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Abstract

An applicationof  scalarinterpolationfor 2D vector eld topol-
ogy visualizationis presented. Powvell-Sabin and Nielson inter-
polantsareconsideredvhich bothmake useof Nielson's Minimum
Norm Network for the precomputatiomf thederivativesin ourim-
plementation A comparisorof their resultsto the commonlyused
linear interpolantunderlinestheir signi cant improvementof sin-
gularitieslocationandtopologicalskeletondepiction. Evalutionis
baseduponthe processingf polynomialvector elds with knovn
topologycontaininghigherordersingularities.

Keywords: vector eld visualization topology critical point the-
ory, -interpolation

1 Introduction

Vector eld visualizationis anissueof majorinterestin mary sci-
enti ¢ and engineeringareas. As a matterof fact, vector elds
offer a qualitative and quantitatve descriptionof humerousnatu-
ral phenomena.n physics,they play a fundamentatole in uid
dynamicssolid mechanicselectricity or magneticsamongothers.
They arealsoimpossibleo circumwentfor engineershatmassiely
male useof themin disciplineslike computationaluid dynamics
(CFD), nite elementanalysis(FEA) and computeraideddesign
(CAD). Typically, measurementsr numericalsimulationsprovide
analystswith increasinglylarge vectordatasets.Thisunre nedin-
formationmustnext be properly corveyed for interpretation.The
aim of vector eld visualizationis to offer a corvenientway to ex-
tractthis information. But to be of ary interest,the displayhasto
focusefciently onthemostmeaningfulaspect®f thedatato avoid
confusingtheresults.

Among the existing techniquesn this sphere,topology-based
methodshave provedto be very successfuln enablinga goodin-
sightinto the qualitatve natureof the vector eld while reducing
the sizeof the data. Their basicprincipleis to locateand classify
thecritical points(i.e zeros)of the eld andto drav asmallnumber
of remarkablestreamlinexonnectinghem.

As apreliminarystepof thetopologyextraction,onehasto work
out the interpolationof the given discretedata. The mostcom-
monly usedsolutionis the computatiorof alinearinterpolantover
eachcell of thetriangulatedunstructuredpoint set. Oneproblem-
atic aspectof this methodis that the linear interpolantis inaccu-
ratewhen being confrontedwith several very closecritical points
or with higherordersingularities. zerosaremaoved or split up and
the global topologyis thuslikely to be altered. Furthermorepne
getspiecavise constantdifferential elds (e.g. divergence,curl)
that cannotbe meaningfully comparedto experimentalmeasure-
mentsor simulations. Consequentlyconsistang is lost between
thevector eld andits associatedlifferential elds.

This paperpresentswo higherorderinterpolationschemesp-
plied to vector eld topology visualization. It is shavn that the
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topologyis in bothcasedetterreproducedhanby piecaviselinear
interpolation.Furthermoreunlike thelatter,  -interpolationsuc-
cesfully attacksthe problemof additionalcritical points. At last,
the resultingtopologicalskeletonsappeamorereliableandeasier
to analyze.

Thestructureof the paperis asfollows. Onestartswith areview
of the literaturedealingwith vector eld topology detectionand
higherordermethodsdesignedo improve the accurag of thetra-
ditional linearschemes. -scalarinterpolationis thendiscussed:
becausedhe requiredderivatives informationis not presentin the
original dataset,we use Nielson's Minimum Norm Network for
that purpose.This methodis introducedin the next section. Then
we presentwo interpolationschemesnamelyPawell-Sabins and
Nielson's onesthatachi&zea  -continuity over the triangulation.
In section4, onebringsbacksomebasicde nitions of vector eld
topology Implementatiorapectsarediscussedh sectionb. Finally,
resultsareshawvn in thelastpart,which consistsn a comparisorof
the topological skeletonsobtainedwith both  -interpolantsand
theclassicalinearinterpolation.

2 Related Work

Topology-basednethodsvereintroducedn vector eld visualiza-
tion by Helmanand Hesselinkaboutten yearsago (see[Hel89],
[Hel91]). Their basicprinciple stemsfrom critical point theory: i
consistsin focusingon few featuresof the eld, namelyits criti-
cal points(wherethe eld is zero)andthe streamlinesonnecting
them (the so-calledsepaatriceg to geta domaindecomposition
into subrgionsthat are all topologically equivalentto a uniform
ow. HelmanandHesselinkrestrictedtheir studyto a rst order
approximationthat is, by only consideringthe jacobianmatrix at
critical pointsto infer thelocal aspectf the eld aroundthem.This
work gave riseto severalextensionsGlobusetal. ((Glo91]) devel-
opedavisualizationervironmentcalledFASTin which they extract
andvisualizethetopologyof 3D vector elds; Bajajetal. ([Bajo8])
appliedsuchatopology-basedhethodto scalar elds visualization;
Nielsonetal. (see[Nie97]) appliedseveral explicit methodgo the
computatiorof tangentiakturvesandtopologicalgraphsn thecase
of 2D vector elds, linearly interpolatecover atriangulation.

