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Abstract

Orthogonal polynomials, unless they are classical, requir special
technigues for their computation. One of the central problans is to
generate the coe cients in the basic three-term recurrencerelation
they are known to satisfy. There are two general approachesof do-
ing this: methods based on moment information, and discretiation
methods. In the former, one develops algorithms that take asnput
given moments, or modi ed moments, of the underlying measue and
produce as output the desired recurrence coe cients. In thery, these
algorithms yield exact answers. In practice, owing to roundng errors,
the results are potentially inaccurate depending on the nunerical con-
dition of the mapping from the given moments (or modi ed moments)
to the recurrence coe cients. A study of related condition numbers
is therefore of practical interest. In contrast to moment-based al-
gorithms, discretization methods are basically approximae methods:
one approximates the underlying inner product by a discreteinner
product and takes the recurrence coe cients of the correspading dis-
crete orthogonal polynomials to approximate those of the dsired or-
thogonal polynomials. Finding discretizations that yield satisfactory
rates of convergence requires a certain amount of skill andreativity
on the part of the user, although general-purpose discretiations are
available if all else fails.

Other interesting problems have as objective the computatbn of
new orthogonal polynomials out of old ones. If the measure ahe new
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orthogonal polynomials is the measure of the old ones multiled by a
rational function, one talks about modi cation of orthogon al polyno-
mials and modi cation algorithms that carry out the transit ion from
the old to the new orthogonal polynomials. This enters into acircle
of ideas already investigated by Christo el in the 1850s, bu e ective
algorithms have been obtained only very recently. They reqire the
computation of Cauchy integrals of orthogonal polynomials| another
interesting computational problem.

In the 1960s, a new type of orthogonal polynomials emerged |
the so-called Sobolev orthogonal polynomials | which are based on
inner products involving derivatives. Although they present their own
computational challenges, moment-based algorithms and diretiza-
tion methods are still two of the main stocks of the trade. The com-
putation of zeros of Sobolev orthogonal polynomials is of pdicular
interest in practice.

An important application of orthogonal polynomials is to qu adra-
ture, speci cally quadrature rules of the highest algebrac degree of
exactness. Foremost among them is the Gaussian quadratureile and
its close relatives, the Gauss{Radau and Gauss{Lobatto ruts. More
recent extensions are due to Kronrod, who insert$1+1 new nodes into
a given n-point Gauss formula, again optimally with respect to degree
of exactness, and to Tuan, who allows derivative terms to gpear in
the quadrature sum. When integrating functions having poles outside
the interval of integration, quadrature rules of polynomial/rational
degree of exactness are of interest. Poles inside the inteal of in-
tegration give rise to Cauchy principal value integrals, whch pose
computational problems of their own. Interpreting Gaussian quadra-
ture sums in terms of matrices allows interesting applicatons to the
computation of matrix functionals.

In the realm of approximation, orthogonal polynomials, especially
discrete ones, nd use in curve tting, e.g. in the least squaes ap-
proximation of discrete data. This indeed is the problem in which
orthogonal polynomials (in substance if not in name) rst appeared in
the 1850s in work of Chebyshev. Sobolev orthogonal polynorals also
had their origin in least squares approximation, when one tres to t si-
multaneously functions together with some of their derivatives. Phys-
ically motivated are approximations by spline functions that preserve
as many moments as possible. Interestingly, these also arelated to
orthogonal polynomials via Gauss and generalized Gauss+bhe quadra-
ture formulae. Slowly convergent series whose sum can be exgssed



as a de nite integral naturally invite the application of Ga uss-type
quadratures to speed up their convergence. An example are ises
whose general term is expressible in terms of the Laplace trsform
or its derivative of a known function. Such series occur prormently
in plate contact problems.
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PART la ORTHOGONAL POLYNOMIALS

1 Recurrence coe cients

1.1 Background and Notations

Orthogonality is de ned with respect to an inner product, whch in turn
involves a measure of integration, d. An absolutely continuousneasure has
the form

d ()= w(t)dt on[a;g; 1 a<b 1 ;

wherew is referred to as aveight function Usually, w is positive on @; b), in
which case d is said to be apositive measureand [a; i is called thesupport
of d . A discrete measuréhas the form

h\
d n(t)= Wi (t xe)dt; X3 <Xp2<  <Xy;
k=1

where is the Dirac delta function, and usuallyw, > 0. The support of d y

consists of itsN support points x;;X,;:::;Xy. For absolutely continuous
measures, we make the standing assumption that attoments
Z

= t'd (t); r=0;12:::;
R

exist and are nite. The inner product of two polynomials p and g relative
to the measure d is then well de ned by
z

(P;da = p(t)g(t)d (t);
R
and the norm of a polynomial p by

p__
kpkg = (P;P)a :
Orthogonal polynomialsrelative to the (positive) measure d are de ned by

«( )= «( ;d ) apolynomial of exact degred; k=0;1;2;:::;



: =0; k6 7
( ks \)d > O, k="
They are uniquely de ned up to the leading coe cient, if d is absolutely

continuous, and are calledmonic if the leading coe cient is equal to 1.
For a discrete measure dy, there are exactlyN orthogonal polynomials

gy kCsd )
ik ( ,d)—ikkkd  k=0:1;2:0

They satisfy
: _ _ 0 k&7
(~k!~\)d - ki - 1, k="
Examples of measures resp. weight functions are shown in Teb 1 and
2. The former displays the most important \classical" weighfunctions, the
latter the best-known discrete measures.

