
JointEUROGRAPHICS- IEEETCVG SymposiumonVisualization(2003)
G.-P. Bonneau,S.Hahmann,C. D. Hansen(Editors)

AdaptiveSmoothScattered-dataApproximation
for Lar ge-scaleTerrain Visualization

Martin Bertram,Xavier Tricoche,andHansHagen

Departmentof ComputerScience,Universityof Kaiserslautern,Germany
{bertram|tricoche|hagen@informatik.uni-kl.de}

Abstract
Wepresenta fastmethodthatadaptivelyapproximateslarge-scalefunctionalscattereddatasetswith hierarchical
B-splines.Theschemeis memoryef�cient, easyto implementandproducessmoothsurfaces.It combinesadaptive
clusteringbasedon quadtreeswith piecewise polynomial least squares approximations.The resultingsurface
componentsare locally approximatedby a smoothB-splinesurfaceobtainedby knot removal. Residualsare
computedwith respectto this surfaceapproximation,determiningtheclusters that needto berecursivelyre�ned,
in order to satisfya prescribederror bound.Weprovidenumericalresultsfor twoterrain datasets,demonstrating
thatour algorithmworksef�ciently andaccuratefor largedatasetswith highlynon-uniformsamplingdensities.

1. Intr oduction

Scattered-data�tting is concernedwith the global approx-
imation of function valuesassociatedwith points that are
arbitrarily distributedover a compact2D or 3D domain.In
thecaseof 2D functionalsthepointspi areassociatedwith a
scalarvalue fi , see�gure 1. Thetaskconsistsin computing
a surfaceapproximatingthe function values fi at the cor-
respondingpoints in the plane,satisfyinga prescribeder-
ror bound.Ourmethodprovidesanef�cient constructionfor
adaptivesmoothsurfaceapproximations.It caneasilybeex-
tendedto higher-dimensionalproblems.

Datasetsprovidedby modernmeasurementsandnumer-
ical simulationsbecomelarger andlarger (several millions
points),which strongly inconveniencesthe useof a global
leastsquares�t using smoothbasisfunctions.Even trian-
gulatedsurfaceapproximationsaredif�cult to constructfor
large-scalenon-uniform data, providing only a piecewise
linearrepresentation.

The resolutionof uniform datasetsis mostly adaptedto
the �nest geometricdetail thatneedsto berepresented.For
large regionsof lesscomplexity, therearetoo many redun-
dantsamples.It is thereforeuseful to reducethe sampling
density locally to the level of geometriccomplexity and
to approximatethis non-uniformdatausingadaptive meth-
ods.Classicalschemesinheritedfrom theresearchtradition
in surface�tting andscattereddataapproximationproduc-
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Figure 1: Scattereddatapointspi with associatedfunction
valuesfi .

ing smoothsurfacesprove unsuitedfor datasetsexceeding
a few hundredpoints since they becomeextremely time-
consumingwhendealingwith largerpoint sets.

In this papera new methodis proposedthat attacksthis
de�ciency by dividing the �tting task in two steps:The
�rst one consistsin a quadtree-like clusteringof the sam-
ple points. It provides subsetsthat we next locally �t by
meansof low orderBéziersplines.The resultingpiecewise
continuoussurfaceis then locally approximatedby a con-
tinuousB-spline surface.This surfaceis obtainedby knot
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removal and constitutesour current approximationof the
functional.Residualsareestimatedandusedto control fur-
ther subdivision of clusters.In that way the methodfacili-
tatesanadaptive �tting of sparselydistributeddataandcon-
centratesre�nementonsmallregionsexhibiting largeerrors.
Unlikegloballeast-squaresmethods,ouralgorithmlocalizes
thecomputationatmultiple levelsof resolution.

The contentsof the paperareorganizedas follows. Re-
latedwork dealingwith scattereddata�tting of large data
setsis brie�y summarizedin section2.Thedifferentstepsof
our algorithmareexplainedin section3. Numericalresults
areproposedfor two terraindatasetsin section4. Conclu-
sionandfuturework arediscussedin section5.

