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Figure 1: Transpaent sepaation surfacesoriginating at stagnation points related to vortex breakdowvn on the delta wing (red and yellow). The
blue stream surface originates at the tip of the wing and wraps the vortex core up to the breakdown point.

ABSTRACT

In this paper we presentan approachfor monitoring the posi-
tions of vector eld singularitiesin time-dependendatasets.The
conceptof singularity index is discussedand extendedfrom the
well-understoogblanarcaseto themoreintricatethree-dimensional
setting. Assuminga tetrahedralgrid with linear interpolationin
spaceandtime, vector eld singularitiesobey rulesimposedby
fundamentalinvariants(Poincaé index), which we useasa basis
for an efcient trackingalgorithm. We apply the presentedalgo-
rithm to CFD datasetso illustrateits purposen the examinationof
structureghatexhibit topologicalvariationswith time anddescribe
someof the insight gainedwith this method. We give examples
thatshav a correlationin the evolution of physical quantitiesthat
constituteto vortex breakdavn.
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1 INTRODUCTION

In the designof modernaircraft, computersimulationsare an im-
portanttool in the developmentof new prototypesWhile the basic

principlesof aerodynamiciave not changednuchover theyears,
they areapplicableto large scaleproblemsonly anddo notdescribe
the increasinglyimportantdetails. The quality of numericalmod-
els hasrisento a point wheresimulationscan Il this gap. As the
demandor fasteraircraftandimproved securityis high, they have
proven an extremely valuabletool in comparisonto physical ex-
periments. Aside from the validation of prototypes,simulations
can help to increaseour understandingf the dynamicsof some
of themorecomplex o w patternghatkeepappearingn aviation-
relatedproblems.They facilitatecomplicatedo w experimentsand
provide accuratemeasurementsot only at pointsof interest(that
might not evenbeknown a priori) but over thewhole domaincon-
sideredandit is possibleto evaluatequantitiesghatcannotbe mea-
suredphysically. However, the advantageof completedatafor a
given problemis alsoa hindrancein its analysis. Since detailed
modelsrequire ne resolutions,the amountof generatedlatais
enormousThisis especiallytruefor time-dependergroblems Re-
sultingdatasetsireusuallymulti-gigabytesized. Thusthe problem
of interpretationof a datasebften encompassesding points of
interestrst.

Concerninghedesignof delta-wingtypeaircraft,for bothcivil and
military use,the vortex breakdavn phenomenorhasstoodin the
way of awide applicationof thesedesigns.The greatemartof the
lift adeltawing experiencess createdy asystenof vorticesabove
thewing. This resultsin generallyvery goodmaneuerability and
the possibility of high airspeedsHowever, it canbe obseredthat
in certainsituations(low speedandhigh angleof attack)thesevor-
ticestendto breakdown in the sensdhatthe o w patternbecomes
unstableandthe vortical structurealmostdisappearsesultingin a
lossof lift thatcanhave fatalconsequencasgardingcontrollability
of theaircraft. Furthermorethe pressuraifferencesnherentin the
breakdavn canseverelydamagehestructureof theaircraft. There-
fore, thereis a needto understandhe origins of this phenomenon
suchthatit canbe avoidedin future designs.While understanding
is still incomplete,it is known thatvortex breakdevn is character



ized by the appearancef stagnatiorpointson the axis of the pri-
mary vortices[8]. Here,numericalsimulationscanshaow their full
power by providing insightthat will help the developmentof the-
oriesasto why andwhenvortex breakdevn will occur Although
the phenomenortanbe reproducedn stationarysimulations,the
full dynamicsareonly availablefrom time-dependentalculations.
Figurel depictsa sequencef vortex breakdavnsfrom suchasim-
ulation.

To obtaininsightfrom resultingdatasetsve have developedan al-
gorithmto detectandtrackthe stagnatiorpoints(which areessen-
tially zerosof thevelocity eld) overtimeanddiscorertherelations
betweernthem(i.e. the structuralevolution of the vector eld) and
characteristic®f relatedquantitiessuchasacceleratiorand helic-
ity. The algorithm was developedto work on three-dimensional
unstructuredetrahedralgrids, sincethis is the form the datasets
usuallytake. A visualizationof theresults(four dimensionaln na-
tureandthushardto present)s thengivenby reducingthe problem
to two dimensions.To keepthe algorithmsimpleandef cient, we
have dravn onthetheoryof dynamicalsystemsnamelythetheory
of the Poincagé index. The main statemenhereis thatvector eld
singularitiesin piecaviselinear elds obey a setof rulesthatsim-
plify theirtrackingthroughtime. Thework shavn hereis relatedto
the usualnotionof o w topology; however, we arenot concerned
with extractingall topologicalelementshut rathera suitablesmall
subsebf its temporalevolution.