Table 1: \Classical" weight functions d (t) = w(t)dt

name w(t) support comment
Jacobi a t)y (1+1) [ 1;1] > 1,
> 1
Laguerre t et [0;1] > 1
Hermite jtji2 et [1 ;1] > 1
Meixner- e =) ( +it)j2 [1 ;1] > 0,
Pollaczek O< <

1.2 Three-term recurrence relation

Foranyn(<N 1ifd =d y),the rst n+1 monic orthogonal polynomials
satisfy a three-term recurrence relation

k() =(t ) k() ok ka(t); k=0;L::5n 1

(1.1)
() =0;  o(t)=1;
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P
Table 2: \Classical" discrete measures dt) = ﬁ”zo we (t k)dt

name M W comment
discrete N 1 1
Chebyshev

Krawtchouk N " pr@ pNE O<p<1

Charlier 1 e 2ak=kl a>0
Meixner 1 (C—k)% O<c< 1 >0
+k +N —k .
Hahn N K N—k > 1. > 1
where the recurrence coecients ¢ = (d ), x = «(d ) are real and

positive, respectively. The coe cient o in (1.1) multiplies _-; = 0, and
hence can be arbitrary. For later use, it is convenient to dee
Z

(1.2) 0= o(d )= d(b):

R

The proof of (1.1) is rather simple if one expandsy+1 (t) t «(t) 2 Py

obvious, but important, property (tp;q)¢ = (p;tg)q of the inner product.
As a by-product of the proof, one nds the formulae of Darboux

k(d)=7(t SHDL , k=0;L2::;
(1.3) ( _k)d
k(d):—( 6 k=120
( k-1 k-1)d
The second yields
(14) k kks = 01 K-

Placing the coe cients | on the diagonal, ano’O ~« on the two side diagonals



of a matrix produces what is called thelacobi matrix of the measure d,
2 P — 3

(1.5) Jd )= 2 2

0

It is a real, symmetric, tridiagonal matrix of in nite order, in general. Its
principal minor matrix of order n will be denoted by

(1.6) Jn(d )= 30 nrnp

Noting that the three-term recurrence relation for the orttonormal poly-
nomials is

pﬂml(tﬁ(t O=c® P i k=012

1.7) p_
~—1(t) =0; ~(t)=1= o

or, in matrix form, with ~(t) = [~o(t); ~2(t);:::; ~n—1(D],

L.8) =)= 30 )0+ onen:

one sees thathe zeros of ~,( ;d ) are precisely the eigenvalues df,(d ),
and ~( ) corresponding eigenvectorsThis is only one of many reasons why
knowledge of the Jacobi matrix, i.e. of the recurrence coeients, is of great
practical interest. For classical measures as the ones inblas 1 and 2, all
recurrence coe cients are explicitly known (cf. Ga04, Takds 1.1 and 1.2). In
most other cases, they must be computed numerically.

In the OPQackage, routines generating recurrence coe cients havée
syntax ab=r_name&N), where name identi es the name of the orthogonal
polynomial and Nis an input parameter specifying the number of  and of

x desired. There may be additional input parameters. Thes and s are
stored in the N 2 array ab:

N 2 N.




For example, ab=r_jacobi(N,a,b)

generates the rst N recurrence coe -

cients of the Jacobi polynomial with parameters =a, =bh.

The rst ten recurrence coe cients for the Jacobi polynomids

with parameters = 3, =3
The Matlab command, follo
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wed by the output, is shown in the bobelow.