2. RelatedWork

Thetopic of scattereddata�tting andinterpolationhasben-
e�ted from much research.Many overviews can be found
in the literature 8; 17; 18; 21. Traditional techniquesinherited
from theapproximationtheorymaybedecomposedinto two
categories: Someof them make use of radial basisfunc-
tions15; 7; 9; 18. Othersarebasedonglobalsplineinterpolation
or approximation1; 4; 10; 11; 12; 13.

The shortcomingof mostglobal approachesis that they
requirethesolutionof largelinearsystemswhicharenotal-
wayswell-conditionedandsparse.Consequently, global �t-
ting methodsoften becomeprohibitively time andmemory
consumingwhendealingwith datasetswhosesizeexceeds
a fairly small numberof points (say 500). Thereforenew
techniqueshave beendesignedto reducethecomputational
complexity to enabletheprocessingof large-scalescattered
datasetsthatcontainmillions of points.

A methodbasedon multilevel B-splineshasbeenpro-
posed16. In a coarseto �ne approachthe approximation
error is usedto control the re�nement of control lattices
over which a C2 cubic B-splinefunction is de�ned. A lim-
itation of this methodis the fact that lattices' re�nement
takesplaceglobally. This is inef�cient whenaccuratelyre-
producingsmall local features.To overcomethis problem,
this methodhasbeenadaptedto local re�nementof rectan-
gularregions22. Theapproximatedregionscanbequitelarge
for complex datasetsanduserinteractionmay be required
for chosingthem.

In 14; 5 aregulartriangulationis usedandtriangularBézier
patchesarede�ned on a subsetof all triangles.The global
surfaceis thenconstructedby ensuringC1 continuityof the
Bézier patchesin the remainingtriangles.A major draw-
backof thisapproachis thelackof hierarchalstructurein the
surfaceconstructionwhich imposeglobalre-computationif
higheraccuracy is requiredin asmallregion.This technique
hasbeenimproved recently 20 by the useof a binary tri-
angletreewhichallows level-of-detailrepresentation.How-
ever, the overall algorithmis quite complex anddependent
on anadaptive triangulationof thedomainthatneedsto be

maintainedto avoid cracks.The resultingsurfaceservesas
input for ef�cient rendering,proving thatsmoothsurfaceap-
proximationsof low polynomialdegreearenot necessarily
lessef�cient thanpuretriangle-basedmethods.

3. Method Description

Our algorithmfor adaptive approximationof scattereddata
is composedof thefollowing steps:

� Adaptiveclusteringbasedonquadtreere�nement.
� Least squares-�ttingof polynomial patchesto the data

pointslocatedin theindividual clusters.
� Combiningthe piecewise polynomialsto a B-splinesur-

facewith multiple knotsat the clusterboundaries.Knot
removal is used to combine the �tted patchesinto a
smoothrepresentation.

� Recursive re�nementof clusterswith localerrorsabovea
speci�edtolerance.

We assumethat thescattereddatamaybenon-uniformly
distributed over the domain.The samplingdensity is as-
sumedto begreaterin regionsof highgeometriccomplexity
andsmallerin lessdetailedregions.Ouralgorithmproduces
multiple levels of approximationusingdyadicknot re�ne-
ment. In smoothsurfaceregions the re�nement terminates
when a prescribederror boundis satis�ed. The remaining
regionsarerecursively re�ned andthelocal approximations
smoothlyjoin with thecoarsersurfacecomponents.

Givenasetof scattereddata,

f (pi ; fi) j pi 2 R2; fi 2 R; i = 1; : : : ;ng;

where pi are data points with associatedfunction values
fi , see �gure 1, we constructa sequenceof approximat-
ing functions Fj ( j = 1;2; � � � ), minimizing the residuals
kFj (pi) � fik. Increasingtheindex j will augmentthereso-
lution of Fj . Our algorithmcanbeeasilyadaptedto approx-
imatehigher-dimensionaldatawherepi 2 Rm and fi 2 Rn.

Every level of resolutionis de�ned by theset

L j = f Cj ; Fjg;

where Cj = Ck
j (k = 1; � � � ;n j ) de�nes a partitioning of

the domain,wherethe individual clustersCk
j correspondto

quadtreenodesat level j, see�gure 2.

