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Abstract

An applicationof ��� scalarinterpolationfor 2D vector�eld topol-
ogy visualizationis presented. Powell-Sabinand Nielson inter-
polantsareconsideredwhichbothmakeuseof Nielson'sMinimum
NormNetwork for theprecomputationof thederivativesin our im-
plementation.A comparisonof their resultsto thecommonlyused
linear interpolantunderlinestheir signi�cant improvementof sin-
gularitieslocationandtopologicalskeletondepiction.Evalution is
basedupontheprocessingof polynomialvector�elds with known
topologycontaininghigherordersingularities.

Keywords: vector�eld visualization,topology, critical point the-
ory, �
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1 Intr oduction

Vector�eld visualizationis an issueof major interestin many sci-
enti�c and engineeringareas. As a matterof fact, vector �elds
offer a qualitative andquantitative descriptionof numerousnatu-
ral phenomena.In physics,they play a fundamentalrole in �uid
dynamics,solidmechanics,electricityor magnetics,amongothers.
They arealsoimpossibleto circumventfor engineersthatmassively
make useof themin disciplineslike computational�uid dynamics
(CFD), �nite elementanalysis(FEA) andcomputeraideddesign
(CAD). Typically, measurementsor numericalsimulationsprovide
analystswith increasinglylargevectordatasets.Thisunre�nedin-
formationmustnext be properlyconveyed for interpretation.The
aim of vector�eld visualizationis to offer a convenientway to ex-
tract this information. But to beof any interest,thedisplayhasto
focusef�ciently onthemostmeaningfulaspectsof thedatato avoid
confusingtheresults.

Among the existing techniquesin this sphere,topology-based
methodshave proved to bevery successfulin enablinga goodin-
sight into the qualitative natureof the vector �eld while reducing
the sizeof the data. Their basicprinciple is to locateandclassify
thecritical points(i.ezeros)of the�eld andto draw asmallnumber
of remarkablestreamlinesconnectingthem.

As apreliminarystepof thetopologyextraction,onehasto work
out the interpolationof the given discretedata. The most com-
monly usedsolutionis thecomputationof a linearinterpolantover
eachcell of thetriangulated(unstructured)point set.Oneproblem-
atic aspectof this methodis that the linear interpolantis inaccu-
ratewhenbeingconfrontedwith several very closecritical points
or with higherordersingularities: zerosaremovedor split up and
the global topologyis thuslikely to be altered. Furthermore,one
getspiecewise constantdifferential �elds (e.g. divergence,curl)
that cannotbe meaningfullycomparedto experimentalmeasure-
mentsor simulations. Consequently, consistancy is lost between
thevector�eld andits associateddifferential�elds.

This paperpresentstwo higherorderinterpolationschemesap-
plied to vector �eld topology visualization. It is shown that the

topologyis in bothcasesbetterreproducedthanby piecewiselinear
interpolation.Furthermore,unlike the latter, ��� -interpolationsuc-
cesfully attacksthe problemof additionalcritical points. At last,
theresultingtopologicalskeletonsappearmorereliableandeasier
to analyze.

Thestructureof thepaperis asfollows. Onestartswith a review
of the literaturedealingwith vector �eld topology detectionand
higherordermethodsdesignedto improve theaccuracy of the tra-
ditional linearschemes.��� -scalarinterpolationis thendiscussed:
becausethe requiredderivatives information is not presentin the
original dataset,we useNielson's Minimum Norm Network for
thatpurpose.This methodis introducedin thenext section.Then
we presenttwo interpolationschemes,namelyPowell-Sabin's and
Nielson's onesthatachieve a �

� -continuityover thetriangulation.
In section4, onebringsbacksomebasicde�nitions of vector�eld
topology. Implementationapectsarediscussedin section5. Finally,
resultsareshown in thelastpart,whichconsistsin acomparisonof
the topologicalskeletonsobtainedwith both ��� -interpolantsand
theclassicallinearinterpolation.

