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The function of Hardy and Littlewood

summation procedure of Lambert Hardy and
Littlewood (1936): there exist infinitely many x with
xr — oo such that

H(z) > C(loglog z)'/?
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The function of Hardy and Littlewood

summation procedure of Lambert Hardy and

Littlewood (1936): there exist infinitely many x with
xr — oo such that

H(z) > C(loglog z)'/?

complete monotonicity C. Berg and H. Alzer (work

In progress): complete monotonicity for all m of
—[z™pt™) ()] is equivalent to H(z) > —Z
Ismalil and Clark (2003): true if m = 2,3, ..., 16
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Summation by integration (G. and Milovanovic, 1985)

S=30 an ap = (Lf)(k)
where

(Lf)(s) = [, e~ f(t)dt
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Summation by integration (G. and Milovanovic, 1985)

S =300 ak,  ax = (Lf)(k)
where

(Lf)(s) = [, e~ f(t)dt

S =2 (LhHk) =202, [ e f(t)
— fooo 2211 e~ (b1t e " f(t)dt
— fooo 1—e— _tf fo 1—e—t t e~'dt
polesat +2uim, un=1,2,3,...

Hardv-Littlewood = n. 4/7



Progress report #1
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The HL-function for 0 < 2 < 100
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A guadrature problem

f]R g(t)dA(t) = EZ:l Avg(Tv) + Ra(g)

determine \,, 7, such that R,,(¢g) = 0if g € S5,
where

SZn — Qm D IP)2n—m—17 0<m<2n
Py,,—m—1 = polynomials of degree < 2n —m — 1

Q,, = rational functions with prescribed poles
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A guadrature problem

f]R g(t)dA(t) = EZ:l Avg(Tv) + Ra(g)

determine \,, 7, such that R,,(¢g) = 0if g € S5,
where

Sop, = Qp, @ Pop—m—1, 0<m <2n

Py,,—m—1 = polynomials of degree < 2n —m — 1

Q,, = rational functions with prescribed poles
specifically:

Q,, = span {’r'(t) = ngﬂt, = 1,2,...,m}
¢, €C, (,#0, 14 (,t+# 0onsupp(d))
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Theorem (G., 2000; Vanherwegen et al., 2000)

Let w,(t) = [ 1,1 (1 + (ut). Assume the existence of
a (polynomial) Gauss formula

Jpog®2U =57 XGg(7C), g€ P,
Then

G G\ \CG
T, =T, A =wn(rt, )\, v=12,...,n,

14

yields the desired formula.
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Theorem (G., 2000; Vanherwegen et al., 2000)

Let w,(t) = [ 1,1 (1 + (ut). Assume the existence of
a (polynomial) Gauss formula

Jpog®2U =57 XGg(7C), g€ P,

Then

=70, A =wna(tHNS, v=1,2...,n,
yields the desired formula.
m even, CN:::ZMLW,/L: 1,2,...,m/2

wom(t) = [T (1 : 4;;2) > 0on R
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Progress report #2
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The HL-function for 900 < 2 < 1000
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Construction of Gauss quadrature rules

Jrg)do(t) =225 0v9(T.), g € Pon
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Construction of Gauss quadrature rules

Jrg)do(t) =225 0v9(T.), g € Pon

orthogonal polynomials

mi(t) = mp(t;do) « [ me(t)me(t)do(t) = 0if k # ¢

T, = zeros of 7Tn( ,da)
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Construction of Gauss quadrature rules

f]R g(t)do(t) = ZZ:1 0,9(Tv), g € Py

orthogonal polynomials

mi(t) = mp(t;do) « [ me(t)me(t)do(t) = 0if k # ¢

T, = zeros of 7Tn( ,da)
three-term recurrence relation

Tre1(t) = (8 — ap)mi(t) — Bemr—1(1),
7T_1(t) — O, 7T()(t) =1

where o = ay(do), Br = Gr(do), and by convention
= [ do(t)

