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Figure 1: Transparent separation surfacesoriginating at stagnation points related to vortex breakdown on the delta wing (red and yellow). The
blue stream surface originates at the tip of the wing and wraps the vortex core up to the breakdown point.

ABSTRACT

In this paper, we presentan approachfor monitoring the posi-
tions of vector �eld singularitiesin time-dependentdatasets.The
conceptof singularity index is discussedand extendedfrom the
well-understoodplanarcaseto themoreintricatethree-dimensional
setting. Assuminga tetrahedralgrid with linear interpolationin
spaceand time, vector �eld singularitiesobey rules imposedby
fundamentalinvariants(Poincaŕe index), which we useasa basis
for an ef�cient trackingalgorithm. We apply the presentedalgo-
rithm to CFDdatasetsto illustrateits purposein theexaminationof
structuresthatexhibit topologicalvariationswith timeanddescribe
someof the insight gainedwith this method. We give examples
that show a correlationin the evolution of physical quantitiesthat
constituteto vortex breakdown.

CR Categories: I.4.7 [ImageProcessingandComputerVision]:
Feature Measurement—[I.6.6]: Simulation And Modeling—
SimulationOutputAnalysisJ.2 [Physical SciencesandEngineer-
ing]: Engineering—.

Keywords: �o w visualization,topologytracking,time-dependent
datasets,vortex breakdown

1 I NTRODUCTI ON

In the designof modernaircraft, computersimulationsarean im-
portanttool in thedevelopmentof new prototypes.While thebasic

principlesof aerodynamicshave not changedmuchover theyears,
they areapplicableto largescaleproblemsonly anddonotdescribe
the increasinglyimportantdetails. Thequality of numericalmod-
elshasrisento a point wheresimulationscan�ll this gap. As the
demandfor fasteraircraftandimprovedsecurityis high, they have
proven an extremely valuabletool in comparisonto physical ex-
periments. Aside from the validation of prototypes,simulations
can help to increaseour understandingof the dynamicsof some
of themorecomplex �o w patternsthatkeepappearingin aviation-
relatedproblems.They facilitatecomplicated�o w experimentsand
provide accuratemeasurementsnot only at pointsof interest(that
might not evenbeknown a priori) but over thewholedomaincon-
sidered,andit is possibleto evaluatequantitiesthatcannotbemea-
suredphysically. However, the advantageof completedatafor a
given problemis also a hindrancein its analysis. Sincedetailed
modelsrequire �ne resolutions,the amountof generateddata is
enormous.Thisis especiallytruefor time-dependentproblems.Re-
sultingdatasetsareusuallymulti-gigabytesized.Thustheproblem
of interpretationof a datasetoften encompasses�nding pointsof
interest�rst.

Concerningthedesignof delta-wingtypeaircraft,for bothcivil and
military use,the vortex breakdown phenomenonhasstoodin the
way of a wide applicationof thesedesigns.Thegreaterpartof the
lift adeltawing experiencesis createdby asystemof vorticesabove
thewing. This resultsin generallyvery goodmaneuverability and
thepossibilityof high airspeeds.However, it canbeobservedthat
in certainsituations(low speedandhighangleof attack)thesevor-
ticestendto breakdown in thesensethatthe�o w patternbecomes
unstableandthevortical structurealmostdisappears,resultingin a
lossof lift thatcanhavefatalconsequencesregardingcontrollability
of theaircraft.Furthermore,thepressuredifferencesinherentin the
breakdown canseverelydamagethestructureof theaircraft.There-
fore, thereis a needto understandtheoriginsof this phenomenon
suchthat it canbeavoidedin futuredesigns.While understanding
is still incomplete,it is known thatvortex breakdown is character-



izedby theappearanceof stagnationpointson theaxisof thepri-
maryvortices[8]. Here,numericalsimulationscanshow their full
power by providing insight that will help the developmentof the-
oriesasto why andwhenvortex breakdown will occur. Although
the phenomenoncanbe reproducedin stationarysimulations,the
full dynamicsareonly availablefrom time-dependentcalculations.
Figure1 depictsasequenceof vortex breakdownsfrom suchasim-
ulation.

To obtaininsight from resultingdatasetswe have developedanal-
gorithmto detectandtrackthestagnationpoints(which areessen-
tially zerosof thevelocity�eld) overtimeanddiscovertherelations
betweenthem(i.e. thestructuralevolution of thevector�eld) and
characteristicsof relatedquantitiessuchasaccelerationandhelic-
ity. The algorithm was developedto work on three-dimensional
unstructuredtetrahedralgrids, sincethis is the form the datasets
usuallytake. A visualizationof theresults(four dimensionalin na-
tureandthushardto present)is thengivenby reducingtheproblem
to two dimensions.To keepthealgorithmsimpleandef�cient, we
have drawn on thetheoryof dynamicalsystems,namelythetheory
of thePoincaŕe index. Themainstatementhereis thatvector�eld
singularitiesin piecewise linear �elds obey a setof rulesthatsim-
plify their trackingthroughtime. Thework shown hereis relatedto
theusualnotionof �o w topology;however, we arenot concerned
with extractingall topologicalelementsbut rathera suitablesmall
subsetof its temporalevolution.