We starttheclusterre�nementwith a uniform spacepar-
titioning C0 such that every cluster containsenoughdata
points for a polynomial approximation.We use the least-
squaresmethodto determinea bilinearor biquadraticpoly-
nomialsurfaceapproximationfor thefunctionvaluesfi with
pi 2 Ck

0 for every cluster. The individual patchesarecom-
bined to a smoothB-splinesurfaceby reducingthe multi-
plicity of innerknotsto one,resultingin aC0 surfacein the
bilinear caseanda C1 surfacein the biquadraticcase.This
surfaceis denotedasbaseapproximationF0.
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Figure 2: Adaptiveclusteringbasedon quadtree re�ne-
ment.

Whenextremelycoarseapproximationsarerequired,we
startwith only onebasecluster. We notethatcoarserrepre-
sentationscanbecomputedmoreef�ciently by coarseninga
�ner baseapproximation,since�tting the entiredataset is
computationallyexpensiveandnotnecessaryfor coarselev-
elsof detail.(For this purpose,techniquesoperatingon reg-
ular grids, like waveletsor conventionalleast-squarestech-
niquesmaybeused.)

Then,we uniformly re�ne the clusteringC0 of the base
resolutionby splitting every clusterinto four rectangularre-
gionsof equalsize,providing C j (j=1). For every datapoint
pi , theassociatedfunctionvalue fi is replacedby thesigned
distanceto the baseapproximation(orthogonalto the do-
main),

Df j
i = fi � Fj � 1(pi): (1)

Thesesigneddistancesarethelocalresidualsof theapproxi-
mationthatneedto bereducedin thefollowing �tting steps.

Foreverycluster, wedeterminethemaximalresidualfrom
theL1 -norm,

e(Ck
j ) = maxi:pi2 Ck

j
fk Df j

i kg: (2)

The residualse(Ck
j ) are comparedto a prescribederror

bounde. Again,apolynomialis �t to thedatapointsin every
clusterwheree(Ck

j ) � e. This kind of re�nementwill leave
somesubtreesof thequadtreeempty. Theclusterssatisfying
the error boundaredenotedas“idle” andarenot storedin
thequadtree.

Basedon thesepolynomialpatchesa detail functionDFj
is constructed,minimizing thelocal residuals,suchthat

Fj = Fj � 1 + DFj : (3)

To obtain DFj (and thus Fj ), the individual polynomial
patchesare merged by knot removal, as describedlater.
The support of DFj extends into all clusters in the 8-
neighborhoodof �tted clusters,in order to guaranteecon-

tinuity. Hence,a few “idle” clustersneedto beaddedto the
octree,besidestheclusterswith approximatingpolynomials.

For furtherre�nementwe considerall clustersCk
j located

in thesupportof DFj . Theresidualsof pointslocatedin these
clustersarere-evaluated,accordingto equation(1) with in-
crementedlevel index j. The re�nement is recursively re-
peated,until no clustersneedto bere�ned or until a global
errorboundis satis�edby someL j .

In thefollowing we describethe�tting andknot-removal
proceduresusedin ouralgorithm.

3.1. Least-squaresFitting

Consideringthepointspi (i = 1; � � � ;m) locatedin a certain
cluster, weneedto determineanapproximatingpolynomial,

P(s;t) =
n

å
j= 1

c j f j (s;t);

wherethebasisfunctionsf j areproductsof individualBern-
steinpolynomialsin sandt, for example.

In most casesthe numberof points is greaterthan the
numberof basisfunctions,i.e. m > n, anda linear system
for aninterpolatingsurfacewouldbeover-determined:

Ac = f; ai j = f j (pi): (4)

Theresidualof this interpolationproblem,
m

å
i= 1

kP(pi) � fik
2 (5)

is minimizedby thesolutionof

ATAc = AT f (6)

(least-squares�tting 3). In most cases,the matrix ATA is
non-singular, providing thecoef�cients c j for thebest�tting
polynomial.

SinceA is not sparseanddependson the points pi , the
cost for this �tting processis dominatedby the time com-
plexity O(m n2) for computingATA. Sincethepolynomial
degreeis �x ed(weusebilinearandbiquadraticpatches),we
haveanO(m) �tting operation.