Thepaperis structuredasfollows: Section2 givesanoverview over
previousandrelatedwork. In Section3, we detailsometheoretical
resultsrelatedto the Poincaé index, with a specialemphasison
three-dimensiongbroblems.Subsequentjythe trackingalgorithm
is developedin Sectiord, beforewe write aboutsomeissuegelated
to preprocessingf the datasetsand post-processingf the results
in Section5. Theresultswe obtainedfrom applyingour algorithm
to actualdatasetsregivenin Section6 beforewe concludeonthe
work shown herein Section?.

2 RELATED WORK

The appearancef vortex breakdevn (someauthorscall it vortex

burst) hasconcernednary authorsin the uid mechaniccommu-
nity dueto its relevancefor anumberof applicationgseee.g.[8]).

Inthe eld of visualization KenwrightandHaimes[6]wereamong
few to write aboutthe detectionandvisualizationof vortex break-
down. They alreadyemphasizés importancdn aeronauticsTheir
interpretationof vortex breakdaevn is a signi cant changein the
directionof thevortex core.Fromtoday's point of view, this expla-
nationis slightly misleadingsincetherole of o w singularitiesand
their effect on vortex coredetectionmethodsvasnot understood.

Concerninghetemporalvariationof featuresthereareapproaches
that detectfeaturesin several timestepsand perform a matching
procedureo extracttheir evolution (e.g. Silver andWang[1Q and
Samtang et al.[9]). Making explicit useof the temporalinterpo-
lation, Weigle and Banks[13 extractfeaturesin the form of four-
dimensionalisosurfices. A similar courseis followed by Bauer
andPeilert[1]. They incorporatea scale-spacapproachnto their
methodfor the tracking of vortex cores. As to the interrelations
amongmultiple featuresover time, Silver et. al[2] have developed
thefeature treethatis relatedto the structuralgraphwe establishin
Sectionb.

The importanceof singularitiesand separatricesn ow elds
was recognizedquite early by Helmanand Hesselink[4]and re-
sultedin two-dimensionatopologyvisualization.Completethree-
dimensionatopologyhasnotbeenattempted/et, howeverthereare

authorsthat examinesuitablesubsetssuchas Theiselet. al[11].
In their paper they computesaddleconnectorsas a basisfor a
topologicalskeleton.Relaxingthe meaningof separatiorsurfaces,
Mahrouset al.[7] recentlypublisheda methodfor topologicalseg-
mentatiorof steadyvector elds surfaceshatseparateo w regions
with differentproperties.

Tricocheet al.[12] describehow the time-trackingof singularities
andthecorrespondingopologicalvariationscanbeinvesticatedfor

2D vector elds. This paperessentiallyextendstheir methodto

three spatialdimensionshowever, we concentrateon the critical

pointsanddo nottreattopology

3 THE POINCARE INDEX IN 3D

Remark: In the following, whenwe speakof singularity we will
meanisolatedzerosof avector eld.

In two dimensionsthe index conceptis well understoocand has
beenexplainedby severalauthors(seee.g. [12]). We immediately
startin a three-dimensionasetting: let v(x) a three-dimensional
smoothvector eld. We employ the notion of closedsurfaces,.e.
surfacesthat are topologically equivalentto a sphere. The basic
ideaof theindex is the answerto the questionof how mary times
avector eld “rotates”in theneighborhoof a point. Rotationsin
3D arenot easilymeasurecndcomparedwe would needto em-
ploy quaternions)therefore we take a slightly differentandmore
geometricapproach We introducethe winding number#(S) of a
closedsurfaceS with respecto apointx:
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#(S) = ds(y):

Thewinding numbercanbe provento beintegerandcanbe inter
pretedasthe numberof timesS wrapsaroundx. For example,the
x-centerecunit spherehasthe canonicalwinding numberl. Now,

to de ne theindex of aclosedsurfaceS, we applyasimplenotion:
rst, weintroducethe Gaussmap

X B
X’
that mapsary non-zerovectorto its direction. The index k of a
closedsurfaceS is thende ned asthe numberof timesthe vector
eld directionson S cover the origin aswe move aroundall of S.
In otherwords, it is the winding numberof the Gaussmap of v

restrictedto S with respecto the origin. Mathematicallyspeaking,
we have

g:R3nfog! S;x7!

z
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Note that the winding numbercan be read as an oriented (“di-
rected”)areaintegral of g(vjs) (cf. [5]). Hence,the signof k de-
pendson the orientationof S relative to R3. We areableto de ne
indz(v) of asingularityz via

indy(v) = lim #o(0(We(a): @

Furthermorewe nd averyusefulresult:let S aclosedsurfacethat
encloseshevector eld singularitiesz;. Then

&ind;(v) = #o(g(vis)):

As a consequencef the lastequationwe areableto calculatethe
index of a singularityby enclosingit with a surfacesmallenough
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Figure 2: Vector "eld directions on a closed surface S. Upper row:
the directions do not cover S, hence the winding number of g(vjs)
is zero. Lower row: S? is covered once, j#(g(vjs))j = 1.

not to containary other singularities. Furthermore the shapeof
the surfacedoesnot matteraslong asorientationis x ed relative
to R3 for all suchsurfaces.As in thetwo-dimensionatase(where
one usually considerspositively orientedpaths),we will assume
positive orientationfor all closedsurfaceshenceforth As a special
caseof this lastequationwe nd thatif theindex of SvanishesS
doesnotencloseary singularityin its interior.