Thepaperis structuredasfollows: Section2 givesanoverview over
previousandrelatedwork. In Section3, wedetailsometheoretical
resultsrelatedto the Poincaŕe index, with a specialemphasison
three-dimensionalproblems.Subsequently, the trackingalgorithm
is developedin Section4,beforewewrite aboutsomeissuesrelated
to preprocessingof the datasetsandpost-processingof the results
in Section5. Theresultswe obtainedfrom applyingour algorithm
to actualdatasetsaregivenin Section6 beforewe concludeon the
work shown herein Section7.

2 REL ATED WORK

The appearanceof vortex breakdown (someauthorscall it vortex
burst)hasconcernedmany authorsin the�uid mechanicscommu-
nity dueto its relevancefor a numberof applications(seee.g.[8]).
In the�eld of visualization,KenwrightandHaimes[6]wereamong
few to write aboutthedetectionandvisualizationof vortex break-
down. They alreadyemphasizeits importancein aeronautics.Their
interpretationof vortex breakdown is a signi�cant changein the
directionof thevortex core.Fromtoday'spointof view, thisexpla-
nationis slightly misleading,sincetheroleof �o w singularitiesand
theireffectonvortex coredetectionmethodswasnotunderstood.

Concerningthetemporalvariationof features,thereareapproaches
that detectfeaturesin several timestepsand perform a matching
procedureto extract their evolution (e.g. Silver andWang[10] and
Samtaney et al.[9]). Making explicit useof the temporalinterpo-
lation, Weigle andBanks[13] extract featuresin the form of four-
dimensionalisosurfaces. A similar courseis followed by Bauer
andPeikert[1]. They incorporatea scale-spaceapproachinto their
methodfor the tracking of vortex cores. As to the interrelations
amongmultiple featuresover time, Silver et. al[2] have developed
thefeature treethatis relatedto thestructuralgraphweestablishin
Section5.

The importanceof singularitiesand separatricesin �o w �elds
was recognizedquite early by Helmanand Hesselink[4]and re-
sultedin two-dimensionaltopologyvisualization.Completethree-
dimensionaltopologyhasnotbeenattemptedyet,howeverthereare

authorsthat examinesuitablesubsets,suchasTheiselet. al[11].
In their paper, they computesaddleconnectorsas a basisfor a
topologicalskeleton.Relaxingthemeaningof separationsurfaces,
Mahrouset al.[7] recentlypublisheda methodfor topologicalseg-
mentationof steadyvector�elds surfacesthatseparate�o w regions
with differentproperties.

Tricocheet al.[12] describehow the time-trackingof singularities
andthecorrespondingtopologicalvariationscanbeinvestigatedfor
2D vector �elds. This paperessentiallyextendstheir methodto
threespatialdimensions,however, we concentrateon the critical
pointsanddonot treattopology.

3 THE POI NCARÉ I NDEX I N 3D

Remark: In the following, whenwe speakof singularity, we will
meanisolatedzerosof avector�eld.

In two dimensions,the index conceptis well understoodandhas
beenexplainedby severalauthors(seee.g. [12]). We immediately
start in a three-dimensionalsetting: let v(x) a three-dimensional
smoothvector�eld. We employ thenotionof closedsurfaces,i.e.
surfacesthat are topologically equivalent to a sphere. The basic
ideaof the index is theanswerto thequestionof how many times
avector�eld “rotates”in theneighborhoodof apoint. Rotationsin
3D arenot easilymeasuredandcompared(we would needto em-
ploy quaternions),therefore,we take a slightly differentandmore
geometricapproach.We introducethewindingnumber#x(S) of a
closedsurfaceSwith respectto apoint x:

#x(S) :=
1

4p

Z

S

y¡ x
jy¡ xj3

dS(y):

Thewinding numbercanbeprovento be integerandcanbeinter-
pretedasthenumberof timesS wrapsaroundx. For example,the
x-centeredunit spherehasthecanonicalwinding number1. Now,
to de�ne theindex of aclosedsurfaceS,weapplyasimplenotion:
�rst, we introducetheGaussmap

g : R3nf 0g ! S2;x 7!
x

jjxjj
;

that mapsany non-zerovector to its direction. The index k of a
closedsurfaceS is thende�ned asthenumberof timesthevector
�eld directionson S cover the origin aswe move aroundall of S.
In other words, it is the winding numberof the Gaussmap of v
restrictedto S with respectto theorigin. Mathematicallyspeaking,
wehave

4pk = #0(g(vjS)) =
Z

S
g(v(x))dS(g(v(x))) : (1)

Note that the winding numbercan be read as an oriented(“di-
rected”)areaintegral of g(vjS) (cf. [5]). Hence,the sign of k de-
pendson theorientationof S relative to R3. We areableto de�ne
indz(v) of asingularityzvia

indz(v) := lim
e! 0

#0(g(vjBe(z))) : (2)

