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Orthogonal Polynomials

dA
( ; ):('7')d>\
m( ) = me( -5 dA)

70| ax

(positive) measure on |a, b], —oo < a < b < 0
inner product (u, v)a, = [, u(t)v(t)dA(t)
(monic) polynomial of degree % orthogonal
relative to the measure d\

=0 ifk#/

(M;W)dx
>0 ifk=/

norm /(7, T )ax
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Three-Term Recurrence Relation

7Tk+1(Z) — (Z— k)ﬂ'k(Z)— kﬂ_k—l(z)a k:O,l,Q,...
m_1(2) =0, me(z) =1

where o, = o (d)\) € R, 7 = Ji(dA) > 0 (if dX is positive)
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Three-Term Recurrence Relation

7Tk+1(Z) — (Z— k)ﬂ'k(Z)— kﬂ_k—l(z)a k:O,l,Q,...
m_1(2) =0, me(z) =1

where o, = o (d)\) € R, 7 = Ji(dA) > 0 (if dX is positive)
Darboux formulae

t

= U)o g
(Wkaﬂ'k)dA

- (78, Tk ) an k=12

(7Tk—17 7Tk—1)dA
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Three-Term Recurrence Relation

7Tk+1(Z) — (Z— k)ﬂ'k(Z)— kﬂ_k—l(z)a k:O,l,Q,...
m_1(2) =0, me(z) =1

where o, = o (d)\) € R, 7 = Ji(dA) > 0 (if dX is positive)
Darboux formulae

t

= U)o g
(Wkaﬂk)dA

- (78, Tk ) an k=12

(7Tk—17 7Tk—1)dA

convention: o = [, dA(t)
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Jacobl matrix

of infinite order

o V1 0
VB a1 VP

J oo = Joo(dN) := NI s 3
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Jacobl matrix

of infinite order

_ - -
VB a1 /B2
J oo = Joo(dN) := NI s 3
= O -

of finite order

Jp = Jp(dN) = [T oo (dN)][1:n,1:0]

ModAlag = p. 4/7



Jacobl matrix

of infinite order

o V1 0
VB a1 V[
J oo = Joo(dN) := v/ B2 s 3
| 0 -

of finite order
Jn — Jn<d)\) L= [Joo(d)\)][ln,ln]

The n-point formula for )\ is computable
from the eigenvalues and first components of the corresponding
normalized eigenvectors of J,, (Golub and Welsch, 1969)
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Cauchy integrals of orthogonal polynomials

pn(2) = pulz;dN) = / (£ 0N

R 2—1

dA(t), n >0, z € C\|a,b]

Theorem If the moment problem for d\ is , and
z € C\|a, b], then the sequence p_1(z) = 1, po(2), p1(2), ... isa
minimal solution of the basic three-term recurrence relation, i1.e.,

lim pn(2)

n—oo yn

=0

for any solution {y, } linearly independent of {p,,}. Moreover,

pn(Z) _ n n-+1 n-+2 . TLZO
pn—l(z) & —lp— & —lp4l — <& — Uip42 —
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Continued Fraction Algorithm

Problem compute p,(z) for z € C\|a,b], n=0,1,2,... N
Solution define r,, = p,11(2)/pn(2) and letv > N
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Continued Fraction Algorithm

Problem compute p,,(2) for z € C\|a,b], n=0,1,2,... N
Solution define r, = p,11(2)/pn(2) and letv > N

Tn_1 = , n=v,v—1,...,0

p-1(2) =1, pu(2) =rp_1pn_1(2), n=0,1,...N
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Continued Fraction Algorithm

Problem compute p,,(2) for z € C\|a,b], n=0,1,2,... N
Solution define r, = p,11(2)/pn(2) and letv > N

Tn_1 = , n=v,v—1,...,0

p-1(2) =1, pu(2) =rp_1pn_1(2), n=0,1,...N

T[VV:())T,,[;/_l: R n=v,v—1...,0
2 — Oy — T

p[f]l = pgj] = r,,[zyllpq[f]_l, n=01...,N
Fact under the assumptions of the Theorem,
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Modification algorithms

Problem: given the recurrence coeffi cients of d ),
generate those of

A

dA(t) = r(t)dA(t), r > 0 on supp(d)), rational
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Modification algorithms