>>
ab

ab=r_jacobi(10,-.5,1.5)

6.666666666666666e-01
1.333333333333333e-01
5.714285714285714e-02
3.174603174603174e-02
2.020202020202020e-02
1.398601398601399e-02
1.025641025641026e-02
7.843137254901961e-03
6.191950464396285e-03
5.012531328320802e-03

4.712388980384690e+0
1.388888888888889¢e-01
2.100000000000000e-01
2.295918367346939e-01
2.376543209876543e-01
2.417355371900826e-01
2.440828402366864e-01
2.455555555555556e-01
2.465397923875433e-01
2.472299168975069e-01

2 Modied Chebyshev algorithm

The rst 2n moments o; 1;:::; »n—1 Of @ measure d uniquely determine
the rst nrecurrence coe cients ¢(d )and y(d ),k=0;1;:::;n 1. How-
ever, the corresponding moment mag?" 7! R?" : [ (2251 71 [ ; iy is
severely ill-conditioned whem is large. Therefore, other moment maps must
be sought that are better conditioned. One that has been stigtl extensively
in the literature is based onmodi ed moments
z

(2.1) me=  p(td (1); k=0;L2:::;

R
where fpg, px 2 Py, is a given system of polynomials chosen to be close
in some sense to the desired polynomials ,g. We assume thatpy, like ,
satis es a three-term recurrence relation

b k—1(t);
Po(t) =1,

ay ) Pk (t) k=0;12:::;

p-1(t) =0;
but with coecients a, 2 R, h¢ 0, that are known. The casea, = b, =0

yields powersp(t) = tX, hence ordinary moments ,, which however, as
already mentioned, is not recommended.

2.2) P () = (1
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Figure 1. Modi ed Chebyshev algorithm, schematically
Computing stencil

k 4
k|
[ ORO
e [0 @ o
][0 @« @ © @
o @] @ © © © © @ |
- So1=M
TOOO 0 00 00¢ -~— 5 ,,=0
0 2n—-1
The modi ed moment map
(2.3) R™7VR™: M2 7! [« ki

and related maps have been well studied from the point of vieaf condi-
tioning (cf. Ga04, x2.1.5 and 2.1.6). The maps are often remarkably well-
conditioned, especially for measures supported on a nitaterval, but can
still be ill-conditioned otherwise.

An algorithm that implements the map (2.3) is themodi ed Chebyshev al-
gorithm (cf. Ga04,x2.1.7), which improves on ChebysheV's original algorithm
based on ordinary morr%ents. To describe it, we need tmeixed moments

(2.4) = k(t;d )p(d (t); k- 1;

R
which by orthogonality are clearly zero if <k .

Algorithm 1 Modi ed Chebyshev algorithm

initialization:
0 = 8p + M1=Mp; 0= Mpo;
1 =0; "=1;2::5;2n 2
o =m; "=0;1::52n 1
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continuation (if n> 1): fork =1;2;:::;n 1do

K = k=141 (k=1 @) k-1 k=1 k-2
+b 11 =k;k+1;:::;2n k 1;
_ kk+1 K—1k . _ kk
K= &+ ; kK = :
kk k—1;"—1 k—1;k—1

If ax = b =0, Algorithm 1 reduces to Chebyshev's original algorithm.

Figure 1 depicts the trapezoidal array of the mixed momentsna the
computing stencil showing that the circled entry is compute in terms of the
four entries below. The entries in boxes are those used to qmme the s
and s.

The OPMMatlab command that implements the modi ed Chebyshev al-
gorithm has the form ab=chebyshev(N,mom,abm)where monis the 1 2N
array of the modi ed moments, andabmthe (2N 1) 2 array of the recur-
rence coe cients a, b, from (2.2) needed in Algorithm 1.:

[mo my[ma| [man|
mom
ag 0}
a by

an-—2 | n—2

abm

If the input parameter abmis omitted, the routine assumesy = b, = 0 and
implements Chebyshev's original algorithm.

\Elliptic" orthogonal polynomials
-

ese are orthogonal relative to the measure
d(@®=[1 !'*)@Q )]t on[ L1 0 !< L

To apply the modi ed Chebyshev algorithm, it seems natural @ employ
Chebyshev moments (i.e.px = the monic Chebyshev polynomial of degree
k) YA 1 Z 1

Mo = _1d 0 M= 5 _1Tk(t)d t); k L
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Their computation is not entirely trivial (cf. Ga04, Example 2.29), but a
stable algorithm is available asOPQoutine mnell.m , which for given N
generates the rst N modi ed moments of d with ! 2 being input via the
parameterom2 The complete Matlab routine is as follows:

function ab=r _elliptic(N,om2)
abm=rjacobi(2*N-1,-1/2);
mom=mati(N,om2);
ab=chebyshev(N,mom,abm)

For om2.999 and N=40, results produced by the routine are partially shown
in the box below.

ab =

9.682265121100620e+00Q
7.937821421385184e-01
1.198676724605757e-01
2.270401183698990e-01
2.410608787266061e-01
2.454285325203698e-01
2.473016530297635e-01
2.482587060199245e-01

T O00O0000O0o

2.499915376529289e-01
2.499924312667191e-01
2.499932210069769e-01

[elele)

Clearly, ! ‘—11 ask!1 , which is consistent with the fact that d belongs
to the Szege class (cf. Ga04, p. 12). Convergence, in fad, monotone for
k 2.