Furthermore,we�nd averyusefulresult:let Saclosedsurfacethat
enclosesthevector�eld singularitieszi . Then

å
i

indzi (v) = #0(g(vjS)) :

As a consequenceof the lastequation,we areableto calculatethe
index of a singularityby enclosingit with a surfacesmall enough
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Figure 2: Vector ¯eld directions on a closed surface S. Upper row:
the directions do not cover S2, hence the winding number of g(vjS)
is zero. Lower row: S2 is covered once, j#0(g(vjS)) j = 1.

not to containany othersingularities. Furthermore,the shapeof
the surfacedoesnot matteraslong asorientationis �x ed relative
to R3 for all suchsurfaces.As in thetwo-dimensionalcase(where
one usually considerspositively orientedpaths),we will assume
positive orientationfor all closedsurfaceshenceforth.As a special
caseof this lastequation,we �nd that if theindex of S vanishes,S
doesnotencloseany singularityin its interior.

Althoughthis de�nition is appealingin themathematicalsense,its
applicationfor computingindicesin e.g. piecewise linear vector
�elds asoften presentedby applicationsis tedious. We therefore
proceedby looking for aneasiermeansto determineasingularity's
index in thesecases.

3.1 Linear vector �elds

Considera linearvector�eld of theform

v(x) = Jx+ c:

If J has full rank, v has exactly one isolatedsingularity at z =
¡ J¡ 1c. Then,theindex of v at z is givenby thesignof J, i.e.

indz(v) = sign(detJ): (3)

It is quite easyto seehow this simple formula works: sinceJ is
one-to-one,we easily�nd that j indz(v)j = 1 (all directionson the
unit ball are reachedexactly once). Hence,the sign of the index
only dependson therelative orientationsof S andg(vjS) for any S
that wrapsz. If J is orientation-preserving(i.e. det(J) > 0), the
index is + 1, otherwiseit is ¡ 1. Hence(3) holds.

There is a simple connectionbetweenthe usualclassi�cation of
linearsingularitytypes(e.g.saddle,node,etc.) andtheindex. The
index is essentiallythesignof theproductof theeigenvaluesof the
Jacobianmatrix at the singularity. Sincein three-space,the Jaco-
bianhasthreeeigenvalues,thisallowsfor awiderrangeof possibil-
ities thanin two dimensions.For example,in 2D asaddlepointhas
alwaysindex ¡ 1, whereasin 3D in canhave both+ 1 or ¡ 1. This
showsthatthegeometryof thede�ning spacehasastrongin�uence
on thegeometryof vector�elds andthenatureof apparentvector
�eld singularities.

While it seemsthat (3) is easily appliedto piecewise linear vec-
tor �elds, evaluationof thedeterminantis numericallyunstable.If
jdetJj is very small, roundingerrorscaneasilycausea changeof
signandthereforeleadto a wrongresult. We next presenta more
geometricapproachthatdoesnot suffer theseinstabilities.

3.2 Linear interpolation over tetrahedra

Datasetsfrom applicationsareusuallybasedon unstructuredgrids
with cell-basedlinear or trilinear interpolation. We brie�y show
how index computationcanbeachievedonapiecewiselineartetra-
hedralgrid. Let v(x) a linearvector�eld. Let T a tetrahedronwith
verticespi , i = 0: : :3. T is positively orientedin thesensethat the
pointsarenumberedin sucha way thatall facenormalspoint out-
side.Let vi thevectorvaluesof v at thepointspi . Sincev is linear,
it coincideswith thebarycentriclinearinterpolantof thevi onT:

v(x) =
3

å
i= 0

bi(x) vi ;
3

å
i= 0

bi(x) = 1:

Hence,v restrictedto T is againa tetrahedron,̃T. By applicationof
theGaussmapto T̃, we �nd that thevi aremappedto pointsv̂i on
S2 andthat the imageof facesof T̃ aresphericaltrianglesSl . The
areacoveredby Sl is lessthan2p in modulus(this is aconsequence
of theminimal variationpropertyof linearinterpolation).

It remainsto computethe winding numberw.r.t. the origin of the
resultingclosedsurfaceS consistingof the sphericaltrianglesSl .
Wecanwrite in analogyto (1) (recallthatthev̂i havemodulus1)

#0(S) =
1

4p

Z

S
xdS(x) =

3

å
i= 0

areasigned(Si)

For Si , we �nd thelengthof its sidesto be

a = 6 (v̂i ; v̂ j ) = arccos(v̂i ¢v̂ j )
b = 6 (v̂i ; v̂k) = arccos(v̂i ¢v̂k)
c = 6 (v̂ j ; v̂k) = arccos(v̂ j ¢v̂k)

With s= 1
2(a+ b+ c), weobtaintheformula

areasigned(Sl ) = 4¤arctan

r

tan
s
2

tan
s¡ a

2
tan

s¡ b
2

tan
s¡ c

2
:

(4)
In conclusion,the index of T is computedby evaluationof thean-
glesbetweenthevi . This computationmayseemcomplicatedbe-
causea lot of trigonometricfunctionsareinvolved. However, the
resultcanbe expectedto be closeto an integer, thereforewe can
employ roundingto guaranteeanaccurateresult.