Althoughthis de nition is appealingn the mathematicasenseits
applicationfor computingindicesin e.g. piecevise linear vector
elds asoften presentedy applicationsis tedious. We therefore
proceedyy looking for aneasiemeango determinea singularity's
index in thesecases.

3.1 Linear vector elds

Consideralinearvector eld of theform
V(X) = Ix+c:

If J hasfull rank, v has exactly one isolatedsingularity at z =
i Ji lc. Then,theindex of v atzis givenby thesignof J, i.e.

indz(v) = sign(detJ): 3)

It is quite easyto seehow this simple formula works: sinceJ is
one-to-onewe easily nd thatjind,(v)j = 1 (all directionson the
unit ball arereachedexactly once). Hence,the sign of the index
only dependn therelative orientationsof S andg(vjs) for ary S
thatwrapsz If J is orientation-preservingi.e. det(J) > 0), the
index is + 1, otherwiseit is j 1. Hence(3) holds.

Thereis a simple connectionbetweenthe usual classi cation of
linearsingularitytypes(e.g. saddle node,etc.) andtheindex. The
index is essentiallythe sign of the productof the eigervaluesof the
Jacobiarmatrix at the singularity Sincein three-spacethe Jaco-
bianhasthreeeigervalues this allowsfor awiderrangeof possibil-
ities thanin two dimensionsFor example,in 2D asaddlepointhas
alwaysindex j 1, whereasn 3D in canhaveboth+ 1 orj 1. This
shavsthatthegeometryof thede ning spacéhasastrongin uence
on the geometryof vector elds andthe natureof apparenwector
eld singularities.

While it seemshat (3) is easily appliedto piecevise linear vec-
tor elds, evaluationof the determinants numericallyunstable.If
jdetJj is very small, roundingerrorscan easily causea changeof
signandthereforeleadto a wrong result. We next presenta more
geometricapproactthatdoesnot suffer theseinstabilities.

3.2 Linear interpolation over tetrahedra

Datasetdrom applicationsareusuallybasedon unstructuredyrids
with cell-basedinear or trilinear interpolation. We briey shav
how index computatiorcanbeachievedon apieceviselineartetra-
hedralgrid. Let v(x) alinearvector eld. Let T atetrahedromwith
verticesp;, i = 0:::3. T is positively orientedin the sensethatthe
pointsarenumberedn suchaway thatall facenormalspoint out-
side.Let v; thevectorvaluesof v atthe pointsp;. Sincev is linear,
it coincideswith the barycentridinearinterpolantof thev; onT:

3 3
v(x) = & bi(x) vi; abx =1
=0 i

Hencey restrictedo T is again atetrahedrony . By applicationof
the Gaussmapto T, we nd thatthev; aremappedo pointsv; on
& andthattheimageof facesof T aresphericaltrianglesS. The
areacoveredby § is lessthan2p in modulus(thisis aconsequence
of theminimal variationpropertyof linearinterpolation).

It remainsto computethe winding numberw.r.t. the origin of the
resultingclosedsurface S consistingof the sphericaltriangless .
We canwrite in analogyto (1) (recallthatthe V; have modulusl)

lZ

#(9 =

3
p SXdax) = Soare%ignedS)

For S, we nd thelengthof its sidesto be

a= §(%;95) = arccogy t;)
b= 6(V;% = arccogv; ®y)
c= 8(0;%) = arccogv ®)

With s= 5(a+ b+ c), we obtaintheformula

r
S sia, Ssib, sjc

areaigned §) = 4warctan tané tan>>Ztan>L "~ tan>L~:

4)

2 2
In conclusiontheindex of T is computedby evaluationof the an-
glesbetweerthev;. This computatiormay seemcomplicatedbe-
causea lot of trigonometricfunctionsareinvolved. However, the
resultcanbe expectedto be closeto aninteger, thereforewe can
employ roundingto guarante@naccurateesult.

iib

Figure 3: The Gaussmap g maps a tetrahedron face to a spherical
triangle.



