ >

max Dts+1(~ts +/877) 2 Y 16R2

0<A<p

¥ )

3. Both Hj* and H are false. The most violated constraints are added to both
Q% and QY.
Let c'+! and 7'*+! be the newly added constraint. Let a’s be the optimal
solution of the dual problem before this constraint is added.
Suppose ats = [a, ay, ... amts|,0 O‘|t;zt3|+1>o‘l|tssz’f\+|938|7
the progress made by each cutting plane iteration, we consider the increase in a
specific direction of the dual function by line search, which can be described as:
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By utilizing Corollary 13 proved in Tsochantaridis et al. (2006), the minimum
increase is:
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Consider all of these three cases together, we will get such a conclusion: For

each Cutting Plane iteration, the objective function will increase at least
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