2 Related Work

Topology-basedmethodswereintroducedin vector�eld visualiza-
tion by HelmanandHesselinkaboutten yearsago (see[Hel89],
[Hel91]). Their basicprinciple stemsfrom critical point theory: i
consistsin focusingon few featuresof the �eld, namelyits criti-
cal points(wherethe �eld is zero)andthestreamlinesconnecting
them (the so-calledseparatrices) to get a domaindecomposition
into subregions that are all topologically equivalent to a uniform
�o w. HelmanandHesselinkrestrictedtheir study to a �rst order
approximationthat is, by only consideringthe jacobianmatrix at
critical pointsto infer thelocalaspectof the�eld aroundthem.This
work gaveriseto severalextensions:Globusetal. ([Glo91]) devel-
opedavisualizationenvironmentcalledFASTin which they extract
andvisualizethetopologyof 3D vector�elds; Bajajetal. ([Baj98])
appliedsuchatopology-basedmethodto scalar�elds visualization;
Nielsonet al. (see[Nie97]) appliedseveralexplicit methodsto the
computationof tangentialcurvesandtopologicalgraphsin thecase
of 2D vector�elds, linearly interpolatedover a triangulation.

Most methodsassumethat the initial scatteredvectordatahave
beenreconstructedinto acontinuous�eld thanksto apiecewiselin-
earinterpolationover thebeforehandcomputedtriangulationof the
givensamplepoints.It explainsthe�rst orderrestrictionof former
topology-basedmethods.Nevertheless,thelinearinterpolationof a
vector�eld canyield alargenumberof critical points.In particular,
two neighboringtrianglesmay containcritical points of different
kinds (namelyof indices+1 and -1, seesection4). Sucheffects
arenot desirablefor they arti�cially increasethecomplexity of the
topology. To addressthis problem,ScheuermannandHagen(see
[Sch98a])proposeda datadependenttriangulationbaseduponthe
fact that if two neighboringtrianglesboth containa zero,the two



new trianglesobtainedby swapingtheir commonedgedonot. One
achievesin thatwayasigni�cant reductionof thenumberof critical
pointswhich clari�es theresultingdepictionof the�eld.

Futhermore,thelinearinterpolantwhichis clearlyunableto con-
vey higher-ordersingularities,introducestopologicalartefactssuch
assplitting into severalsimplecritical points(lying in differenttri-
angles)of higherorderzeros.To dealwith thisde�ciency, Scheuer-
mannet al. (see[Sch98b]) introducedhigherorderpolynomialsto
processthearealocatedaroundsuchcritical points:startingwith a
linearinterpolationoveratriangulationof thepoints,they next look
for neighboringtrianglescontainingseveralzerosandthencompute
insidethema polynomialapproximationof thedata.Thechoiceof
thesepolynomialsis motivatedby Clif ford analysis,mathematical
backgroundof their study. Problemsremainwhenconnectingthe
linearinterpolatedtriangleswith the“higherorder” cellsfor, in the
latter, thedataarenot interpolated.

Therehasbeenalsosomework usinghigherorderderivatives:
lastyear, RothandPeikert (see[Rot98]) showed theuseof higher
orderderivativesfor �nding bentvortices.

3 C1-Interpolation

��� -interpolationover trianglesis an issuethat has beenwidely
studiedfor about30 years.As a consequence,therearemany ex-
isting interpolantsin this �eld. Nevertheless,in our case,we are
interestedin the topology (see4 ) extraction of the resultingin-
terpolated�eld. That is, we have to concentrateon schemesthat
arecomputation-ef�cient aswell asableto result in a meaningful
topology. Theseconsiderationsledusto restrictor implementation
to only two methods:Nielson's ��� -interpolant([Nie83]) and the
Powell-Sabinscheme([Pow77]).
As a preliminary step,both methodsrequireto be provided with
derivativesinformationat eachvertex of thescattereddata.As we
saidin introduction,in a �rst stepwe have computedan(optimal)
Delaunaytriangulationandarethusin a positionto treatthe data
globally for this goal. We thenchoseto useNielson's Minimum
NormNetwork.

3.1 Derivatives Computation:
Nielson' s Minim um Norm Network

Let us introducesomeconvenientnotations: We are given a set
of � points �
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following directionalderivative:
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Now we considertheproblemof �nding an interpolatingcurve
network which minimizes,for
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 representstheelementof arclengthonthecurvecon-
sistingof theline segment�
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 . We have thenthefollowing result:
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by Hermiteinterpolation.