Problem: given the recurrence coeffi cients of d ),
generate those of

AN(t) = r(¢)dA(t), > 0 on supp(d)), rational
Example: Galant, 1971
r(t) =s(t —c), c&R\supp(d)), s==1
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Modification algorithms

Problem: given the recurrence coeffi cients of d ),
generate those of

AN(t) = r(¢)dA(t), > 0 on supp(d)), rational
Example: Galant, 1971
r(t) =s(t—c), c€R\supp(d)), s==+1

one step of (symmetric, snifted) LR agorithm:
[T p41(dN\) — eIl = LL*
Jn(d\) = (LTL + I)

[1:n,1:n)]

nonlinear recurrence algorithm
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generalized Christoffel theorem (Uvarov, 1969)
dA(t) = SN, u(t) = £TTo, (= w), o(t) = [T (¢ — v,)

ModAlag = p. 8/7



generalized Christoffel theorem (Uvarov, 1969)

dA(t) = SN, u(t) = £TTo, (= w), o(t) = [T (¢ — v,)
Let m < n. Then
w(t)m, (t; d\) = const X

Tn-m(t) -+  Taoa(l) Ta(t) 0 Tnyel(t)

7Tn—'m(u1> e 7Tn—l(ul) 7Tn(ul) T 7Tn+€(ul)
Wn—m(uﬁ) T 7Tn—l(uﬁ) Wn(uﬁ) e 7Tn+€<u€)
Pr—m(V1) o ppoa(Vi)  palvr) o0 pate(vr)
pn—m(vm) T Pn—l(vm) pn(vm) T pn+€(vm)

where
on(2) = [ ZEN q\@), k=0,1,2,... .0
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generalized Christoffel theorem (Uvarov, 1969)

dA(t) = SN, u(t) = £TTo, (= w), o(t) = [T (¢ — v,)
Let m < n. Then
w(t)m, (t; d\) = const X

Tn-m(t) -+  Taoa(l) Ta(t) 0 Tnyel(t)

7Tn—'m(u1> e 7Tn—l(ul) 7Tn(ul) T 7Tn+€(ul)
7Tn—m(uﬁ) T 7Tn—l(uﬁ) Wn(uﬁ) e 7Tn+€<u€)
Pr—m(V1) o ppoa(Vi)  palvr) o0 pate(vr)
pn—m(vm) T Pn—l(vm) pn(vm) T pn+€(vm)

where
on(2) = [ ZEN q\@), k=0,1,2,... .0

Christoffel’s theorem: m = 0
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Theorem (Uvarov, 1969) Let m > n. Then
u(t)m,(t; d)\) = const X

o 0 --- 0 mo(t) -+ Tpae(t)

o 0 --- 0 mo(uy) -+ mpae(uq)
o 0 --- 0 mo(ue) -+ mhae(up)
1w - o po(vr) co pnge(vi)
1 vy - Urnr:_n_l Po(Um) *+* Pnte(Um)

where p,(2) is the Cauchy integral defined previously. [
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Theorem (Uvarov, 1969) Let m > n. Then
u(t)m,(t; d)\) = const X

o 0 --- 0 mo(t) -+ Tpae(t)

o 0 --- 0 mo(uy) -+ mpae(uq)
o 0 --- 0 mo(ue) -+ mhae(up)
1w - o po(vr) co pnge(vi)
1 vy - Urnr:_n_l Po(Um) *+* Pnte(Um)

where p,(2) is the Cauchy integral defined previously. [

The generalized Christoffel theorems remain valid for complex
uy, v, 1If orthogonality is understood in the sense of formal
orthogonality.
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linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

7Tn(t) 7Tn+1(t)
Tn(2) Tnt1(2)

—Tn(2)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

ModAla = p. 10/2



linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

Tn (t) Tn+1 (t)
Tn(2) Tnt1(2)

—Tn(2)

7Tn+1(z)
Tn(2)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

write (t — z)tme(t) in two ways (Verlinden, 1999)
(t — Z)tﬁ'k(t) — t7Tk_|_1(t) — TL - tﬂ'k(t)

=Tp42(8) (k1 —7r)Trr1 (O)+(Thp1—rr k)T () =Tk TkTE—1(2)

A

(t = 2)t7n(t) = (t = 2)[Trrs + Onfe(t) + e ()]