Problemsoccurwhenthesystem(4) is under-determined,
i.e. m < n, or whenthe matrix ATA is singular. The latter
is the case,for example,whenthe datapointsweredown-
sampledfrom a regular grid andaremostly collinear, such
thattherearenotenoughconstraintsfor determiningtheco-
ef�cients associatedwith thes- or t-direction.

Other casesexist, where the least-squaresresidual is
small,but theslopesor curvaturesof the�tted patchareex-
tremelyhigh, resultingin a poor representation.This hap-
pensmostly in clusterscontainingonly few pointssomeof
whichareclosein thedomainwith greatdifferencesin their
associatedfunctionvalues.In the“empty” regionsof sucha
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Figure3: Knotremoval for piecewiselinear representation.
The left side correspondsto a zero function on an “idle”
cluster, while the right sideis treatedlike a domainbound-
ary.

Figure4: Knotremoval for piecewisequadratic representa-
tion. Thezero functionon theleft sideis approximatedsuch
that theboundaryis C1-continuous.

clusterthe surfacecantake arbitrarily large values.We de-
tectthesecasesby comparingthevarianceof functionvalues
fi with the varianceof the Bézierpointsde�ning the �tted
polynomial.We allow (by a factorof four) greatervariance
of Bézierpoints,sincethesecontrolpointsaregenerallynot
locatedon thesurface.

In all cases,wheretheleastsquares�t is notfeasibleorac-
ceptable,wereducethepolynomialdegreeby oneandsolve
the leastsquaressystem(6), again. We note that at leasta
constantapproximationis feasible,sinceevery clusterwith
non-zeroresidualcontainsat leastonepoint.The�tted poly-
nomial is degreeelevated,providing the samenumberof
Bézierpointsfor eachpatch.We usea bilinear/biquadratic
Bézierrepresentation.

3.2. Knot Removal

Assumingthat all clustershave an approximatingpolyno-
mial, this piecewise smoothsurfacecan be representedas
a single B-spline patchwith multiple inner knots (double
andtriple knotsin thebilinearandbiquadraticcase,respec-
tively). In thiscase,theBernsteinpolynomialsareB-splines

Figure 5: Supportandcontrol pointsof DFj . Thelower left
corner de�nes a domainboundary, requiring extra control
points.Thewhiteclusters are “idle” andcontainonly zero
control points.

and thus the Bézierpointsof the individual patchescorre-
spondto deBoorpointsde�ning theB-splinesurface.

Knot removal 6; 19 can be usedto reducethe multiplic-
ity of inner knots to one, such that the new surface is a
C0 or C1 continuousapproximationto the initial piecewise
smoothsurface.Exploiting theregularstructureof thecon-
trol mesh,knot removal canef�ciently be implementedby
a least-squares�t computedfor eachrow andcolumnof de
Boor points. In our algorithm,however, we want to avoid
sucha global �tting problemanduselocal masksfor knot
removal. This hasthe advantagethat it alsoworks in those
caseswheredatais missing,dueto theadaptive re�nement.

In the bilinear case,we have four Bézierpoints (coef�-
cients)interpolatingthepatchat theclustercorners.At each
corner, we take the averageof the function valuescorre-
spondingto theadjacentpatches.This processis illustrated
for theone-dimensionalcasein �gure 3. If oneof theadja-
centclustersis “idle”, we usethezerofunctionasapproxi-
matingpolynomialbeforeknot removal. After theremoval,
the residualsof theseclustershave changedandneedto be
re-evaluated.All clustersin the supportof DFj areconsid-
eredfor thenext level of re�nement.

In the biquadraticcase,we have 3 � 3 Bézierpoints for
every cluster. For every row/columnof control points,our
knot removal proceduresimply removesthe points located
on clusterboundaries,see�gure 4. (In Bézier representa-
tion, thesepointswould be set to the averageof their two
neighborsin the row/column.)Now, we have only one de
Boor point for every cluster, excepton theboundaryof the
supportof DFj . At the boundariesinsidethe dataset's do-
main,two rows/columnsof deBoorpoints(thatneednotbe
stored)arezero,see�gure 5. TheadditionaldeBoor points
on the datasetboundaryde�ne the boundarycurve of the
approximation.
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We notethat thesupportof DFj doesnot necessarilyde-
�ne a rectangularregion. Whenevaluatingthefunction,we
just usedeBoor pointsinsidea smallerrectangularregion,
de�ning aB-splinepatchinsidethelargersurface.