3.3 Time-dependentvector elds

Let v(x;t) a smoothtime-dependentector eld, andlet S(t) a
closedsurfacethatchangegpositionandshapesmoothlywith time.
Then,if

v(x;t) 6 0 8t; x2 S(t); (5)

theindex of (t) is constanin t.

Condition (5) essentiallyensuresthat no singularity is passing
throughS(t) astimeincreasesHence thez enclosedy S(t) will
remainenclosedandno othersingularitycanjoin them. Theargu-
mentthenproceedslongthe samelinesasearlier Theright hand
sideof (2) variescontinuouslywith time, andatthe sametime, it is
integer; henceit mustremainconstant.

Thesigni canceof thisstatemenis large: it basicallystateghatthe
index of aclosedsurfaceS(t) is conseredovertime, which allows
usto imposecertainrestrictionson thetemporalevolution of singu-
laritiesenclosedn S(t). The mostimportantonefor our purposes
is that singularitiesmust appearor disappeain groupssuchthat
the sumof their indicesvanish. For example,if a pair of singular
ities is createdthey musthave indicesof + k and; k respectiely.
Sucha changeof the structureof a vector eld with a parameter
(in our casethe parameteis time) is calleda structural bifurcation
A moreextensie treatmenbf the theoryof bifurcationsof vector
elds canbefoundin thebookby GuckenheimerndHolmes[3].

4 TRACKING OF SINGULARITIES

In thefollowing wewill beconcernedvith developinganalgorithm

to thepurposeof determiningthe pathsof isolatedsingularitiesof a

time-dependentiecavise-linearvector eld, givenonatetrahedral
grid.

Let pi 2 R3 asetof pointsandvij thevectorvaluesassociateavith
the p; at discretetimest; 2 R. Let Ty a setof tetrahedrade ned
on the points p;. Thenevery tetrahedrorTy givesriseto a vector
eld v(x;t) thatis linearin both spaceandtime: if x2 Ty andt 2
[tj;tjj + 1], thenset
1

H tity jer, frai U5

tie1i tj |

3
v(xt) = a bx) r——
1=0 IR |

whereb, arethebarycentriccoordinatesv.r.t. Ty andl refersto the
verticesof T,. We will next examinethe pathsof singularitiesin a
singletetrahedromy.

4.1 Bifur cations

Consideringstructuralchangeswe have determinedhatatetrahe-
droncanincludeat mostoneisolatedsingularity becauséhe eld
is linear This hasone major implication: structuralbifurcations
cannotoccurin linearvector elds. For the caseof piecaviselin-
ear elds this implies that bifurcationsmustbe locatedin places
wheretwo linear piecesare adjacent. For tetrahedralgrids with
pertetrahedrodinearinterpolationwe nd thatbifurcationsmust
happenrin placeswvherethe eld is notlinear, i.e. ontheboundaries
betweerdifferenttetrahedraTherearethreepossibilities:vertices,
edgesandfacesof thegrid. We will considerfacesrst.

Assumewe have two tetrahedral; and T, that sharea common
faceon whichwe nd abifurcationat sometimet. Sincethe eld
is linearin bothtetrahedrapnly two singularitiescan be involved

andonemustbe locatedin Ty andthe otherin T,. Moreover, due
to conseration of the index, the overall index mustremainzero,
hencethe indicesof the singularitiesmustbe + 1 andj 1. Hence,
bifurcationson facesareof arelatively simplenature.

It would now bein orderto discussbifurcationson edgesor ver-
tices.However, thesecasesrequiteintricate. Sincemorethantwo
tetrahedrareinvolved,thelist of possiblebifurcationtypesis long,
andnon-linearsingularitiescanoccur(cf. [3]). We aremainly con-
cernedwith applicationdatasetshatusuallyshav someamountof
numericalnoise,makingtheoccurrencef abifurcationonanedge
or onavertex of thegrid extremelyunlikely at best. Thereforewe
limit oursehesto thecaseof facebifurcationssinceit is of greatest
relevance.

4.2 Pathsin a Tetrahedron

We rst considerasingletetrahedrom anddeterminewhatpossi-
bilities exist for the pathof asingularityz. To simplify thenotation,
we assumehatthevector eld in T is givenin theform

3
V)= & b1 Hui+tv);  x2 Tit2[0;1]

i=0
andthatv is non-dgeneratej.e. it containsexactly oneisolated
zeroat all times. For x edt we cansolve for the positionof the
singularity of this eld in barycentriccoordinates. For example,
with wi(t) = (1j t)u; + tv; we write (omitting the parameters)

V= Wo+ by(Wri Wo)+ ba(Wzi Wo) + b3(wsi Wp)
andapplyCramersruleto nd

dei(j wo; Wai Wo; Waj wp)  _ . by(t),

bl(t) = de(W1| WO; W2i WO; VV3i WO) o q(t) .