3.2 Interpolation

Oncethederivativeshavebeenestimatedateachvertex of thescat-
tereddata,an interpolationmustbe processedover eachtriangle
which ensuresa ��� continuity throuh the edgesof the triangula-
tion. We startwith a brief descriptionof thePowell-Sabinmethod
which doesnot ful�l therequirementsof theMinimum Norm Net-
work (for its restrictionon theedgesis nota cubicpolynomial)but
enablesananalyticsearchof its roots(see4).

3.2.1 Powell-Sabin Interpolant

Thismethodis basedon thefollowing remark:abiquadratricpoly-
nomialis unableto �t bothvaluesandderivativesat eachedgeof a
trianglefor it offersonly 6 degreesof freedomandthereare9 in-
terpolationconditionsto ful�l. Sowe needto increasethedegrees
of freedom.This maybeachieved thanksto a subdivision of each
triangleinto 6 subtriangles(seepicturebelow).
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Division of ABC into 6 triangles

Startingwith a biquadraticpolynomialde�ned over triangleOAQ,
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% , onethenaddsacorrectiontermeachtimeonecrosses
aninternedge,moving in a clockwisedirectionaboutO. Theonly
quadraticsolutionsfor thiscorrectionterm,thatensuretherequired
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Ensuringtheinterpolationconditionsfor valuesandderivativesand
forcing �
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onegetsa nonsingularlinearsystemin 12 (nonindependant)vari-
ables.By solving it, oneobtainsthedesiredpiecewisebiquadratic

��� interpolant.(see[Pow77]).

3.2.2 Nielson' s Blending Method

The second � �
-continuousmethodwe have testedis Nielson's

� � Side-Vertex blending method (see [Nie83]). This scheme
pro�ts more from the Minimum Norm Network we introduced
previously for it respectsthecubiccurvesbuilt on theedgeson the
triangulation.However, sinceit consistsin a rationalfunction, its
zerosmaynotbefoundanalytically(see5.2.1).
So to extend the scalarvaluesde�ned on the edgesto the whole
domain,Nielsonproposesthefollowing formula:
For any point
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Onegetsin thisway a 9-parameter, �
�

interpolant.

4 Vector Field Topology

As saidpreviously, whatwe meanwith vector�eld topologycon-
sistsin fact in theassociationof critical pointsandsomeparticular
streamlines.In this work, we adoptedthe conceptof topological
skeletonproposedby HelmanandHesselink(see[Hel91]).
Let usrecallthatweconsidertheeigenvaluesof thejacobianmatrix
(restrictingouranalysisto a linearapproximation):
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Dependingon their signandon their imaginarypart,onegets6
possiblecon�gurationsfor thevector�eld arounda singularpoint
(seeillustration). To describethe qualitative natureof a critical
point,onecanalsouseits index:

Let z be an isolated zero of the vector �eld
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that is, the index measuresthe numberof rotationsof the �o w
arounda critical pointandthuscharacterizesits nature.

Noticethatfor thespecialcaseof singularitiesof �rst order, the
possiblevaluesof theindex are+1 and-1.

Attracting Node
      R1,R2<0
      I1,I2=0

R1=R2=0
I1=-I2<>0

CenterRepelling Node
      R1,R2>0
      I1,I2=0

Saddle Point
R1<0,R2>0
I1=I2=0

Attracting Focus
R1,R2<0
I1=-I2<>0

Repelling focus
R1,R2>0
I1=-I2<>0

possiblecon�gurations of 1st-order singular points
I

�$J
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B denotethe real parts of the eigenvalues
and K

�
J

K

B their imaginary parts

5 Locating Critical Points

As wesaispreviously, thetopologyextractionof avector�eld starts
with the locationof its singularpoints. In this sectionwe explain
how wehaveachievedit with bothinterpolantswehaveconsidered.

5.1 Powell-Sabin Case

In thepresentationof this method,we underlinedthefact that it is
possibleto determinealgebraicallythezerosof a biquadraticpoly-
nomial.Themethodis asfollows.
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considereachbivariatepolynomialasapolynomialin the
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Wenext introducetheso-calledresultantof thesystem,de�ned by:
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In ourspecialcase,weobviouslyhaveto checkif therootslie inside
thesubtriangleoverwhichtheconsideredbiquadraticpolynomialis
relevant.