Most methodsassumehattheinitial scatteredrectordatahave
beenreconstructeéhto acontinuouseld thanksto apiecaviselin-
earinterpolationover the beforehanadtomputedriangulationof the
givensamplepoints. It explainsthe rst orderrestrictionof former
topology-basedhethods Neverthelessthelinearinterpolationof a
vector eld canyield alargenumberof critical points.In particular
two neighboringtrianglesmay containcritical points of different
kinds (namelyof indices+1 and-1, seesection4). Sucheffects
arenotdesirableor they arti cially increasehe compleity of the
topology To addresghis problem,ScheuermanandHagen(see
[Sch98a])proposech datadependentriangulationbaseduponthe
factthatif two neighboringtrianglesboth containa zero, the two



new trianglesobtainedby swapingtheir commonedgedo not. One
achievesin thatway a signi cant reductionof thenumberof critical
pointswhich clari es theresultingdepictionof the eld.

Futhermorethelinearinterpolantwhichis clearlyunableto con-
vey higherordersingularitiesjntroducedopologicalartefictssuch
assplitting into several simplecritical points(lying in differenttri-
angles)f higherorderzeros.To dealwith thisde ciency, Scheuer
mannetal. (see[Sch98k) introducedhigherorderpolynomialsto
procesghe arealocatedaroundsuchcritical points: startingwith a
linearinterpolationover atriangulationof the points,they next look
for neighboringrianglescontainingsereralzerosandthencompute
insidethema polynomialapproximatiorof the data. The choiceof
thesepolynomialsis motivatedby Clifford analysis,mathematical
backgroundof their study Problemsremainwhenconnectingthe
linearinterpolatedriangleswith the“higher order” cellsfor, in the
latter, the dataarenotinterpolated.

Therehasbeenalso somework using higherorder derivatives:
lastyear Roth andPeilert (see[Rot98]) shaved the useof higher
orderderivativesfor nding bentvortices.

3 Cl-Interpolation

-interpolationover trianglesis an issuethat hasbeenwidely

studiedfor about30 years. As a consequenceaherearemary ex-
isting interpolantsin this eld. Neverthelessjn our case,we are
interestedin the topology (see4 ) extraction of the resultingin-
terpolatedeld. Thatis, we have to concentrateon schemeghat
arecomputation-etient aswell asableto resultin a meaningful
topology Theseconsiderationsed usto restrictor implementation
to only two methods:Nielsons  -interpolant([Nie83]) andthe
Pawell-Sabinschemg[Pow77]).
As a preliminary step, both methodsrequireto be provided with
derivativesinformationat eachvertex of the scatteredlata. As we
saidin introduction,in a rst stepwe have computedan (optimal)
Delaunaytriangulationand arethusin a positionto treatthe data
globally for this goal. We thenchoseto useNielson's Minimum
Norm Network.

3.1 Derivatives Computation:
Nielson' s Minim um Norm Network

Let us introducesomeconvenientnotations: We are given a set

of  points denotesthe triangle with vertices
,  representsheedgelinking to and isalist

of theindicesrepresentingheedgeof thetriangulation.Thecurve

network is thusde ned over . We alsode ne the

following directionalderivative:

thederivativealongan edge is givenby

where is thelengthof

Now we considerthe problemof nding aninterpolatingcurve
network which minimizes,for is therestric-
tionto ofsome functionde nedon ,unionofall triangles :

where representtheelemenbf arclengthonthecurve con-
sistingof theline segment . We have thenthefollowing result:
Let be the unique piecavise cubic network, with the

propertiesthat , and

whee is the edge of the triangulation with the
endpoint , and

Then,amongall functions , , ,
thefunction uniquelyminimizes

Solvingthis linear systemin and , ,
oneis next ableto build a cubic polynomialcurve on eachedge
by Hermiteinterpolation.