The samecan be donefor all b;. Brief computationshavs that
the resultingb;(t) andq(t) are polynomialsof degree3 int. We
requiredthat v be non-dgyeneratethis re ects in q(t) 6 0 for all
t 2 [0;1]. Naturally, if bj(t) < 0 for somei, the singularity of v
is outsidethe tetrahedrorfor this speci c t. In otherwords, we
have foundanexplicit representatiofor thelocationof z. Takinga
closerlook ath;, we nd thatthe zerosof thesepolynomialsallow
usto determinewhenz crossesoneof T's faces. If for £ 2 [0;1]
we nd bi(f) = 0andbj(f) >= Ofor j & i, thenthe singularityis
locatedonthefaceof T oppositethevertex p; (its barycentriccoor
dinateis zero).Furthermoreby evaluatingthesignof thederivative

_“biﬂo 0)
bf) = a @‘W

we cantell if the singularity entersor leaves the tetrahedrorat £
andthroughwhich face. We will saythatT hasan entrance/eit
onfaceF atf. Thisinformationis importantto determingn which
neighboringtetrahedron(if one exists for F) the singularity path
continues.

For x edt 2 [0;1] therecan be at most one singularity inside T

(sincethe eld in T is linear), hencewe canconcludethatif there
is asingularityin T atsomet 2 (0;1), it musteitherhave entered
T atanearliertime 0 < f < t or remainedn T sincet = 0 (in this
casewewill saythatzentersatt = 0). In completeanalogyit must
eitherexit T att < f < 1 or remainin T until t = 1 (readz exits

att = 1). In otherwords, a singularity path always connectsan
entranceto an exit, andexits andentranceglwayscomein pairs.
Sincetherecannotbemorethanonesingularityin T atagiventime,
anentrancas alwaysconnectedo theclosestexit (w.r.t. t).
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Figure 4: Structural evolution of singularities. Three spatial dimen-
sions are representedon the vertical axis.

When z passedrom T to a neighborT° throughthe faceF atf,
in both T and T thereis a singularityon F atf. Therearetwo
possibilities:eitherwe nd anexit/entry combinationin T and T
in which casethe path continuesin T9 or we nd an exit/exit or
entrance/entrana®mbination.n thelastcasethevector eld has
astructuralbifurcationon F atf (i.e. creationor annihilationof a
pair of singularities),andthe pathsof both singularitiesinvolved
startor endon F.

4.3 Tracking algorithm

Having simpli ed matterssofar, we now give a simpleschemdor
trackinga singularity pathbetweentwo timestepg = O andt = 1
thatworks by simply connectingentrance/®it pathsegymentsover
tetrahedrorboundaries.

Assumethat a singularityz is presentin T att 2 (0;1). Then,to
computethe pathforwardin time

1. computetheb; andq for T, anddeterminesntrancesindexits

2. if thereis no exit laterthant, z exits T att = 1, the pathis
complete

3. if thereareexitsin T, thenzleavesT attheearliestexit later
thant; determinethe neighbortetrahedronr © corresponding
to theexit faceF andcomputebf, ¢%for T°

4. if T9hasanexit on F correspondingdo theexit on T (! bi-
furcation),thepathof zendson F

5. otherwise,T®hasanentranceon F correspondingo the exit
onT; zisnow in T SetT = T%andrestartat 1.

Following thepathof zbackwardsin time canbeachievedin acom-
pletely analogousnanner Both directionsare completelyequia-
lent. We usethis procedureasa building block for computingthe
pathsof all singularitiespresentin two given timestepsbetween
t=0andt= 1:

1. nd thesetsof tetrahedregy andS,; thatcontaina singularity
att = O andt = 1respectiely. Let B= fg thesetof bifurca-
tionsencounteredéh betweert = 0 andt = 1.

2. foreveryT 2 S: follow the pathof z forwardin time
(a) if it endsin TYatt = 1, eliminateT%from ;..
(b) if it endsatabifurcation,addit to B.

3. for every T 2 § (singularitiesnot reachedy pathsfromt =
0): follow the pathof zbackwardin time

(a) it mustendata bifurcation;addit to B

4. for all bifurcationsin B: checkif B hastwo pathsconnecting
toit; if it doesnot, theremustbeanothersingularityinvolved.
Follow its path forward or backward in time dependingon
whetherthe bifurcationis a creationof singularitiesor anan-
nihilation.

(a) thepathmustendatabifurcation;addit to B; goto4.

The algorithmessentiallyavoids multiple tracing of the samepath
by makinguseof the equivalencebetweenforward and backward
tracing (i.e. if a pathextendsfromt= 0tot = 1, we only need
to traceit forward). The extra effort in step4 is requiredbecause
non-intuitive situationscan occur (seeFigure5). The endresult
is a setof pathsthat completelydescribethe continuousstructural
variation of the vector eld betweenthe two timesteps.Going to
severaltimestepsrom hereis easyasit only involvesconnecting
the pathsfrom differenttimestepsaccordingto which singularity
they start/endht.