3 Discrete Stieltjes and Lanczos algorithm

Computing the recurrence coe cients of a discrete measurs & prerequisite
for discretization methods to be discussed in the next seoti. Given the
measure

X
(3.1) dnt)=  we (t x0dt

k=1

the problemistocompute . = (d n), ~ = (d n)forall n 1,
n N, which will provide access to the discrete orthogonal polpmials of
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degrees up ta, or else, to determine the Jacobi matriXd \ (d ), which will
provide access to all discrete orthogonal polynomials. Tieeare two methods
in use, a discrete Stieltjes procedure and the Lanczos alijom.

3.1 Discrete Stieltjes procedure

Since the inner product for the measure (3.1) is a nite sum,

X
(3.2) P;Day = WkP(Xk)A(Xk);

k=1

Darboux's formulae (1.3) seem to o er attractive means of coputing the
desired recurrence coe cients, since all inner products @garing in these
formulae are nite sums. The only problem is that we do not yeknow the
orthogonal polynomials y = . involved. For this, however, we can make
use of an idea already expressed by Stieltjes in 1884: congbiDarboux's
formulae with the basic three-term recurrence relation. kheed, whenk = 0
we know that on = 1, so that Darboux's formula for o(d ) can be
applied, and o(d y) is simply the sum of the weightsw,. Now that we know

o(d n), we can apply the recurrence relation (1.1) fok = 0 to compute

N (t) fort = x¢, k=1;2;:::;N. We then have all the information at hand
to reapply Darboux's formulae for .y and 1.y, which in turn allows us to
compute ,. (t) for all t = x¢ from (1.1). In this manner we proceed until
all N, N, n 1, are determined. Ifn = N, this will yield the Jacobi
matrix Jn(d n)-

The procedure is quite e ective, at least whem  N. As n approaches
N, instabilities may develop, particularly if the support ponts x, of d  are
equally, or nearly equally, spaced.

The OPQroutine implementing Stieltjes's procedure is called byab=
stieltjes(n,xw) , wheren N, and xwis anN 2 array containing the
support points and weights of the inner product,

X1 | W

X2 | W2

XN | WN
XW

14



As usual, the recurrence coe cients ., .n,0 n 1, are stored in
the n 2 array ab.

3.2 Lanczos's algorithm

Lanczos's algorithm is a general procedure to orthogonaltyidiagonalize a
given symmetric matrix A. Thus, it nds an orthogonal matrix Q and a
symmetric tridiagonal matrix T such that QTAQ = T. Both Q and T are
uniquely determined by the rst column of Q.

Given the measure (3.1), it is known that an orthogonal matk Q 2
RN+ <(N+1) exists, with the rst column being e; = [1;0;:::;0]" 2 RN*,
such that (see Ga04, Corollary to Theorem 3.1)

(3.3) 3 2 3
1 Pwm Pw P oL "o 0 0
Wi X1 0 0 0 po_ 1 0

O
_‘
=
N
o
X
N
o
O
I
o
-
-
o

P 0 0 XN 0 0 0 N1
where = kN, k= kKkn. We are thus in the situation described above,
where A is the matrix displayed on the left andT the matrix on the right,
the desired Jacobi matrixJ y (d ) bordered by a rst column and a rst row
containing . The computation can be arranged so that only the leading
principal minor matrix of order n + 1 is obtained.

Lanczos's algorithm in its original form (published in 1950is numeri-
cally unstable, but can be stabilized using ideas of Rutishaer (1963). An
algorithm and pseudocode, using a sequence of Givens ratag to con-
struct the matrix Q in (3.3), forms the basis for theOPQMatlab code
ab=lanczos(n,xw) , where the input and output parameters have the same
meaning as in the routinestielties.m

This routine enjoys good stability properties but may be cosiderably
slower than Stieltjes's procedure.
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4 Discretization methods

The basic idea is to discretize the given measure di.e. approximate it by
a discrete measure

(4.1) d(t) dn();

and then use the recurrence coe cients ¢(d n), «(d y) of the discrete
measure to approximate (d ), «(d ). The former are computed by ei-
ther Stieltjes's procedure or the Lanczos algorithm. The ectiveness of the
method is crucially tied to the quality of the discretization. We illustrate

this by a simple, yet interesting, example.