3.2 Interpolation

Oncethederivativeshave beenestimatedht eachvertex of thescat-
tereddata, an interpolationmustbe processeaver eachtriangle
which ensuresa continuity throuh the edgesof the triangula-
tion. We startwith a brief descriptionof the Powell-Sabinmethod
whichdoesnotful | therequirement®sf the Minimum Norm Net-
work (for its restrictionon the edgeds not a cubic polynomial)but
enablesainanalyticsearchof its roots(see4).

3.2.1 Powell-Sabin Interpolant

This methodis basedn thefollowing remark:abiquadratrigooly-

nomialis unableto t bothvaluesandderivativesat eachedgeof a
trianglefor it offersonly 6 degreesof freedomandthereare9 in-

terpolationconditionsto ful |. Sowe needto increaseahe degrees
of freedom. This may be achiezed thanksto a subdvision of each
triangleinto 6 subtrianglegseepicturebelow).

Division of ABC into 6 triangles

Startingwith a biquadraticpolynomialde ned over triangle OAQ,
say , onethenaddsa correctiontermeachtime onecrosses
aninternedge,moving in a clockwisedirectionaboutO. Theonly
quadraticsolutionsfor this correctionterm,thatensureherequired
continuitythroughthe edgehave theform:

where
edgeand

is thecartesiarequationof thei-th crossed
is theparameteto adjust.



Ensuringtheinterpolationconditionsfor valuesandderivativesand
forcing

onegetsa nhonsingularlinear systemin 12 (nonindependantyari-
ables.By solvingit, oneobtainsthe desiredpiecavise biquadratic
interpolant.(see[Pow77)).

3.2.2 Nielson' s Blending Method

The second -continuousmethodwe have testedis Nielson's
Side-\ertex blending method (see [Nie83]). This scheme

prots more from the Minimum Norm Network we introduced

previously for it respectshe cubiccurveshbuilt ontheedgesonthe

triangulation. However, sinceit consistsn arationalfunction, its

zerosmay notbefoundanalytically(see5.2.1).

Soto extendthe scalarvaluesde ned on the edgesto the whole

domain,Nielsonproposeshefollowing formula:

For any point with barycentric coodinates in a

triangle with vertices , onesets:

whele

and

Onegetsin thisway a9-parameter  interpolant.

4 Vector Field Topology

As said previously, whatwe meanwith vector eld topologycon-
sistsin factin the associatiorof critical pointsandsomeparticular
streamlines.In this work, we adoptedthe conceptof topological
skeletonproposedy HelmanandHesselink(see[Hel91]).
Letusrecallthatwe considetheeigevaluesof thejacobianmatrix
(restrictingour analysisto alinearapproximation):

Dependingon their sign andon their imaginarypart,onegets6
possiblecon gurationsfor the vector eld arounda singularpoint
(seeillustration). To describethe qualitatve natureof a critical
point, onecanalsouseits index:

Let z be an isolated zeio of the vector eld .
Thenther is a neighborhood of containingonly onecritical
point. Let and bea closeddiscaround
zofradius . Let bethe boundarycurve of

. We de ne theindex of thecritical point of thevector eld
as:

ind — d

whee istheanglecordinateof thevector eld, namely

d d arctan— u

thatis, the index measureshe numberof rotationsof the ow
arounda critical pointandthuscharacterizegs nature.

Noticethatfor the specialcaseof singularitiesof rst order the
possiblevaluesof theindex are+1 and-1.
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Attracting Node Saddle Point Attracting Focus
R1,R2<0 R1<0,R2>0 R1,R2<0
11,12=0 11=12=0 11=-12<>0
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Repelling Node Center Repelling focus
R1,R2>0 R1=R2=0 R1,R2>0
11,12=0 11=-12<>0 11=-12<>0

possiblecon gurations of 1st-order singular points
denotethe real parts of the eigervalues
and their imaginary parts

5 Locating Critical Points

As we saispreviously, thetopologyextractionof avector eld starts
with the locationof its singularpoints. In this sectionwe explain
how we have achievedit with bothinterpolantsve have considered.

5.1 Powell-Sabin Case

In the presentatiorof this method,we underlinedthe factthatit is
possibleto determinealgebraicallythe zerosof a biquadratigpoly-
nomial. The methodis asfollows.

Let

betwo quadraticpolynomialswhich rootshave to found. We may
considereachbivariatepolynomialasapolynomialin the variable
(i.e. becomesparameter):



We next introducethe so-calledresultantof the systemde ned by:

with the propertythat if andonly if and
have a root in common. Now is a 4th-orderpolyno-
mial in the variablewhich rootsmaybefoundthanksto classical
methods.Thefound valuesmustnext be replacedin eitherthe
equationof or to geta quadraticpolynomial which
rootsarethe zerosof the system.