Remark: somecasesare not coveredby the given algorithm. For
example:if thetwo bifurcationsthatcreateandannihilatea pair of
singularitieslie betweentwo timestepsneitherof the singularities
will shav up in one of the timesteps,and hencetheir pathswill
not be discoveredby the algorithm(seeFigure5). However, since
they do not interactwith other singularities,they do not play an
importantrole in understandinghe structuralchangesn between
thetimesteps.Moreover, it is oftendesirableto ignoresmall-scale
local behaior (seealsoSection5).

5 APPLICATION TO DATASETS

5.1 Pre-and post-processing

To obtaina completepicture of the structuralevolution of a given
datasettheinteractionof thevarioussingularitiesform a structural
graphwith bifurcationsasverticesand pathsasedges(seeFig. 6
for an example). We will shortly describehow this graphcanbe
usedin post-processingf results.

The method shavn in Section 4 is limited to tetrahedraand
the given datasetmust be tetrahedrizedbefore application. Al-

thoughthe trackingalgorithmcould be enhancedo dealwith non-
tetrahedrabrid cells, a generalizatiorwould resultin a numberof
specialcaseghat complicatethe relatively simple structureof the
algorithm.In theform presente@bove,implementations straight-
forward and fast. However, a small price hasto be paid: tetra-
hedrizationof arbitrarygrids canresultin the creationof singular

ities thatarenot in the original dataset.t is possiblethata cell of
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Figure 5: Left: Tracking only paths originating on timesteps doesnot
completely explain the structural evolution (the blue path would not
be discovered). Making sure that every bifurcation has two paths
connecting to it solves this problem. Right: Paths that are not
discoveredsince they have no entrance or exit on a timestep.



index 0 is split up in sucha way thatthe resultingtetrahedrehave
non-\vanishingindex. These“arti cial” singularitiesdo not posea
problem sincethey arealwayscreatedn pairsandusuallyonly last
for avery brief amountof time.

Numericaldatasetsireoftensubjectto noise especiallyif thecom-
putationsinvolve somekind of differentiation. It is commonprac-
tice to apply smoothingoperatordo datasetsn orderto undosome
of thedamagedoneby previouscomputationsCommonly numer

ical noisere ects in short-lived pairsof arti cial singularitiesthat
exist in isolationandare not part of the datases structuralevolu-

tion overtime. It canalsooccurthata pathis “interrupted”by a pair
of arti cial bifurcationsthat enclosea path sggmentof very short
duration(Fig. 5 (left) givesanexample).

What seemsa dravbackat rst canbe turnedinto an adwantage:
insteadof smoothinghedatasetve Iter theresultingsetof singu-
larity pathsby removing pathsthatlastlessthane.g. onetimestep.
Filtering can be applied on the structuralgraphdirectly and can
be implementedn an efcient way by rst removing edgesthat
represenpathswith shortdurationand successiely remaving all
isolatedvertices. In our experimentswe found this methodto be
very effective in treatingnoisy datasets.It turnsout that corven-
tional smoothingdoesnot signi cantly reducethe numberof arti -
cial singularities. It however affectsthe structureof the datasetin
suchaway thatthestructuralkevolutionis obscuredr changedthis
is especiallytrue for minimum/maximumtrackingasdescribedn
thenext paragraph).

5.2 Tracking of minima and maxima

Thepresentedlgorithmis concernedvith trackingsingularitiesin
vector elds. By applyingthe above approachto gradient elds
of scalarquantities,we are ableto track the evolution of minima
andmaximathroughoutime throughfollowing the pathsof theas-
sociatedsingularitiesin the gradient elds. The algorithmcanbe
directly appliedto this modi ed problem. The resultingstructural
graphcanthenbe Itered to only include pathsof suitablesingu-
larities, i.e. attractingandrepellingnodes.Notethatwhile minima
andmaximado notnecessarilyappeain pairs,they arestill created
anddestrged at bifurcationsin the structuralevolution. Although
e.g. saddlepointsin the gradient eld might have somephysical
meaningaswell, we did not considerthemin our examples(see
Section6).

5.3 Visualization

Thestructuralevolution of avector eld is basicallya graphwhose
verticeshave a total of four coordinateg3D space+ 1D time).
Representinghe pathsof singularitiesn three-spacéirectly turns
out to be non-intuitive, and adding temporalinformation to the
presentedocationsvia color-coding or animationdoesnot help.
Therefore,we approactthe problemby rst reducingthe dimen-
sionfrom four to two by a changeof coordinates.