¡ ¡ ¡ !g

Figure 3: The Gaussmap g maps a tetrahedron face to a spherical
triangle.



3.3 Time-dependentvector �elds

Let v(x;t) a smoothtime-dependentvector �eld, and let S(t) a
closedsurfacethatchangespositionandshapesmoothlywith time.
Then,if

v(x;t) 6= 0 8t; x 2 S(t); (5)

theindex of S(t) is constantin t.

Condition (5) essentiallyensuresthat no singularity is passing
throughS(t) astime increases.Hence,thezi enclosedby S(t) will
remainenclosed,andno othersingularitycanjoin them.Theargu-
mentthenproceedsalongthesamelinesasearlier. Theright hand
sideof (2) variescontinuouslywith time,andat thesametime, it is
integer;henceit mustremainconstant.

Thesigni�canceof thisstatementis large: it basicallystatesthatthe
index of aclosedsurfaceS(t) is conservedover time,whichallows
usto imposecertainrestrictionsonthetemporalevolutionof singu-
laritiesenclosedin S(t). Themostimportantonefor our purposes
is that singularitiesmustappearor disappearin groupssuchthat
thesumof their indicesvanish.For example,if a pair of singular-
ities is created,they musthave indicesof + k and¡ k respectively.
Sucha changeof the structureof a vector �eld with a parameter
(in ourcasetheparameteris time) is calledastructural bifurcation.
A moreextensive treatmentof the theoryof bifurcationsof vector
�elds canbefoundin thebookby GuckenheimerandHolmes[3].

4 TRACK I NG OF SI NGUL ARI TI ES

In thefollowing wewill beconcernedwith developinganalgorithm
to thepurposeof determiningthepathsof isolatedsingularitiesof a
time-dependentpiecewise-linearvector�eld, givenonatetrahedral
grid.

Let pi 2 R3 a setof pointsandv j
i thevectorvaluesassociatedwith

the pi at discretetimest j 2 R. Let Tk a setof tetrahedrade�ned
on the points pi . Thenevery tetrahedronTk givesrise to a vector
�eld v(x;t) that is linear in bothspaceandtime: if x 2 Tk andt 2
[t j ; t j j + 1], thenset

v(x;t) =
3

å
l= 0

bl (x)
µ

t ¡ t j

t j+ 1 ¡ t j
v j+ 1

l +
t j+ 1 ¡ t
t j+ 1 ¡ t j

v j
l

¶
;

wherebl arethebarycentriccoordinatesw.r.t. Tk andl refersto the
verticesof Tk. We will next examinethepathsof singularitiesin a
singletetrahedronTk.

4.1 Bifur cations

Consideringstructuralchanges,we have determinedthata tetrahe-
droncanincludeat mostoneisolatedsingularity, becausethe�eld
is linear. This hasonemajor implication: structuralbifurcations
cannotoccurin linearvector�elds. For thecaseof piecewise lin-
ear �elds this implies that bifurcationsmust be locatedin places
wheretwo linear piecesare adjacent. For tetrahedralgrids with
per-tetrahedronlinear interpolation,we �nd thatbifurcationsmust
happenin placeswherethe�eld is not linear, i.e. on theboundaries
betweendifferenttetrahedra.Therearethreepossibilities:vertices,
edgesandfacesof thegrid. Wewill considerfaces�rst.

Assumewe have two tetrahedraT1 and T2 that sharea common
faceon which we �nd a bifurcationat sometime t. Sincethe�eld
is linear in both tetrahedra,only two singularitiescanbe involved

andonemustbe locatedin T1 andtheotherin T2. Moreover, due
to conservation of the index, the overall index must remainzero,
hencethe indicesof thesingularitiesmustbe+ 1 and¡ 1. Hence,
bifurcationson facesareof a relatively simplenature.

It would now be in order to discussbifurcationson edgesor ver-
tices.However, thesecasesarequiteintricate.Sincemorethantwo
tetrahedraareinvolved,thelist of possiblebifurcationtypesis long,
andnon-linearsingularitiescanoccur(cf. [3]). Wearemainlycon-
cernedwith applicationdatasetsthatusuallyshow someamountof
numericalnoise,makingtheoccurrenceof abifurcationonanedge
or on a vertex of thegrid extremelyunlikely at best.Therefore,we
limit ourselvesto thecaseof facebifurcationssinceit is of greatest
relevance.