3.3. Ef�cient Evaluation

For computingthe individual detail functionsFj , we have
approximatedthe residualswith respectto Fj � 1. We avoid
to evaluatetheentireseriesof detailfunctions,

Fj = F0 +
j

å
l= 1

DFl :

In orderto evaluatethe �nal approximationef�ciently , it is
desirableto have a singleB-Splinerepresentationfor every
region, usingthe �nest level of detail available.This prob-
lem is simply solvedby knot insertionon thecoarserlevels.
Duetoknotinsertion,thenumberof deBoorpointsis locally
increasedwithoutchangingtherepresentedsurface.Theco-
ef�cients of Fj+ 1 aresimply addedto the representationof
DFj , providing a uniquerepresentationof Fj on thesupport
of DFj . Outsidethis support,the coef�cients of the coarser
representations,e.g.Fj � 1;Fj � 2; � � � areusedfor evaluation.

Theoverallcomputationtimeof ouralgorithmfor approx-
imatingn scattereddatapointsis O(n log n), sincethenum-
ber of levels is O(log n) andthe constructionof eachlevel
L j requiresO(n) operations.For uniformly distributeddata,
wecanstartwith abaselevel of �ne-resolution,reducingthe
numberof levelsto a constant.Thememoryrequirementof
our methodis O(n), sincethe maximalnumberof control
pointsrequiredto representthe �nest level (if it wasdense)
is greaterthanthesumof controlpointsusedon all coarser
levels(thisnumberis decreasesby four for eachlevel).

4. Numerical Results

Weusetwo terraindatasetsto testourmethod.In bothcases
theoriginal datais de�ned over a rectilineargrid. To obtain
scattereddatasetswe apply a down-samplingschemethat
randomlyremoves datapoints associatedwith low curva-
turevalues(basedondiscretecurvatureestimates).Theidea
behindthis choiceis to remove redundantdatain smooth
regionspreservingsharpcuspsandedgescorrespondingto
geologicfeatureslike mountains,ridges,andcanyons.This
way, we obtainscattereddatawith highly non-uniformden-
sity providing the input for a challengingapproximation
problem.Testsarecarriedout on a PC with AMD Athlon
1100Mhz processorand1.5GBRAM.

4.1. Crater LakeData Set

We �rst use the Crater Lake data set from USGS. The
original data containsabout 160,000points. After down-
samplingwe obtaina scattereddatasetwith 18,818points,
thatis 11.8%of theoriginal,see�gure 6. Thestartingreso-

b)

c)

a)

Figure 6: a) Crater Lake data set, composedof 18,818
points(11.8percentof its original size).b) Adaptivebilinear
approximation.c) Adaptivebiquadratic approximation.

lution of ourclustergridC0 is 32� 24.All clusterscontaina
fairly similar numberof pointsbeforeprocessing.This �rst
exampleis intendedto illustratethedifferentaspectsof our
algorithm.

The�rst �tting appliedto thebaseclustersfor thebilinear
andbiquadraticcasesis depictedin �gure 7 (left). Thedis-
continuitiesof bothpiecewisepolynomialsurfacesarethen
eliminatedby knot removal, asshown in �gure 7 (right).

Thecontinuoussurfaceobtainedin thatway corresponds
to the�rst iterationof thealgorithm.Successiveapproxima-
tion stepsfor thebiquadraticcaseareillustratedin �gure 8.
The residualsobtainedin successive levels are shown in
colorplate1.Grayregionscorrespondto clustersthatsatisfy
theprescribederrorboundandarenot furthersubdivided.