In oneof our examples(cf. 6), the dataseis highly rotationsym-
metric and singularitiesappearand move on the symmetryaxis
only. Their completeevolution is then easilyrepresentedh a 2d
diagram.However, the otherexampleis muchmoreintricate,and
thereis no canonicalaxisto representhe movementof the singu-
larities. If the positionsof all singularitiesat all times are taken
into account,thenwe are able to determinethe principal spatial
directionandthe commoncenterof their mavementby evaluating
thezerothand rst ordertermsof the correspondingrincipalcom-
ponentanalysis. This providesa suitablespatialcoordinatealong

which to describethe location of singularities. For more compli-
cateddatasetshigherordertermsof the PCA andinterpolationcan
be dravn uponto generate curved coordinate Theresultingtwo-
dimensionaldiagramsquickly enablethe viewer to discover key
pointsin thestructuralevolution thatcanthenbe analyzedn detail
with othermethods.

6 RESULTS

We have applied our algorithm to two different time-dependent
dataset®f CFD simulationsperformedby the GermanAerospace
Center(DLR)/Gottingenusingtheir TAU code. All datasetsake
the form of avelocity eld provided on the verticesof anunstruc-
turedgrid consistingof tetrahedrapyramidsandprisms.Although
the simulationsare basedon problemsthat shav somedegree of
symmetry the computationwas performedon the full domain.
While the can datasetretainsthe symmetryof the original prob-
lem, the deltawing datasetshavs increasinglydifferentbehaior
onbothsidesof thewing astime passes.

It is alreadyknown thatvortex breakdavn is associatewvith theoc-
currenceof (pairwise)stagnatiorpoints,thereforewe have applied
thetrackingalgorithmto thevelocity elds rst. Furthermorethere
arespeculationshatboth acceleratiorandhelicity play animpor
tantrole in this context. We have computedthese elds for those
dataset@andappliedtrackingto themaswell, in the caseof helic-
ity (which is a scalarquantity) minimum trackingwas performed
(asdescribedn Section5). Sincethesecomputationsnvolvedtak-
ing derivatives of the original velocity elds, we obsered strong
numericalnoisein both helicity andacceleratioryielding mary ar
ti cial singularities.Usingthestructuralgraph ltering methodde-
scribedin Section5 we werestill ableto obtainmeaningfulresults.

The tracking algorithmitself is of linear compleity in both the
numberof singularitiesand the numberof timesteps. The most
time-intensie partis the pre-computatiorof all singularitiesin a
timestep for which eachcell hasto be consideredndividually. If

this informationis alreadygiven, the runningtimesfor our exam-
plesareon the order of seconds.Sincethe algorithmonly needs
two successie timestepdo do its work, it is possibleto integrate
it directly into the CFD simulation. The structuralgraphfor all

timestepscanthen be completedin post-processing.This would

also allow for online supervisionof simulationsthat are still in

progressWe will now detailtheresultsfor bothdatasets.

6.1 Candataset

The simulationdescribesa can lled with a highly viscous uid
thatis acceleratetby rotationof thelower lid. Therotationalspeed
variesover time, leadingto breakdevn of the centralvortex that
coversthe symmetryaxis of the can. Due to the high viscosity of
the uid andthe high degreeof symmetrythe velocity eld is of
very good numericalquality. This datasetis very closeto being
a standardmodel of vortex breakdevn. It consistsof about5000
timestepson a grid with approx. 4.4 million tetrahedraafter de-
composition.

Theresultsareof almostanalyticalquality (seeFigure6). Thesim-
ulation actually shaws two occurrencesf vortex breakdevn (and
two correspondingairsof stagnatiorpoints)andit is interestingo

obsenre how primaryandsecondaryortex breakdevn successiely
meige andre-split. Acceleratiorzerosandhelicity minimashav a
strongcorrelationwith the onsetof the breakdevn processaindthe
bifurcationthatcreatedhe two stagnatiorpoints. Beforeour anal-
ysis of the datasetthis correlationwasnot known. It is alsoobvi-



ousthatthe structuralgraphsenesasakind of “directory” for the
differenttimestepsby indicatinginterestingphenomenaThrough
this, relevanttimestepsanbeidenti ed quickly andreliably.

6.2 Delta Wing dataset

In orderto studyvortex breakdevn in aviation, anunsteadysimu-
lation of a deltawing con guration was performed. The angleof
attackis increasedver time, andthe primary vorticeseventually
exhibit breakdevn. The simulationtotals 1000time stepsthatde-
scribethe formation and breakdevn of the primary vorticesover
time. Thegrid consistsof about18 million tetrahedraafterdecom-
position. The datasets someavhatnoisyin a numericalsensesince
theresolutionis still too low in someof the moreinterestingparts
of the datase((this is especiallytrue for the vortex breakdevn re-
gions).Figure7 providesanovervien shaving streamsurfaceghat
wrap aroundthe primary vorticesabove the wing (red and blue).
Asymmetricbreakdavn is clearlyvisible.