Examplel. Chebyshev weight function plus a constant,
wit)=1 t) ¥ +con[ L1, c>0:

It su ces to approximate the inner product for the weight function w.
This can always be done by using appropriate quadrature foutae. In the
case at hand, it is natural to treat the two parts of the weightfunction
separately, indeed to use Gauss{Chebyshev quadrature fdret rst part and

Gauss{Legendre quadrature for the second,
Z 1 Z 1

(PmAw=  pOg)( ) 7dt+c  p(t)gt)dt
-1 -1

(4.2)

w"pOM ™) + ¢ wip(xi) a(xy):
k=1 k=1

Here,xt", we" are the nodes and weights of th#/ -point Gauss{Chebyshev
quadrature rule, andxf, wt those of the Gauss{Legendre quadrature rule.
The discrete measure implied by (4.2) is dy with N =2M and

W W
(4.3) dnt)=  wd" (t x¢M+c wg (t xp):
k=1 k=1

What is attractive about this choice is the fact that the appioximation in
(4.2) is actually an equality whenever the producp qis a polynomial of
degree 2M 1. Now if we are interested in computing x(w), k(w) for
k n 1, then the productsp gthat occur in Darboux's formulae are all of
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degree 2n 1. Therefore, we have equality in (4.2) ih M. It therefore
su ces to take M = n in (4.2) to obtain the rst n recurrence coe cients
exactly.

In general, the quadrature rules will not produce exact re#ts, and N
will have to be increased through a sequence of integers untbnvergence
occurs.

Example 1 illustrates the case of a 2-component discretizan. In a gen-
eral multiple-component discretizationthe support [a;d of d is decomposed
into s intervals,

S

(4.4) @B = [a:h];

j=1

where the intervals § ;] may or may not be disjoint. The measure d is
then discretized on each intervald; ; ] using either a tailor-made quadrature
(as in Example 1), or a general-purpose quadrature. For thatter, a Fegr
quadrature rule on [ 1;1], suitably transformed to p;; ], has been found
useful. (The Fegr rule is the interpolatory quadrature famula based on
Chebyshev points.) If the original measure dhas also a discrete component,
this component is simply added on. Rather than go into detal (which are
discussed in Ga04x2.2.4), we present the Matlab implementation, another
illustrative example, and a demo.

The OPQoutine for the multiple-component discretization isab=mcdis
(n,eps0,quad,Nmax), where in addition to the variablesab and n, which
have the usual meaning, there are three other parameteeps0: a prescribed
accuracy tolerance,quad the name of a quadrature routine carrying out
the discretization on each subinterval if tailor-made (otkrwise,quadgp.m a
general-purpose quadrature routine can be usedymax a maximal allowable
value for the discretization parameteN. The decomposition (4.4) is input
via the mc 2 array

ap o}
a

ae | 22
amc | Bne

wheremcis the number of components (the in (4.4)). A discrete component
which may possibly be present in d is input via the array

17



X1 Y1
X
pw | 22|

with the rst column containing the support points, and the sscond column

the associated weights. The number of support points imp Both mcand

mp as well asABand DMare global variables. Another global variable igy ,

which has to be set equal to 1 if the user provides his or her owadrature

routine, and equal to O otherwise.

Example2. The normalized Jacobi weight function plus a discrete msare.
This is the measure

xP
d@®)=( )71 t) @+t)yd+ w (t x)dton[ 1;1]
j=1
where Z,
0= (@ H@E+nd > L > L
1

Here, one single component su ces to do the discretizatiorand the obvious
choice of quadrature rule is the Gauss{Jacol -point quadrature formula to
which the discrete component is added on. Similarly as in Ergle 1, taking
N = n yields the rst n recurrence coecients ¢(d ), x(d ),k n 1,
exactly. The global parameters in Matlab are herenc1, mpg=p, iq =1, and

X1 | Wq
_— X2 | W
ag-[1]1] Om
Xp | Wp
Logistic density function,
e—t
The discretization is conveniently e ected by the quadratee rule
: Ze o Ze pi)
t t) = = 7 _eidt + — =7 gt
LOTO= eyt ez ® ¢
PO B+ p(h).
(l+e- )2
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where [, k£ are the nodes and weights of thé\ -point Gauss{Laguerre
guadrature formula. This no longer produces exact result®f N = n, but
converges rapidly alN ! 1 . The exact answers happen to be known,

k(d )=0 by symmetry;
k4 2
o@)=1; )= g5 k L
Numerical results produced bymcdis.m with N=40, eps0=10° eps, along
with errors (absolute errors for , relative errors for ) are shown in the
box below. The two entries in the last row are the maximum errs taken

over0 n 39.

n n err err

0 1.0000000000(0) 7.18({17) 3.33({16

1 3.2898681337(0) 1.29({16) 2.70({16

6 8.9447603523(1) 4.52({16) 1.43({15

15 5.5578278399(2) 2.14({14) 0.00(+00Q)

39 3.7535340252(3) 6.24({14) 4.48({15)
6.24({14) ~ 8.75({15)

5 Cauchy integrals of orthogonal polynomials

5.1 The Jacobi continued fraction
The Jacobi continued fractionassociated with the measure dis

0 1 2

5.1 J=J(t;d)=
(5.1) (td)= > ———
where = (d ), k= «(d ). From the theory of continued fractions it
is readily seen that thenth convergent ofJ is