4.2 Paths in a Tetrahedron

We �rst considera singletetrahedronT anddeterminewhatpossi-
bilities exist for thepathof asingularityz. To simplify thenotation,
weassumethatthevector�eld in T is givenin theform

v(x) =
3

å
i= 0

bl (x) ((1¡ t)ui + tvi)) ; x 2 T;t 2 [0;1]

and that v is non-degenerate,i.e. it containsexactly one isolated
zeroat all times. For �x ed t we cansolve for the positionof the
singularity of this �eld in barycentriccoordinates.For example,
with wi(t) = (1¡ t)ui + tvi wewrite (omitting theparameters)

v = w0 + b1(w1 ¡ w0) + b2(w2 ¡ w0) + b3(w3 ¡ w0)

andapplyCramer's rule to �nd

b1(t) =
det(¡ w0; w2 ¡ w0; w3 ¡ w0)

det(w1¡ w0; w2¡ w0; w3¡ w0)
= :

b1(t)
q(t)

:

The samecan be donefor all bi . Brief computationshows that
the resultingbi(t) andq(t) arepolynomialsof degree3 in t. We
requiredthat v be non-degenerate,this re�ects in q(t) 6= 0 for all
t 2 [0;1]. Naturally, if bi(t) < 0 for somei, the singularity of v
is outsidethe tetrahedronfor this speci�c t. In other words, we
have foundanexplicit representationfor thelocationof z. Takinga
closerlook at bi , we �nd that thezerosof thesepolynomialsallow
us to determinewhenz crossesoneof T's faces. If for t̂ 2 [0;1]
we �nd bi(t̂) = 0 andb j (t̂) > = 0 for j 6= i, thenthesingularityis
locatedonthefaceof T oppositethevertex pi (its barycentriccoor-
dinateis zero).Furthermore,by evaluatingthesignof thederivative

b0
i (t̂) =

µ
bi

q

¶ 0

(t̂) =
b0

i(t̂)
q(t̂)

we can tell if the singularityentersor leaves the tetrahedronat t̂
and throughwhich face. We will say that T hasan entrance/exit
on faceF at t̂. This informationis importantto determinein which
neighboringtetrahedron(if one exists for F) the singularity path
continues.

For �x ed t 2 [0;1] therecan be at most one singularity inside T
(sincethe �eld in T is linear),hencewe canconcludethat if there
is a singularityin T at somet 2 (0;1), it musteitherhave entered
T at anearliertime 0 < t̂ < t or remainedin T sincet = 0 (in this
casewewill saythatzentersatt = 0). In completeanalogy, it must
eitherexit T at t < t̃ < 1 or remainin T until t = 1 (readz exits
at t = 1). In other words, a singularity path always connectsan
entranceto an exit, andexits andentrancesalwayscomein pairs.
Sincetherecannotbemorethanonesingularityin T atagiventime,
anentranceis alwaysconnectedto theclosestexit (w.r.t. t).
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Figure 4: Structural evolution of singularities. Three spatial dimen-
sions are representedon the vertical axis.

Whenz passesfrom T to a neighborT0 throughthe faceF at t̂,
in both T andT0 thereis a singularityon F at t̂. Thereare two
possibilities:eitherwe �nd anexit/entry combinationin T andT0,
in which casethe pathcontinuesin T0, or we �nd an exit/exit or
entrance/entrancecombination.In thelastcase,thevector�eld has
a structuralbifurcationon F at t̂ (i.e. creationor annihilationof a
pair of singularities),and the pathsof both singularitiesinvolved
startor endonF.

4.3 Tracking algorithm

Having simpli�ed matterssofar, we now give a simpleschemefor
trackinga singularitypathbetweentwo timestepst = 0 andt = 1
thatworksby simply connectingentrance/exit pathsegmentsover
tetrahedronboundaries.

Assumethat a singularityz is presentin T at t 2 (0;1). Then,to
computethepathforwardin time

1. computethebi andq for T, anddetermineentrancesandexits

2. if thereis no exit later thant, z exits T at t = 1; the pathis
complete

3. if thereareexits in T, thenz leavesT at theearliestexit later
thant; determinethe neighbortetrahedronT0 corresponding
to theexit faceF andcomputeb0

i , q0 for T0

4. if T0 hasanexit on F correspondingto theexit on T (! bi-
furcation),thepathof zendsonF

5. otherwise,T0 hasanentranceon F correspondingto theexit
onT; z is now in T0. SetT = T0andrestartat 1.

Following thepathof zbackwardsin timecanbeachievedin acom-
pletelyanalogousmanner. Both directionsarecompletelyequiva-
lent. We usethis procedureasa building block for computingthe
pathsof all singularitiespresentin two given timestepsbetween
t = 0 andt = 1:

1. �nd thesetsof tetrahedraS0 andS1 thatcontaina singularity
at t = 0 andt = 1 respectively. Let B = fg thesetof bifurca-
tionsencounteredin betweent = 0 andt = 1.

2. for everyT 2 S0: follow thepathof z forwardin time

(a) if it endsin T0at t = 1, eliminateT0 from S1.

(b) if it endsatabifurcation,addit to B.

3. for every T 2 S1 (singularitiesnot reachedby pathsfrom t =
0): follow thepathof zbackwardin time

(a) it mustendatabifurcation;addit to B

4. for all bifurcationsin B: checkif B hastwo pathsconnecting
to it; if it doesnot, theremustbeanothersingularityinvolved.
Follow its path forward or backward in time dependingon
whetherthebifurcationis a creationof singularitiesor anan-
nihilation.