Hardv-Littlewood = n. 9/7



J,(do)

677,—1

672—1

Ap—1
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a0 VA 0
\/E 'y \/E
J,(do) = R
. i Bn—1
L 0 677,—1 Up—1 |

Theorem (Golub & Welsch, 1969) The Gauss nodes
7, arethe eigenvalues of J ,,,

J,(do)v, = v, viv, =1,

vV

and the Gauss weights o,, given by
Oy = 60,03717 Uy = [Uy,la S ]T-
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Progress report #3
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Computation of recurrence coefficients

approximation of do by a discrete /N-point measure
dO’N

fR Zk | wep(tg) = fR (t)don (1)
then

Ckk(d()') ~ Ozk(dO'N), ﬁk(d(}') ~ ﬁk(dO'N)

(discrete) inner product

(u,0)n = Jpu(t)o(t)don(t) = 323 wputy)o(ty)
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(t7k, 7)) N

Bo = (

(TN

0, WO)Na
(7‘-/677-‘-]6)]\[

6]62(

7Tk—1,7Tk—1)N
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(I1)
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_ (tme,me) N _ o
A — GEONE k—o,l,...,n 1,

([) Bo = (7707770)N7
5k:((”k’”k)N , k=12....n—1

7Tk—1,7Tk—1)N

(1) M1 (t) = (8 — )i (8) — Bemi—1(7)
Stieltjes’s procedure

Wozlgaoyﬁou:[;ﬁg@l,@g'“

I
% p—1, 677,—1
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Progress report #4
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The HL-function for 99, 900 < z < 100, 000
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Back to Hardy-L.ittlewood
H(z) =72 ax(x), ap(x) =7 sins
general term as a Laplace transform
%ex/s = ( ]0(2\/7)) (s), Ip = modified Bessel
% sin% _ 1 QL (eix/s . e—ix/s)
—  ax(z) = (Lf)(k),
f(¢) = f(t;z)
% [1o(2Vixt) — In(2v/—ixt)]
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The function f
pOWer series

u2k—|—1

f(t; x)

lim = I
t—0 t
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The function f
pOWer series

f(t; x)

lim = I
t—0 t

Integral representation

f(t; x) / mcosesm(\@cos 0)do

composite trapezoidal rule
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HL-function (cont’)

t
quadrature approximation

H(:C)%Zn N\, T f(1,;)
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HL-function (cont’)

quadrature approximation

H(ZE)%ZW’ N\, T f(1,;)

polynomial/rational Gauss with

Qn: m=2[(n+1)/2]
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HL-function (cont’)

quadrature approximation

H(Qj) ~ 27521 )\ Ty f(1,;7)

polynomial/rational Gauss with
Qn: m=2[(n+1)/2]

performance with error tolerance %10—6
x 10 25 50 75 100

n 20 35 55 75 95
#ofdigitslost| 1 4 10 15 20

Hardv-Littlewood = p. 17/2



Progress report #5 (smoking gun?)

X

The HL-function for 999, 900 < z < 1, 000, 000
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Direct summation with acceleration

Assume x > 1 and letn = |z|
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Euler-Maclaurin summation

71-_2 B Zn 1 - Bg B4 | B5
§ k=1 k2 — n+l1 (n+1)2 ' (n+1)3
L By | . __Bio
(n+1)> ' ' (n+1)12
ﬁ_zn 1 o _ B B, 2By | 5By
90 k=1 k* — 3(n+1)3 (n+1)%t ' (n+1)5 ' (n+1)7
' 3(n+1)? T (n+1)11 T (n41)13
where
_ . 1 1 5
B0_17 Bl__§7 32_67 7310_%

are the Bernoulli numbers
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Progress report #6

The HL-function for 9, 999, 900 < z < 10, 000, 000
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Progress report #/

The HL-function for 99, 999, 900 < x < 100, 000, 000
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Kommt Zeit, kommt Rat . . .
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