_ z;d )
5.2 0 ! 1o @A)y
®2) 7 o Z 1 z a1 a(zd)
where , is the monic orthogonal polynomial of degree, and , a polynomial
of degreen 1 satisfying the same basic three-term recurrence relatias
n, but with di erent starting values,

k1(2)=(z W) k(@)  « k=a1(2); k=1,23::;
02)=0; 1(2)= o

(5.3)
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R
Recall that =  d (t). f we dene _; = 1, then (5.3) holds also for
k = 0. We have, moreover,

2@ W
Z

(5.4) n(2) = : d (t); n=0;12:::;

R
as can be seen by showing that the integral on the right alsotsaes (5.3).
If we de ne

z
(5.5) F(z)= F(z;d )= a®
RZ t
to be the Cauchy transformof the measure d, and more generally consider
z
(5.6) (@= azd)= Da
R

the Cauchy integralof the orthogonal polynomial ,, we can give (5.4) the
form

(5.7) n(2) = n(@F(2) n(2);
and hence

n(Z) _ n(2) .
(5.8) NG = F(2) Ok

An important result from the theory of the moment problem tels us that,
whenever the moment problem for d is determined, then

n(2) _

(5.9 lim = F(z) for z 2 Cn[a;Q;

n-co (2)
where R; b is the support of the measure d. If [a; 1 is a nite interval, then
the moment problem is always determined, and (5.9) is knowrsdarkov's
theorem

Note from (5.7) that, since _; = 1, we have

(5.10) -1(2) =1;

and the sequencé ,g:2 _, satis es the same three-term recurrence relation
asf ,072_;. As a consequence of (5.8) and (5.9), however, it behavestqui
di erently at in nity,

. n(2) _
(5.11) nILrDO Q)

0;
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which implies that f ,(z)g is the minimal solution of the three-term recur-
rence relation having the initial value (5.10). It is well krown that a minimal
solution of a three-term recurrence relation is uniquely dermined by its
starting value, and, moreover, that

n(2) _ n n+l n+2
n-1(2) z n Z nt1  Z n+2

(5.12)

i.e. the successive ratios of the minimal solution are the stessivetails of
the Jacobi continued fraction (Pincherele's theorem). Inarticular, by (5.12)
forn =0, and (5.2) and (5.9),

(5.13) o(2) = F(2);

i.e. o is the Cauchy transform of the measure.
We remark that (5.6) is meaningful also for reak = x in (a;b), if the
integral is interpreted as aCauchy principal value integral(cf. (15.1))

£ n(t;d )

(5.14) n(X) = —d M x2 (@b
R

and the sequencd ,(x)g satis es the basic three-term recurrence relation
with initial values

(5.15) -1(x)=1;  o(x)= r—
but is no longer minimal.

5.2 Continued fraction algorithm

This is an algorithm for computing the minimal solution ,(z), z 2 Cnl[a;H,
of the basic three-term recurrence relation. Denote the ratin (5.12) by

(2)
5.16 Mg = —
( ) n—1 n—l(z)
Then, clearly,
_ n
(5.17) M-1= z A
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If, for some N, we knewr , we could apply (5.17) forr = ; 1;:::;0,
and then obtain
(5.18) n(2) = -1 n-1(2); n=0;1::;N:
The continued fraction algorithmis precisely this algorithm, except thatr is
replaced by 0. All quantities generated then depend on which is indicated
by a superscript.
Algorithm 2 Continued fraction algorithm

backward phase; N:

rll=o0; rll,=—" - n=; 1:::;0
z n In
forward phase:

Uy=1; Uy=r1 11 (z); n=0:1:::;N

n

It can be shown that, as a consequence of the minimality &f ,(z)g (cf.
Ga04, pp. 114{115),

(5.19) im Li(2)= .(2); n=0;1:::;N; if z2 Cn[a;4:
Convergence is faster the larger dist([a; ). To compute ,(z), it su ces to
apply Algorithm 2 for a sequence of increasing values ofuntil convergence

is achieved to within the desired accuracy.
The OPQ@ommand implementing this algorithm is

[rho,r,nu]=cauchy(N,ab,z,eps0,nu0,numax)

where the meanings of the output variablesho, r and input variable ab are
as shown below.

o(2) ro(2) 0 0
1(2) ri(z) 1 1

N (Z) I'n (Z) numax numax
rho r ab

The input variable eps0 is an error tolerance, the variablenuO a suitable
starting value of in Algorithm 2, which is incremented in steps of, say 5,
until the algorithm converges to the accuracyeps0. If convergence does not
occur within numax an error message is issued, otherwise the value of
yielding convergence is output asu.
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6 Modi cation algorithms

By \modi cation" of a measure d , we mean here multiplication of d by a
rational function r which is positive on the support§; i of d . The modi ed
measurethus is

(6.1) d’\(t) = r(t)d (t); r rationalandr> 0 on [a;Q:

We are interested in determining the recurrence coe cients'y, Ak for d” in
terms of the recurrence coe cients ¢, ¢ of d . An algorithm that carries
out the transition from ,  to ~y, "« is called amodi cation algorithm.
While the passage from the orthogonal polynomials relativeo d to those
relative to d” is classical (at least in the case whenis a polynomial), the
transition in terms of recurrence coe cients is more recent It was rst
treated for linear factors in 1971 by Galant.