= T2 () (k=T 1) o1 )+ (=75 )T () —Th—1 mr—1(2)
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linear factor d\(t) = (t — 2)d\(¢), z € C\a, }]
Christoffel:

Tn (t) Tn+1 (t)
Tn(2) Tnt1(2)

—Tn(2)

7Tn+1(z)
Tn(2)

(t—2)m,(t) = = Tpa1(t)—Tnmn(t), r, =

write (t — z)tme(t) in two ways (Verlinden, 1999)
(t — Z)tﬁ'k(t) — t7Tk_|_1(t) — TL - tﬂ'k(t)

=Tp42(8) (k1 —7r)Trr1 (O)+(Thp1—rr k)T () =Tk TkTE—1(2)

A

(t — 2)te(t) = (€ — 2)[Ter1 + Qefe(t) + IpFp—1(2)]
= T2 () (k=T 1) o1 )+ (=75 )T () —Th—1 mr—1(2)
comparison:

AN

E— Tk+t1 = Ck+1 — Tky Tk—1 =Tk k
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Algorithm modifi cation by alinear factor ¢t — =
Initialization:
o — < — (Xp, " — 2 — (/1 — 1/T0,

A

0= ('1 +T1— To, 0= —To 0
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Algorithm modifi cation by alinear factor ¢t — =

Initiali zation:

o =< — oo, T1==r—01— 1/7"07
Yo = a1 + 11 — T, 0= —T0 "0
continuation (if n > 1): fork=1,2,....n—1do
k411 = & — a1 — kz+1/"“k:>
Vg = Qg+l + Tkl — Tk,

A

L= Tk /TE_1
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Algorithm modifi cation by alinear factor ¢t — =
Initialization:
o — < — (Xp, " — 2 — (/1 — 1/T0,

A

0= ('1 +T1— To, 0= —To 0

continuation (if n > 1): fork=1,2,....n—1do

k41 — 2 — Qg1 — k+1/Tk>
Vg = Qg1 + Tkl = T
v = BrTr/Th—1
Matlab
ab=chri 1(N, ab0, z)
see:

http://ww. cs. purdue. edu/ archi ves/ 2002/ wxg/ codes
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Algorithm quadraticfactor (t —2)?+4y? = (t—2)(t — %)
Initialization:
'o=%~—0o0, 1 =2 — i1 — 1/7°0> ro = <2 — (g — 2/7“1,

/ ,',,/2/ / / Tlll /
0 =02 TTyT T — |\T1 T 7o),

—7
7o

Ao = o1 + |rol?)
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Algorithm quadraticfactor (t —2)?+4y? = (t—2)(t — %)
Initialization:

& — 0 — 1/7’077“222— 2 — 2/7“17

=
o

|
N
|
S
=
[
|

AN / r / / r
0 — 2+T2+%T1_(T1‘|— }/To)

continuation (if n > 1): fork =1,2,...,n—1do

T'k+o = 2 — (k42 — k+2/7“k+1,
N . k—|—2 !/ 7nk;—i—l
k= (gt2 T Tk+2 T " Tk+1 (Tk+1 T v Tk)
N 2
. "“llé+1"“g—1 Tk
k= Uk [7“%]2 Tk—1
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Algorithm quadraticfactor (t —2)?+4y? = (t—2)(t — %)
Initialization:

& — 0 — 1/7’077“222— 2 — 2/7“17

=
o

|
N
|
S
=
[
|

N / ’I"” / / Tr
0 — 2—|—7"2—|—%7"1— (Tl‘l_ }/To)

continuation (if n > 1): fork =1,2,...,n—1do

T'k4+2 — 2 — (k42 — k+2/7“k+1,
N . k—|—2 !/ 7nk;—i—l
k= (gt2 T Tk+2 T " Tk+1 (Tk+1 T v Tk)
N 2
. "“k+1"“k—1 T
k= kT2 Th—1

Matlab ab=chri 2(N, ab0, x, y)
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special quadratic factor d\(¢) = (¢ — z)2d\(¢), z € R
. x IS often inside the support of d A
one step of the with shift

Jnt2(dN) — 2l = QR
Jn(d)\) — (RQ + xI)[l:n,l:n]
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special quadratic factor d\(¢) = (¢ — z)2d\(¢), z € R
. x IS often inside the support of d A
one step of the with shift
Jni2(dA) —al = QR
Jn(d)\) — (RQ T xI)[l:n,l:n]
higher-order factors
AA () = (¢ — 2)2™d\(¢)
m applications of the shifted QR algorithm applied to
J ntom (dN)
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special quadratic factor d\(¢) = (¢ — z)2d\(¢), z € R
. x IS often inside the support of d A
one step of the with shift