5.2 Nielson Case

To computethepositionof the zerosfor Nielsonbi-rationalinter-
polant,onehasto solve a systemof two equationsof �fth order.
As we arenot ableto achieve it analyticallyion this case,we have
to usenumericalalgorithms.Unfortunately, theexistingalgorithms
needto beprovidedwith a “good” initial guessto starttheir search
andwe cannot infer, a priori, theapproximatelocationof thesin-
gularpointsin theinterpolated�eld. Theseremarksledusto adopt
the following heuristic:asa �rst step,we �nd out which triangles
maypotentiallycontainoneor morezero(actually, onecould �nd
up to 25 zerosfor sucha polynomialsystem,even if this is practi-
cally very unlikely to occur); thenwe divide eachso-called“can-
didatetriangle” in 25 subtriangles,in which we processthe same
detection;thelaststepconsistthenin takingthebarycenterof each
interestingsubtriangleas�rst guessfor a numericalsearch,assum-
ing thatonly onezero,at themost,is to befoundin it. Let usdetail
thesetopics.

5.2.1 Finding Candidate Triangles

Theaim of this procedureis to avoid numericalsearchsin vain. To
keepef�ciency in our processing,we have to take away the trian-
glesthatcannotcontainany critical point. But to beof any practical
use,thisdichotomyhasto befast.Wethuscameto theideaof only
focusingon the control polygonsof the cubic polynomialde�ned
alongtheedgesof eachtriangle.Thereasonis thefollowing: when
we build theNielson's interpolantover eachtriangle,we compute
a blendingof the splineson the edgesso asthat a kind of energy
criterionis minimized(see3.2.2).Consequently, if nosplineonthe
bordercrossestheX-Y plane,we assumethatalsothe interpolant
over thetriangledoesnotwhichhasbeencon�rmed by ournumer-
ical tests.Sowe have to checkfor eachdimension,if a splinehas
a root. To speedup thatprocess,we approximatethebehaviour of
thesplineby its controlpolygon,easilyde�ned by bothvalueand
derivative of the �eld at both verticesof the edge. Five1 generic
con�gurationsmayoccur(see�gure below), from which four may
leadto a zero(namely, in case1 onegetsno zerowhereasin cases
2 and3 oneexactlygetsazeroandin cases4 and5 onehaseither2
or no zeros).If we getsuch“zero”-con�gurationsfor bothdimen-
sionsthenthetriangleis markedas“candidate”andwill befurther
processed.

1asixthcon�gurationis theoreticallypossiblewhichhas3 rootsbut this
situationdoesnot occurin our casefor the splineson theedgesminimize
thepseudonormintroducedin 3.1

0 1
0

Case 4

0 1
0

Case 310
0

0 1
0

0 1
0

Case 1

Case 2

Case 5

genericcon�gurations of the Bézier control polygon
for a cubic polynomial

This kind of signtestis similar to theschemeproposedby Asi-
mov etal. to �nd candidatecellsin thecaseof abilinearinterpolant
([Tut92]).

5.2.2 Processing of Subtriangles

As we said, we cut eachcandidatetriangle into 25 subtriangles,
soasto avoid �nding several zerosin thesamecell. This maybe
justi�ed by the fact thatour birationalinterpolantmayhave at the
most25 zeroson theonehandandthat2 zerosshouldnot be too
closetogetherontheotherhand,for thiswouldmeananoscillation
of theinterpolant,quite incompatiblewith its pseudo-energy mini-
mizationproperty. Thenwe computethevalueof theindex (see4)
of eachsubtriangle:a value+1 or -1 shows thepresenceof a criti-
cal point. (Noticethateven if higherordersingularities- e.g. with
index +2, -3, ... - may theoreticallyoccur, they do not in practical
cases).

Saddle:
index -1

no singularity:
index 0

index of subtriangles

Remarkthat the index methodwasnot usedfor the“big” trian-
glesbecauseonemaygetseveralcritical pointsin thesametriangle,
which canleadto a 0 index computedon its border, while it actu-
ally containssingularities(for example,theproblemoccurswhena
saddleandanattractingfocuslie in the sametriangle: thesumof
their indicesis #

K

(

K �HT andonemissestwo critical points).