Example3. Linear factorr(t) = s(t ¢), c2 Rn[a;h, s= 1.

Here, s is a sign factor to maker(t) > 0 on (a;b. Galant's approach
is to determine the Jacobi matrix of d' from the Jacobi matrix of d by
means of one step of the symmetric, shifted LR algorithm: byhe choice of
s, the matrix s[J ,+1(d ) cl]is symmetric positive de nite, hence admits
a Choleski decomposition

S[Jnsa(d) c]=LLT;

whereL is lower triangular. The Jacobi matrix J ,(d") is now obtained by

reversing the order of the product on the right, adding backhe shift ¢, and

then discarding the last row and columr,
J n(d/\) = LTL + ¢l [1:n;1:n]:

Since the matrices involved are tridiagonal, the procedurean be imple-

mented by simple nonlinear recurrence relations. These calso be obtained
more systematically via Christo el's theorem and its genelizations.

1See, e.g. W. Gautschi, \The interplay between classical anlgsis and (numerical) linear
algebrala tribute to Gene H. Golub", Electron. Trans. Numer . Anal. 13 (2002), 119{
147, where it is also shown how a quadratic factort( ¢;)(t ¢;) can be dealt with by
one step of the QR algorithm; see in particularx3.2 and 3.3
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6.1 Generalized Christo el's theorem

We write

t Y yn
62 dO=5dd® uw= € uivO= @ V)

=1 =1

whereu and v are real numbers outside the support of d The sign of
u(t) is chosen so that & is a positive measure. Christo el's original theorem
(1858) relates to the case/(t) = 1, i.,e. m = 0. The generalization to
arbitrary v is due to Uvarov (1969). It has a di erent form depending on
whetherm norm>n. Inthe rst case, it states that

u(t) n(t;d") = const

n—m (t)

n—m(ul)
(6.3)

n—m (u)

n—m (Vl)

n—m (Vm)
where 7

k(2) =

R

k(t;d )

n—l(t)

n—1(U1)

n—l(u‘)
n—1(V1)

n—l(Vm)

d (1);

n(t) n+‘(t)
n(ul) n+‘(ul)
n(U) e (U)
n(Vl) n+‘(Vl)
n(Vm) n+‘(Vm)
k=0;1,2:::;

are the Cauchy integrals of the orthogonal polynomials,. They occur only
if m> 0. To get monic polynomials, the constant in (6.3) must be taén to
be the reciprocal of the (signed) cofactor of the element,. - (t).

If m >n, the generalized Christo el theorem has the form

u(t) n(t;d") = const

0O O
0O O
(6.4)
0
1 Vq
1 vy

0
0

0

m—n—1

m—n—1
Vm

o(t)

o(uy)

o(u)

o(v1)

O(Vm)

n+‘(t)

n+‘(u1)

n+(U1)

n+ (V1)

n+‘(Vm)

Both versions of the theorem remain valid for complen , v if orthogo-
nality is understood in the sense oformal orthogonality.
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6.2 Linear factors

Generalizing Example 3 to arbitrary complex shifts, we let
(6.5) d*(t)=(t 2)d (t); z2 Cn[ab:

Using Christo el's theorem, letting 2»( )= o( ;d"), we have

n(t)  ner(t)
n(2)  n+1(2)

n(2)

(6.6) (t 2)"(t) = n+1(t)  Tnon(t);

where
n+1(2) |

n(2)

Following Verlinden (1999), we write { z)t~,(t) in two di erent ways: in
the rst, we use the three-term recurrence relation for  to obtain

(6.7) M =

(t DNt =t () e tk(t)
= 2O+ k1 M) k(O F( ke Te k) k() ek k=a(t);
in the second, we use the three-term recurrence relation éatly on %, and
then apply (6.6), to write
(t DN =(t 2[Mker + M)+ W ()]
= 2O+ (k0 M) e ®F (e M) kO ek keal®):

Since orthogonal polynomials are linearly independent, ¢hcoe cients in the
two expressions obtained must be the same. This yields

N — . N .
k Tk+1 = k+1  Tks Tk—1 k= Tk «k;

hence the following algorithm.