Jpio(d)) —al = QR
Jn(dN) = (RQ + 2T )fn1:n]
higher-order factors
AA () = (¢ — 2)2™d\(¢)
m applications of the shifted QR algorithm applied to
Jprom(dA)
AN(t) = (t — 2)2™HAN(E), z € R\|a,b]
m applications of the shifted QR algorithm applied to

J nt+2m+1(dN) followed by one step of the symmetric,

snifted LR agorithm

ModAla = p. 13/7



linear divisor d\(¢t) = 28 2 e C\[a, b

t—z
generalized Christoffel:

Tn—1(t) 7n(t)
pn—1(2) pn(z)

__pn—l(z)

_ pn+l(z)
pn(z)

Ta(t) = = Tn(t) — rn_1mn_1(t), Tn
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linear divisor d\(t) = 28 2 e C\la, b]

t—z
generalized Christoffel:

Tn—1(t) m™n(t)
pn—1(2) pn(z)

__pn—l(z)

Algorithm modification by a linear divisor ¢t — z
Initialization:

_ pn+1(2)
pn(z)

Ta(t) = = Tn(t) — rn_1mn_1(t), Tn

Yo = Qg + T, Ao = —po(2)

continuation (if n > 1): fork =1,2,...,n—1do

A

k= Ok + Tk — Tk—1,

A

k= k—17°k—1/7”k—2
computation of the r;: continued fraction algorithm
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linear divisor d\(t) = 28 2 e C\la, b]

t—z
generalized Christoffel:

Tn—1(t) m™n(t)
pn—1(2) pn(z)

__pn—l(z)

Algorithm modification by a linear divisor ¢t — z
Initialization:

_ pn+1(2)
pn(z)

Ta(t) = = Tn(t) — rn_1mn_1(t), Tn

Yo = Qg + T, Ao = —po(2)

continuation (if n > 1): fork =1,2,...,n—1do
Vp = Qg + Tg — Tp_1,
Ak:: k—1Tk—1/Tk—2
computation of the r;: continued fraction algorithm
Matlab

[ ab, nu] =chri 4(N, abO0, z, eps0, nuO, nunax, r hoO, | opt)
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quadratic divisor d\(f) = w=540—, z =z + iy

notations

2
T’I’L:—
(), 7 ,r//l 5
. _ n—
Sn:_(n1+n2n—2>7n>17 tn—ﬂ‘rn—ﬂ)nZQ

ModAla = p. 15/2



quadratic divisor d\(t) = o=, 2 == + iy
notations

Ty = —p”“(z) =7/ +ir

S I

Sn:—(’ + ;’;;r;_2>,n21, S é:l 7 —2]%, m > 2
Algorithm
Initialization:

o = =+ pby/pg,  Bo = —P5/Y;

V1 = (1 — S+ s, A1= 1 + s1(cp — &) — 2o,

A

9 = (19 — S3 + Sag, o = lJg 4+ s9(0y — (o) — t3 + to

A
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quadratic divisor d\(f) = w=540—, z =z + iy

notations

frn_p”+—(1()z) rt +ir!

Sn:—(’ + Z;r;_2>,n21; tnzié—:;\rn_gﬁ n > 2
Algorithm
Initialization:

Yo =+ poy/po, = —p0/Y;

Y1 = Q1 — 83 + 81, A1: 1 + s1(g — Gq) — 2o,

A

Vg = (19 — 83 + 89, o = lJg 4+ s9(0y — (o) — t3 + to

continuation (ifn > 3):fork=3,4,...,n—1do

A
A

k — Qg — Skg+1 + Sk, L= Up_otr/ti_q
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quadratic divisor d\(f) = w=540—, z =z + iy

notations

Ty = p”*—(l()z) rl 4+ ir!
Sn:—(’ + Z,;r;,b_2>,n21; tnzié—:;\rn_gﬁ n > 2
Algorithm
Initialization:
Yo =T+ poy/ po, = —po/Y,
Y1 = Q1 — 83 + 81, A1: 1 + s1(g — Gq) — 2o,