Puttingit all together, numericalresultsbasedonournon-
optimized implementationare enumeratedin table 1. The
L2-error computedin eachstepgives insight into the av-
erageapproximationquality. Error bounde is set to 0.5%
of the overall amplitude.We observe that the piecewise bi-
quadraticapproximationprovidesmore�e xibility andthus
leadsto abetter�t (with respectto theL2 norm)for thisdata
set.
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a) b)

c) d)

Figure 7: a) Piecewisebilinear �t of thebaselevel (32 � 24 clusters).b) C0-continuousapproximationafter knotremoval. c)
Piecewisebiquadratic �t of thebaselevel.d) C1-continuousapproximationafter knotremoval.

a) b)

c) d)

Figure8: Approximationsat differentlevelsof subdivision(biquadratic case).a-d)Levels0-3.
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bilinear�t biquadratic�t

step time/step total time errorL2 no.clusters time/step total time errorL2 no.clusters
1 47 47 2.344 768(100%) 147 147 4.654 768(100%)
2 70 117 1.408 2,645( 86%) 138 285 2.520 2,757( 90%)
3 92 209 0.899 5,595( 46%) 125 410 1.184 5,983( 49%)
4 179 388 0.621 6,178( 13%) 223 633 0.544 5,966( 12%)
5 576 964 0.452 5,119(2.6%) 754 1,387 0.326 3,987(2.0%)
6 2,312 3,276 0.373 2,508(0.3%) 2,886 4,273 0.266 1,125(0.1%)

Table 1: Numericalresultsfor theCrater Lake dataset.Thetolerancee is 0.5%of theoverall amplitude. Timesare givenin
ms.Approximationerrors are measuredin percentof thedataset's amplitude. Thenumberof re�ned clusters is alsoprovided
aspercentageof clusters in a uniformgrid.

bilinear�t biquadratic�t

step time/step total time errorL2 no.clusters time/step total time errorL2 no.clusters
1 1,576 1,576 6.098 3,072(100%) 4,172 4,172 13,254 3,072(100%)
2 1,563 3,139 3,692 10,987( 89%) 4,329 8,501 7.867 11,793( 96%)
3 1,868 5,007 2.071 33,234( 68%) 4,714 13,215 4.327 37,618( 77%)
4 2,702 7,709 1.203 85,435( 43%) 4,590 17,805 1.938 91,894( 47%)
5 4,152 11,861 0.792 163,942( 21%) 5,339 23,144 0.793 175,031( 22%)

Table 2: Numericalresultsfor Seattledataset.Thetolerancee for clusterre�nementis 1% of theamplitude. Timesare given
in ms.Approximationerrorsaremeasuredin percentof thedataset'samplitude.

Figure9: Seattledataset,composedof 586,970points.

4.2. SeattleData Set

The seconddataset is much larger than the previous one.
It correspondsto the landscapepro�le aroundSeattle,WS,
provided by USGS.The original datacontainsabout180
millions points.After down-samplingwe obtaina scattered
datasetwith 586,970points,that is 0.33%of the original,
see�gure 9. Thestartingcon�gurationhas64� 48 clusters.
With a piecewise bilinear �t oneobtainsthe reconstructed
surfaceshown in �gure 10. For the biquadraticcasethe re-
sult canbe seenin color plate2. As in the previous exam-
ple numericalresultsaresummedup in table2. The error
bounde is setto 1% of themaximalamplitude.In contrast

Figure10: Adaptivebilinear approximationof Seattledata
set.

to theresultsobtainedwith theCraterLake dataset,we ob-
serve slightly betterresultsin the bilinear casethan in the
biquadraticone. However both resultsbecomevery close
whenaccuracy increases.An explanationis thatuneventer-
rain like the mountainslocatedin the upper-left part of the
datasetis betterapproximatedusingpiecewisebilinearsur-
facesratherthansmoothbiquadraticrepresentations.

5. Conclusions

We presenteda very ef�cient androbust adaptive approxi-
mationtool for highly non-uniformscattereddata.We have
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demonstratedthat our algorithm provides smoothsurface
approximationsof high quality for large terrain data sets
with locally steepgradientsde�ning complex geometry. Our
smoothre�nable surfacerepresentationcanbeusedasa ba-
sisfor real-timeterrainvisualization.
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