We have usedour methodon two regionsin the datasethatcorre-
spondto breakdavn on both sidesof the wing. After the coordi-
natetransformatior(seealsoSection5), the structuralgraphof the
right region (cf. Figure8) clearly shows the evolution of the stag-
nationpointsasthey move towardsthe wing. Again, acceleration
zerosanda helicity minimum seemto play a role in formation of
breakdavn, althoughthe correlationis not asobviousasin the can
dataset.This is, in part, to be blameduponthe lack in resolution
andthe resultingnumericalinstability of differentiation. Filtering
of the structuralgraphfor the helicity gradient eld (whosecom-
putationinvolves a secondspatialderivative) reducedthe number
of meaningfulpathsfrom roughly 1.000to 4, effectively eliminat-
ing all arti cial singularities.Theleft region is evenmorechaotic,
andit is clearly visible how the stagnationpoints begin to oscil-
late and disappeararoundtimestep730, to be followed by what
appeargo beasequencef short-lastingvortex breakdevnsin dif-
ferentplaces. In this case,the structuregraphhelpsin grouping
thevelocity eld singularitiesthatwould otherwisgustbeisolated
singularitiesn the eld withoutary context. Figure7 givesadirect
comparisorbetweenthe evolution of stagnatiorpointson the left
andright sidesandthe correspondingo w structuregdisplayedby
streamsurfaces) While thebehaior is almostsimilarin the begin-
ning, the left side quickly deteriorates Again, the structuregraph
canprovide for a directqualitatve comparisorthatis very hardto
achieve by othermeange.g.streamline®r surfaces).

7 CONCLUSION

The objective of thework presentedhn this paperwasto determine
the structuralevolution of certaintypesof comple time-dependent
CFD datasetsFirst, we have presentec numberof theoreticalre-
sultsaboutthe Poincag index in threespatialdimensions.It is an
extremelypowerful yetintuitively geometricconceptof describing
singularitiesof 3D vector elds andthelaws they mustobey under
time-varying circumstancesConsideringthe restrictionsimposed
by tetrahedragridswith piecaviselinearinterpolationin spaceand
time, we wereableto give a robust and straightforvard algorithm
to theintendedpurpose.By providing a temporaloverview of the
datasetisingthestructuralgraphthatis built from singularitypaths,
it is possibleto quickly determinepointsof interestin largedatasets
with mary timesteps Furthermorethe methodhasalreadyproven
usefulin the analysisof two datasetsvherethe o w exhibits vor-
tex breakdevn. Sinceunderstandingf this phenomenoris still
incompletefrom a uid mechanicapoint of view, we believe that

the uncoreredinterrelationsof variousquantitiescanbe animpor
tant steptowardsa completeexplanation. Here, visualizationcan
shaw its strengthby giving new impulsesn uid mechanics.

Thereis however somespacefor improvementon the presented
material. The tracking algorithm could be extendedto deal with
trilinear interpolationto make possiblethe treatmentof CFD grids
directly without the needfor prior tetrahedrization.So far, singu-
larities have not playeda signi cant role in the analysisof CFD
datasetsthis haschangedwith the advent of simulationsthat are
ableto resole very complex o w patterns. If a more complete
picture of a given ow can be obtainedvia the structuralgraph,
the detectionof certaintypesof ow behaior couldbe automated
basedon the graph. With efforts undervay to automaticallyop-
timize the geometrie®f e.g. aircraftto excludeundesiredeffects,
thestructuralgraphcouldprovide arobustcriterionto indicatetheir
presenceVortex breakdavn senesasaprimeexample.
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Figure 6: Left: Structural graph of the can dataset. The green paths represent the stagnation points in the velocity "eld. Primary and
seconday breakdown each create a pair of stagnation points. Around timestep 1888, the two phenomenajoin, only to re-split at timestep 2458
and successivelydecay. The blue and orange paths belong to helicity minima and acceleration zeros. Note the strong interrelation betweenthe
three quantities. Right: Two snapshotsfrom the can dataset. Sepaation stream surfacesare started at the singularity positions. Timestep
1700 shows both breakdowns, whereasthe secondbreakdown has already vanishedin timestep 4000 and the rst breakdown shows the typical

\mushroom" structure.
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Figure 7: Left: Overview of the delta wing dataset with its two primary vortices above the wings. Stream surfaceswrap around the vortices
and are eventually distorted by vortex breakdown. Note the asymmetrical breakdown structure. Right: Structural graphs for right and left
breakdown. Again a connection between various quantities involved in vortex breakdown can be observedfor the right breakdown. In the left
breakdown, severaloscillating breakdown structures are visible in the later timesteps.
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