(a) thepathmustendatabifurcation;addit to B; goto4.

Thealgorithmessentiallyavoidsmultiple tracingof thesamepath
by makinguseof the equivalencebetweenforward andbackward
tracing(i.e. if a pathextendsfrom t = 0 to t = 1, we only need
to traceit forward). The extra effort in step4 is requiredbecause
non-intuitive situationscan occur (seeFigure 5). The end result
is a setof pathsthatcompletelydescribethecontinuousstructural
variationof the vector �eld betweenthe two timesteps.Going to
several timestepsfrom hereis easyasit only involvesconnecting
the pathsfrom different timestepsaccordingto which singularity
they start/endat.

Remark:somecasesarenot coveredby the given algorithm. For
example:if thetwo bifurcationsthatcreateandannihilatea pair of
singularitieslie betweentwo timesteps,neitherof thesingularities
will show up in one of the timesteps,and hencetheir pathswill
not bediscoveredby thealgorithm(seeFigure5). However, since
they do not interactwith other singularities,they do not play an
importantrole in understandingthe structuralchangesin between
thetimesteps.Moreover, it is oftendesirableto ignoresmall-scale
localbehavior (seealsoSection5).

5 APPL I CATI ON TO DATASETS

5.1 Pre-and post-processing

To obtaina completepictureof thestructuralevolution of a given
dataset,theinteractionof thevarioussingularitiesform astructural
graph with bifurcationsasverticesandpathsasedges(seeFig. 6
for an example). We will shortly describehow this graphcanbe
usedin post-processingof results.

The method shown in Section 4 is limited to tetrahedraand
the given datasetmust be tetrahedrizedbefore application. Al-
thoughthetrackingalgorithmcouldbeenhancedto dealwith non-
tetrahedralgrid cells,a generalizationwould resultin a numberof
specialcasesthat complicatethe relatively simplestructureof the
algorithm.In theform presentedabove,implementationis straight-
forward and fast. However, a small price hasto be paid: tetra-
hedrizationof arbitrarygridscanresultin thecreationof singular-
ities thatarenot in theoriginal dataset.It is possiblethata cell of
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Figure 5: Left : Tracking only paths originating on timesteps doesnot
completely explain the structural evolution (the blue path would not
be discovered). Making sure that every bifurcation has two paths
connecting to it solves this problem. Right : Paths that are not
discoveredsince they have no entrance or exit on a timestep.



index 0 is split up in sucha way that the resultingtetrahedrahave
non-vanishingindex. These“arti�cial” singularitiesdo not posea
problem,sincethey arealwayscreatedin pairsandusuallyonly last
for averybrief amountof time.

Numericaldatasetsareoftensubjectto noise,especiallyif thecom-
putationsinvolve somekind of differentiation.It is commonprac-
tice to applysmoothingoperatorsto datasetsin orderto undosome
of thedamagedoneby previouscomputations.Commonly, numer-
ical noisere�ects in short-livedpairsof arti�cial singularitiesthat
exist in isolationandarenot part of the dataset's structuralevolu-
tion overtime. It canalsooccurthatapathis “interrupted”by apair
of arti�cial bifurcationsthat enclosea pathsegmentof very short
duration(Fig. 5 (left) givesanexample).

What seemsa drawbackat �rst canbe turnedinto an advantage:
insteadof smoothingthedatasetwe �lter theresultingsetof singu-
larity pathsby removing pathsthat last lessthane.g.onetimestep.
Filtering can be appliedon the structuralgraphdirectly and can
be implementedin an ef�cient way by �rst removing edgesthat
representpathswith shortdurationandsuccessively removing all
isolatedvertices. In our experiments,we found this methodto be
very effective in treatingnoisy datasets.It turnsout that conven-
tional smoothingdoesnotsigni�cantly reducethenumberof arti�-
cial singularities.It however affectsthestructureof thedatasetin
suchawaythatthestructuralevolutionis obscuredor changed(this
is especiallytrue for minimum/maximumtrackingasdescribedin
thenext paragraph).

5.2 Tracking of minima and maxima

Thepresentedalgorithmis concernedwith trackingsingularitiesin
vector �elds. By applying the above approachto gradient�elds
of scalarquantities,we areable to track the evolution of minima
andmaximathroughouttime throughfollowing thepathsof theas-
sociatedsingularitiesin the gradient�elds. The algorithmcanbe
directly appliedto this modi�ed problem. Theresultingstructural
graphcanthenbe �ltered to only includepathsof suitablesingu-
larities,i.e. attractingandrepellingnodes.Notethatwhile minima
andmaximadonotnecessarilyappearin pairs,they arestill created
anddestroyedat bifurcationsin thestructuralevolution. Although
e.g. saddlepoints in the gradient�eld might have somephysical
meaningaswell, we did not considerthemin our examples(see
Section6).