In ourspecialkcasewe ohbviously haveto checkif therootslie inside
thesubtriangleover whichtheconsideredviquadratiqpolynomialis
relevant.

5.2 Nielson Case

To computethe positionof the zerosfor Nielsonbi-rationalinter
polant, one hasto solve a systemof two equationsof fth order
As we arenot ableto achieve it analyticallyion this casewe have
to usenumericalalgorithms.Unfortunately the existing algorithms
needto be providedwith a“good” initial guesso starttheir search
andwe cannot infer, a priori, the approximatdocationof the sin-
gularpointsin theinterpolatedeld. Theseremarkded usto adopt
thefollowing heuristic: asa rst step,we nd outwhich triangles
may potentiallycontainone or more zero(actually onecould nd
up to 25 zerosfor sucha polynomialsystem evenif thisis practi-
cally very unlikely to occur); thenwe divide eachso-called‘can-
didatetriangle” in 25 subtrianglesin which we processhe same
detectionthelaststepconsistthenin takingthe barycenteof each
interestingsubtriangleas rst guesdor anumericalsearchassum-
ing thatonly onezero,atthe most,is to befoundin it. Let usdetalil
thesetopics.

5.2.1 Finding Candidate Triangles

Theaim of this procedurds to avoid numericalsearchsn vain. To
keepef ciency in our processingwe have to take away the trian-
glesthatcannotcontainary critical point. Butto beof ary practical
use this dichotomyhasto befast. We thuscameto theideaof only
focusingon the control polygonsof the cubic polynomialde ned
alongtheedgesf eachtriangle. Thereasoris thefollowing: when
we build the Nielson's interpolantover eachtriangle,we compute
a blendingof the splineson the edgesso asthata kind of enegy
criterionis minimized(see3.2.2). Consequentlyif nosplineonthe
bordercrosseghe X-Y plane,we assumehatalsothe interpolant
overthetriangledoesnot which hasbeencon rmed by our numer
ical tests. Sowe have to checkfor eachdimension,f a splinehas
aroot. To speedup that processwe approximatethe behaiour of
the splineby its control polygon,easilyde ned by both valueand
derivative of the eld at both verticesof the edge. Five' generic
con gurationsmay occur(see gure below), from which four may
leadto azero(namely in casel onegetsno zerowhereasn cases
2 and3 oneexactly getsazeroandin casest and5 onehaseither2
or no zeros).If we getsuch“zero”-con gurationsfor both dimen-
sionsthenthetriangleis marked as“candidate”andwill befurther
processed.

1asixth con gurationis theoreticallypossiblewhich has3 rootsbut this
situationdoesnot occurin our casefor the splineson the edgesminimize
thepseudonornintroducedn 3.1

Case 2

0 Case §\/‘J/

o N\ /

genericcon guratlons of the Bézier control polygon
for a cubic polynomial

This kind of signtestis similar to the schemeproposedy Asi-
mov etal. to nd candidatesellsin thecaseof abilinearinterpolant
([Tut92]).

5.2.2 Processing of Subtriangles

As we said, we cut eachcandidatetriangle into 25 subtriangles,
soasto avoid nding severalzerosin the samecell. This maybe
justi ed by the factthatour birationalinterpolantmay have at the
most25 zeroson the onehandandthat 2 zerosshouldnot be too
closetogetheron the otherhand for this would meananoscillation
of theinterpolant,quiteincompatiblewith its pseudo-engy mini-
mizationproperty Thenwe computethe valueof theindex (see4)
of eachsubtriangle:a value+1 or -1 shaws the presencef a criti-
cal point. (Noticethatevenif higherordersingularities- e.g. with
index +2, -3, ... - maytheoreticallyoccur they do notin practical
cases).

Saddle:
index -1

A
ZN2

=W

no singularity:
index O

_VA

W7
index of subtriangles

Remarkthatthe index methodwasnot usedfor the “big” trian-
glesbecausenemaygetseveralcritical pointsin thesametriangle,
which canleadto a 0 index computedon its border while it actu-
ally containssingularitieg(for example the problemoccurswhena
saddleandan attractingfocuslie in the sametriangle: the sumof
theirindicesis andonemissedwo critical points).