Saddle:
index -1

Attracting 
Node:
index +1

triangle with index 0
containing a saddleand an attracting focus

5.2.3 Numerical Search

Theformerstepsintendedto provide a “good” �rst guessfor a nu-
mericalsearch.By eliminatingall thetrianglesthatdonotcontaina
critical point and�nding out (small)subtrianglesthatactuallycon-
tainasinglezero,wehaveachievedit. Now wetake thebarycenter
of eachselectedsubtriangleas�rst guess.For thenumericalsearch,
theNewton-Raphsonalgorithmis applied,which workssatisfacto-
rily for our needs.

6 Results

6.1 Test Datasets

The testof our interpolationschemesrequiresthat we areableto
give ananalyticdescriptionof a vector�eld, thetopologyof which
is known exactly. Furthermore,to prove the accuracy of our al-
gorithm, we mustbe able to designthe global topologicalaspect
of the �eld, for examplesby introducingmany different features,
puttingtwo critical pointsclosetogether, insertinghigherordercrit-
ical points,...

The only vector�elds that areusuallyknown topologicallyare
linear �elds or somespecialcasesthat restrict the generalityof
our purpose.However in a previous paper, we proved a theorem
that enablesthe designof polynomial vector �elds with higher
ordersingularities. We just bring backherethe main results(see
[Sch97]).
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For ourneeds,we usethefollowing theorem:
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(Thatis, we only make useof linearfactors).

Rememberthat a critical point with index -1 is a saddlepoint,
whereasa critical point with index +1 may be a circle, a node,a
spiral or a focus. Practically, it meansthat when we designour
vector�elds we areableto locatethesaddlepointsandthecritical
pointsof index +1 (theprecisenatureof which is unknown) aswell
asto de�ne critical pointsof higherorderby giving M �UG
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� G
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�

amultiplicity higherthan1 in theexpressionof �

 

G
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% .

6.2 Examples

As saidpreviously, thepresentationof our resultsis baseduponthe
comparisonto apiecewiselinearinterpolationof thesamedata.For
eachcase,theexacttopologyis proposedasreference.

6.2.1 First Example

In this �rst example,oneintroducesseveral critical points,oneof
which is of higherorder. Thede�nition of this �eld is:
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ex.1: topology of the original vector �eld

Westartwith a sampleof 500vectors:

ex.1: linear interpolated vector �eld (500vectors)

The linear interpolation resultshere in a erroneoustopological
skeleton:singularitiesaremissedwhichentailsthedeformationand
disappearenceof separatrices.Globally, this depictionof the �eld
shouldbeconsideredastotally unsatisfying.

Nielson � � -interpolantproducesthefollowing result.

ex.1: NielsonC1-interpolated vector �eld (500vectors)

This time, the global aspectof the topology hasbeenrespected.
Theonly topologydeformationoccursat the expectedlocationof
the higherordersingularity: it hasbeensplit up in attractingand
repellingfoci.
With thesamepointssampleonegetsthefollowing topology, when
applyingPowell-Sabin'smethod.

ex.1: Powell-SabinC1-interpolated vector �eld (500vectors)

No signi�cant difference appears in this case, compared to
Nielson's method.

By doubling the numberof samplepoints,onegetsfor all the
interpolantsagloballysatisfyingdepictionof thetopologicalskele-
ton. Nevertheless,thearealocatingaroundthehigherordersingu-



larity remainsproblematicasshown in thefollowing enlargements.

ex.1: linear interpolated vector �eld

around the higher order singularity (1000vectors)

Althoughonecouldexpectanimprovementof thetopologyapprox-
imation with morepoints,asfar asthe higherordersingularity is
concernedtheresultsareworse:thewholeaspectof the�eld in this
areahasbeendeformedandthepresenceof anhigherordersingu-
larity is impossibleto guess.
Nielson's methodoffersin this casethesamekind of resultaswith
500points.

ex.1: NielsonC1-interpolated vector �eld
around the higher order singularity (1000vectors)

One can notice that the two foci have becomecloser which
representsanimprovementof thehigherordersingularityapproxi-
mation.

ex.1: Powell-SabinC1-interpolated vector �eld
around the higher order singularity (1000vectors)

In this casePowell-Sabininterpolantconfusesthe topologydepic-
tion by introducingtwo additionalsingularitiesthathave no mean-
ingful impacton theglobalaspectof thetopologicalskeleton.
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