5.3 Visualization

Thestructuralevolutionof avector�eld is basicallyagraphwhose
verticeshave a total of four coordinates(3D space+ 1D time).
Representingthepathsof singularitiesin three-spacedirectly turns
out to be non-intuitive, and adding temporal information to the
presentedlocationsvia color-coding or animationdoesnot help.
Therefore,we approachthe problemby �rst reducingthe dimen-
sionfrom four to two by achangeof coordinates.

In oneof our examples(cf. 6), thedatasetis highly rotationsym-
metric and singularitiesappearand move on the symmetryaxis
only. Their completeevolution is theneasily representedin a 2d
diagram.However, theotherexampleis muchmoreintricate,and
thereis no canonicalaxis to representthemovementof thesingu-
larities. If the positionsof all singularitiesat all times are taken
into account,then we are able to determinethe principal spatial
directionandthecommoncenterof their movementby evaluating
thezerothand�rst ordertermsof thecorrespondingprincipalcom-
ponentanalysis.This providesa suitablespatialcoordinatealong

which to describethe locationof singularities. For morecompli-
cateddatasets,higherordertermsof thePCAandinterpolationcan
bedrawn uponto generatea curvedcoordinate.Theresultingtwo-
dimensionaldiagramsquickly enablethe viewer to discover key
pointsin thestructuralevolution thatcanthenbeanalyzedin detail
with othermethods.

6 RESULTS

We have applied our algorithm to two different time-dependent
datasetsof CFD simulationsperformedby theGermanAerospace
Center(DLR)/Göttingenusing their TAU code. All datasetstake
theform of a velocity �eld providedon theverticesof anunstruc-
turedgrid consistingof tetrahedra,pyramidsandprisms.Although
the simulationsarebasedon problemsthat show somedegreeof
symmetry, the computationwas performedon the full domain.
While the can datasetretainsthe symmetryof the original prob-
lem, the deltawing datasetshows increasinglydifferentbehavior
onbothsidesof thewing astimepasses.

It is alreadyknown thatvortex breakdown is associatedwith theoc-
currenceof (pairwise)stagnationpoints,thereforewe have applied
thetrackingalgorithmto thevelocity�elds �rst. Furthermore,there
arespeculationsthatbothaccelerationandhelicity play an impor-
tant role in this context. We have computedthese�elds for those
datasetsandappliedtrackingto themaswell, in thecaseof helic-
ity (which is a scalarquantity)minimum trackingwasperformed
(asdescribedin Section5). Sincethesecomputationsinvolvedtak-
ing derivativesof the original velocity �elds, we observed strong
numericalnoisein bothhelicity andaccelerationyieldingmany ar-
ti�cial singularities.Usingthestructuralgraph�ltering methodde-
scribedin Section5 wewerestill ableto obtainmeaningfulresults.

The tracking algorithm itself is of linear complexity in both the
numberof singularitiesand the numberof timesteps. The most
time-intensive part is the pre-computationof all singularitiesin a
timestep,for which eachcell hasto beconsideredindividually. If
this informationis alreadygiven, the runningtimesfor our exam-
plesareon the orderof seconds.Sincethe algorithmonly needs
two successive timestepsto do its work, it is possibleto integrate
it directly into the CFD simulation. The structuralgraphfor all
timestepscan thenbe completedin post-processing.This would
also allow for online supervisionof simulationsthat are still in
progress.Wewill now detailtheresultsfor bothdatasets.

6.1 Can dataset

The simulationdescribesa can �lled with a highly viscous�uid
thatis acceleratedby rotationof thelower lid. Therotationalspeed
variesover time, leadingto breakdown of the centralvortex that
coversthesymmetryaxisof thecan. Due to thehigh viscosityof
the �uid andthe high degreeof symmetrythe velocity �eld is of
very good numericalquality. This datasetis very closeto being
a standardmodelof vortex breakdown. It consistsof about5000
timestepson a grid with approx. 4.4 million tetrahedraafter de-
composition.

Theresultsareof almostanalyticalquality (seeFigure6). Thesim-
ulation actuallyshows two occurrencesof vortex breakdown (and
two correspondingpairsof stagnationpoints)andit is interestingto
observehow primaryandsecondaryvortex breakdown successively
mergeandre-split. Accelerationzerosandhelicity minimashow a
strongcorrelationwith theonsetof thebreakdown processandthe
bifurcationthatcreatesthetwo stagnationpoints.Beforeour anal-
ysisof thedataset,this correlationwasnot known. It is alsoobvi-



ousthat thestructuralgraphservesasa kind of “directory” for the
differenttimestepsby indicatinginterestingphenomena.Through
this, relevanttimestepscanbeidenti�ed quickly andreliably.