Saddle:
index -1

Attracting
Node:
index +1

triangle with index 0
containing a saddleand an attracting focus

5.2.3 Numerical Search

Theformerstepsintendedto provide a“good” rst guessor anu-

mericalsearchBy eliminatingall thetrianglesthatdo notcontaina

critical pointand nding out (small)subtriangleshatactuallycon-

tainasinglezero,we have achievedit. Now we take the barycenter
of eachselectedubtriangles rst guessForthenumericakearch,
the Newton-Raphsoralgorithmis applied,which works satisicto-

rily for our needs.

6 Results

6.1 Test Datasets

The testof our interpolationschemesequiresthat we areableto
give ananalyticdescriptionof avector eld, thetopologyof which
is known exactly. Furthermoreto prove the accurag of our al-
gorithm, we mustbe ableto designthe global topologicalaspect
of the eld, for examplesby introducingmary differentfeatures,
puttingtwo critical pointsclosetogetherinsertinghigherordercrit-
ical points,...

The only vector elds thatareusuallyknown topologicallyare
linear elds or somespecialcasesthat restrict the generality of
our purpose. However in a previous paper we proved a theorem
that enablesthe designof polynomial vector elds with higher
ordersingularities. We just bring back herethe main results(see
[Sch97).

Let bethecanonicalbasisof  andlet

(whee and ) bealinear vector eld. For
it hasa uniquezeio at . For
has onesaddlewith index -1. For it hasone

critical pointwith index 1. Thespecialtypesin thiscasecanbegot

fromthefollowing list:

1. circle at

2 nodeat
3. spiral at
4

focusat

In cases?2)-4) one has a sink for and a soure for
. For onegetsa wholeline of zeos.

For our needswe usethefollowing theorem:

Let bethevector eld

with

andlet  be the uniquezeo of - . Then has
zeposat , andtheindex of at is the sumof
theindicesof - - at

(Thatis, we only make useof linearfactors).

Remembethat a critical point with index -1 is a saddlepoint,
whereasa critical point with index +1 may be a circle, a node,a
spiral or a focus. Practically it meansthat whenwe designour
vector elds we areableto locatethe saddlepointsandthe critical
pointsof index +1 (the precisenatureof whichis unknavn) aswell
asto de ne critical pointsof higherorderby giving -
amultiplicity higherthanl in the expressiorof

6.2 Examples

As saidpreviously, the presentatiomf our resultsis baseduponthe
comparisorno apiecaviselinearinterpolationof thesamedata.For
eachcasetheexacttopologyis proposecdasreference.

6.2.1 First Example

In this rst example,oneintroducesseveral critical points,one of
whichis of higherorder Thede nition of this eld is:

Let




ex.1: topology of the original vector eld

We startwith a sampleof 500vectors:

ex.1:linear interpolated vector eld (500vectors)

The linear interpolationresultshere in a erroneoustopological
skeleton:singularitiesaremissedvhich entailsthedeformatiorand
disappearencef separatricesGlobally, this depictionof the eld
shouldbe consideredhstotally unsatisfying.

Nielson -interpolantproduceghefollowing result.

ex.1: NielsonC1l-interpolated vector eld (500vectors)

This time, the global aspectof the topology hasbeenrespected.
The only topologydeformationoccursat the expectedlocation of
the higherordersingularity: it hasbeensplit up in attractingand
repellingfoci.

With thesamepointssampleonegetsthefollowing topology when
applyingPawell-Sabins method.

ex.1: Powell-Sabin Cl-interpolated vector eld (500vectors)

No signi cant difference appearsin this case, comparedto
Nielsons method.

By doublingthe numberof samplepoints, one getsfor all the
interpolantsa globally satisfyingdepictionof thetopologicalskele-
ton. Neverthelessthe arealocatingaroundthe higherordersingu-



larity remainsproblematicasshavn in thefollowing enlagements.

ex.1: linear interpolated vector eld
around the higher order singularity (1000vectors)

Althoughonecouldexpectanimprovementof thetopologyapprox-
imation with more points, asfar asthe higherordersingularityis
concernedheresultsareworse:thewholeaspecbf the eld in this
areahasbeendeformedandthe presencef anhigherordersingu-
larity is impossibleto guess.

Nielson's methodoffersin this casethe samekind of resultaswith

500points.

ex.1: NielsonCl-interpolated vector eld
around the higher order singularity (1000vectors)

One can notice that the two foci have become closer which
representanimprovementof the higherordersingularityapproxi-
mation.

ex.1: Powell-Sabin C1-interpolated vector eld
around the higher order singularity (1000vectors)

In this casePawell-Sabininterpolantconfuseghe topologydepic-
tion by introducingtwo additionalsingularitiesthathave no mean-
ingful impactontheglobalaspecbf thetopologicalskeleton.
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