A

0 = (vg — 83 + Sg, o = o+ 82(0y — (o) — 3+t
continuation (ifn > 3):fork=3,4,...,n—1do

A

A

A

k — Qg — Skg+1 + Sk, L= Up_otr/ti_q

Matlab
[ ab, nu] =chri 5(N, ab0, z, eps0, nuO, nunmax, r hoO, | opt)
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Applications

constrained least squares approximation

Problem given afunction f on |a, b] and adiscrete
(positive) N-point measure d Ay on |a, b, find p € B,,
n < N, such that

| f —pH?uN = min
subject to
p(sj)=f;, 7=12,....,m; m<n,

where s, are distinct pointsin [a, b|.
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Applications

constrained least squares approximation

Problem given afunction f on |a, b] and adiscrete
(positive) N-point measure d Ay on |a, b, find p € B,,
n < N, such that

| f —pH?uN = min
subject to

p(sj)=f;, 7=12,....,m; m<n,
where s, are distinct pointsin [a, b|.

simplifying assumption the s, are different from the support
points of d )y
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Solution reduction to an problem: write
p(t) = pm(f;t) + on(t)q(t), q € P,_.,, Where

om(t) = I, (t — s;) and p,,.(f; - ) € P,y is the polynomial
Interpolating f at the s;

ModAla =p. 17/2



Solution reduction to an problem: write

p(t) = pm(f;t) + on(t)q(t), q € P,_.,, Where
om(t) = I, (t — s;) and p,,.(f; - ) € P,y is the polynomial
Interpolating f at the s;

then , ,
|f =Pl = IIf —Pm(fs +) — omdll5,

= Ji [Hemti )] 02, (1))
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Solution reduction to an problem: write

p(t) = pm(f;t) + on(t)q(t), q € P,_.,, Where
om(t) = I, (t — s;) and p,,.(f; - ) € P,y is the polynomial
Interpolating f at the s;

then , ,
|f =Pl = IIf —Pm(fs +) — omdll5,

= Ji [Hemti )] 02, (1))

problem

|f* —qllaxy, =min, qeP,_,
where

Fr(8) = SOy (6) = o3 () ()

om (t)
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Solution reduction to an problem: write

p(t) = pm(f;t) + on(t)q(t), q € P,_.,, Where
om(t) = I, (t — s;) and p,,.(f; - ) € P,y is the polynomial
Interpolating f at the s;

then , ,
|f =Pl = IIf —Pm(fs +) — omdll5,

= Ji [Hemti )] 02, (1))

problem

|f* —qllaxy, =min, qeP,_,
where

Fr(8) = SOy (6) = o3 () ()

om (t)

— multiplication of d )y by m quadratic factors (¢ — s,)?

ModAla =p. 17/2



Example Bessel function f = J; on [0, jo 3]

S1 = Jo,1, S2 = Jo2 S3 = Jo3 —> ps(f; ) =0
Jo(t)

fr(t) = oa(2)’ o3(t) = (t — Jo,1)(t — Jo2)(t — Jo3)

e

ModAla = p. 18/2



Example Bessel function f = J, on |0, jo 3]
S1 = Jo,1, S2 = Jo2 S3 = Jo3 —> PS(fS ) =0

P =25 oalt) = (= doa)lt = doa)(t — jna)

forn—m=20,1,2

ModAla = p. 18/2



Example (continued)
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Example (continued)

p(0) =1, p'(0)=0
forn—m=20,1,2

ModAla = p. 19/2



A quadrature problem

_¢2

Gla,yia) = [, Jolat) =S dt

(t—z)2+y?
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A quadrature problem

_¢2

Gla,yia) = [, Jolat) =S dt

(t—z)2+y?
modifi cation of the by a quadratic divisor followed by
the algorithm to generate Gaussian quadrature formulae
for . 2
dA(t) = —= dt

(t—x)+y?

ModAla = p. 20/2



A quadrature problem

_ 2

Gz, y;a) = [~ Jof at)( S At

modifi cation of the by a quadratic divisor followed by
the algorithm to generate Gaussian quadrature formulae
for . 2

dA(t) = (t—i:)z—l—y2 dt

Example z=0,y=0.1,a=17.5

Modified Hermite
o
187 .
15 56t

15
15 963
15 8¢
15 0
158 B

m

n

R R
n

mp

Bl Bl B2 B
by B B3 B
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