6.2 Delta Wing dataset

In orderto studyvortex breakdown in aviation, anunsteadysimu-
lation of a deltawing con�guration wasperformed.The angleof
attackis increasedover time, andthe primary vorticeseventually
exhibit breakdown. Thesimulationtotals1000time stepsthatde-
scribethe formationandbreakdown of the primary vorticesover
time. Thegrid consistsof about18 million tetrahedraafterdecom-
position.Thedatasetis somewhatnoisyin a numericalsensesince
theresolutionis still too low in someof themoreinterestingparts
of the dataset(this is especiallytrue for the vortex breakdown re-
gions).Figure7 providesanoverview showing streamsurfacesthat
wrap aroundthe primary vorticesabove the wing (red andblue).
Asymmetricbreakdown is clearlyvisible.

We have usedour methodon two regionsin thedatasetthatcorre-
spondto breakdown on both sidesof the wing. After the coordi-
natetransformation(seealsoSection5), thestructuralgraphof the
right region (cf. Figure8) clearlyshows theevolution of thestag-
nationpointsasthey move towardsthe wing. Again, acceleration
zerosanda helicity minimum seemto play a role in formationof
breakdown, althoughthecorrelationis not asobviousasin thecan
dataset.This is, in part, to be blameduponthe lack in resolution
andthe resultingnumericalinstability of differentiation.Filtering
of the structuralgraphfor the helicity gradient�eld (whosecom-
putationinvolvesa secondspatialderivative) reducedthe number
of meaningfulpathsfrom roughly1.000to 4, effectively eliminat-
ing all arti�cial singularities.Theleft region is evenmorechaotic,
and it is clearly visible how the stagnationpoints begin to oscil-
late and disappeararoundtimestep730, to be followed by what
appearsto beasequenceof short-lastingvortex breakdownsin dif-
ferentplaces. In this case,the structuregraphhelpsin grouping
thevelocity �eld singularitiesthatwould otherwisejust beisolated
singularitiesin the�eld withoutany context. Figure7 givesadirect
comparisonbetweenthe evolution of stagnationpointson the left
andright sidesandthecorresponding�o w structures(displayedby
streamsurfaces).While thebehavior is almostsimilar in thebegin-
ning, the left sidequickly deteriorates.Again, the structuregraph
canprovide for a directqualitative comparisonthat is very hardto
achieveby othermeans(e.g.streamlinesor surfaces).

7 CONCL USI ON

Theobjective of thework presentedin this paperwasto determine
thestructuralevolutionof certaintypesof complex time-dependent
CFD datasets.First,we have presenteda numberof theoreticalre-
sultsaboutthePoincaŕe index in threespatialdimensions.It is an
extremelypowerful yet intuitively geometricconceptof describing
singularitiesof 3D vector�elds andthelaws they mustobey under
time-varying circumstances.Consideringthe restrictionsimposed
by tetrahedralgridswith piecewiselinearinterpolationin spaceand
time, we wereableto give a robust andstraightforwardalgorithm
to the intendedpurpose.By providing a temporaloverview of the
datasetusingthestructuralgraphthatis built from singularitypaths,
it is possibleto quickly determinepointsof interestin largedatasets
with many timesteps.Furthermore,themethodhasalreadyproven
usefulin the analysisof two datasetswherethe �o w exhibits vor-
tex breakdown. Sinceunderstandingof this phenomenonis still
incompletefrom a �uid mechanicalpoint of view, we believe that

theuncoveredinterrelationsof variousquantitiescanbeanimpor-
tant steptowardsa completeexplanation. Here,visualizationcan
show its strengthby giving new impulsesin �uid mechanics.

There is however somespacefor improvementon the presented
material. The trackingalgorithmcould be extendedto dealwith
trilinear interpolationto make possiblethetreatmentof CFD grids
directly without the needfor prior tetrahedrization.So far, singu-
larities have not playeda signi�cant role in the analysisof CFD
datasets;this haschangedwith the advent of simulationsthat are
able to resolve very complex �o w patterns. If a more complete
picture of a given �o w can be obtainedvia the structuralgraph,
thedetectionof certaintypesof �o w behavior couldbeautomated
basedon the graph. With efforts underway to automaticallyop-
timize thegeometriesof e.g. aircraft to excludeundesiredeffects,
thestructuralgraphcouldprovidearobustcriterionto indicatetheir
presence.Vortex breakdown servesasaprimeexample.
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Figure 6: Left : Structural graph of the can dataset. The green paths represent the stagnation points in the velocity ¯eld. Primary and
secondary breakdown each create a pair of stagnation points. Around timestep 1888, the two phenomenajoin, only to re-split at timestep 2458
and successivelydecay. The blue and orange paths belong to helicity minima and acceleration zeros. Note the strong interrelation between the
three quantities. Right: Two snapshots from the can dataset. Separation stream surfacesare started at the singularit y positions. Timestep
1700 shows both breakdowns, whereasthe secondbreakdown has already vanished in timestep 4000 and the ¯rst breakdown shows the typical
\mushro om" structure.
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Figure 7: Left : Overview of the delta wing dataset with its two primary vortices above the wings. Stream surfaceswrap around the vortices
and are eventually distorted by vortex breakdown. Note the asymmetrical breakdown structure. Right : Structural graphs for right and left
breakdown. Again a connection between various quantities involved in vortex breakdown can be observedfor the right breakdown. In the left
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