Algorithm 3 Maodi cation by a linear factor t z
initialization:

o= 12 0o li1=12 1 1=lo;



continuation (if n> 1): fork =1;2;:::;n 1do

Mkv1 = 2 k+1 k+1 =Tk;

M= ket e Tk

l\ — — -
k= klk=rk-1:

Note that this requires ,, , in addition to the usualn recurrence coe cients
k,» kfork n 1. Algorithm 3 has been found to be numerically stable.
The OPMatlab command implementing Algorithm 3 is

ab=chri1(N,ab0,z)
whereabOis an (N+1) 2 array containing the recurrence coe cients , g,
k=0;1;:::;N
6.3 Quadratic factor

We consider (real) quadratic factorst{ x)?+y?=(t z)(t Z),z= x+iy,
y > 0. Christo el's theorem is now applied withu; = z, u, = Z to express
(t z)(t 2™ (t) as a linar combination of ,,, n+1, and .2,

(6.8) t 2)(t 2™ = ne2()+ sp nea () + th n(l);
where

_ 0 M o . _ oo o
(6.9) S, = M + P rn 5 th= P jrj’:

Here we use the notation
(6.10) rl=Rern(2); r=1Im ry(2); jraj® = jra(2)j% n=0;12;:::;

wherer, (z) continues to be the quantity de ned in (6.7). The same techigue
used in x6.2 can be applied to (6.8): expresst ( z)(t Z)t"(t) in two

the respective coe cients. The result gives rise to
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Algorithm 4  Modi cation by a quadratic factor (t z)(t Z),z= x+iy

initialization:
o= 2 o M1=2 1 1=lo; 2= Z 2 2=I1;
o, 13 g o, o
o= 2t It —Hfr ot —fo s
r o

Ao= o 1+ jroj?):

continuation (if n> 1): fork=1;2;:::;n 1do

ki = Z k+2 k+2 =Tk+1;
r o r

Ak = k+2 + r|<D+2 + ',IETJEZrkDﬂ rI(D+1 + %rkm ;
k+1 k

A TeaNily T ?

KoK [reY? Mk—1
Note that this requires ,  for k up to n+ 1. Algorithm 4 is also quite
stable, numerically.
The OPQoutine for Algorithm 4 is
ab=chri2(N,ab0,x,y)

with obvious meanings of the variables involved.

Since any real polynomial can be factored into a product ofaklinear and
guadratic factors of the type considered, Algorithms 3 and dan be applied
repeatedly to deal with modi cation by an arbitrary polynomial which is
positive on the support p; H.

6.4 Linear divisor

In analogy to (6.5), we consider

(6.11) d'(t) = %; z2 Cn[a;b:

Now the generalizedChristo el theorem (with ~ = 0, m = 1) comes into play,
giving

n—l(t) n(t)
(6.12) (L) = “‘1(?_1(2”)(2) n(t)  Tn—1 n-1(t);
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where now

2)
6.13 ry = n+a ( :
( ) n n(z)
Similarly as inx6.2 and 6.3, we express'(t) in two di erent ways as a linear
combination of .+1; «;:::; k—2 and compare coe cients. By convention,
Z Z
d (t
e d'm= TU= )
R R
The result is:
Algorithm 5 Maodi cation by a linear divisor
initialization:
N
= oty o= o(2):

continuation (if n> 1): fork =1;2;:::;n 1do

M= okt T

/\ — — .
k = k—1lk—1=lk—2:

Note that here no coe cient ,  beyondk n 1 is needed, not even
n—1-

The ratios r of Cauchy integrals that appear in Algorithm 5 can be
precomputed by Algorithm 2, where only the backward phase igelevant,
convergence being tested on theL]. Once converged, the algorithm also
provides o(z) = r',

As z approaches the support intervald; b, the strength of minimality of
the Cauchy integralsf (z)g weakens and ceases altogether when= x 2
[a; . For z very close to &; b, Algorithm 2 therefore converges very slowly.
On the other hand, since minimality is very weak, one can gerage  with
impunity, if n is not too large, by forward application of the basic threedrm
recurrence relation, using the initial values _;(z) =1 and ((2).

All of this is implemented in the OPQoutine

[ab,nu]=chri4(N,ab0,z,eps0,nu0,numax,rho0,iopt)

where all variables exceptrho and iopt have the same meaning as before.
The parameterrho is ((z), whereasiopt controls the method of computa-
tion for ry: Algorithm 2 if iopt =1, and forward recursion otherwise.
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6.5 Quadratic divisor

We now consider
d (t) _ d (1)

(6.14) d'(t) = T 2 2 ( x)2+y2’

z=X+iy; X2 R; y>0:

Here we have
Z

td ()5t zj?
(6.15) M= & = x+
d (gt zj?

R

Re o(z) A 1 _
Im O(Z)’ 0= ylm o(Z).

We are in the case =0, m = 2 of the generalized Christo el theorems (6.3)
and (6.4), which give respectively

(6.16)

n—2(t)  a—1(t)  n(t) 0 oft) 1(t)

n—Z(E) n—1(E) n(E) 1 O(E) 1(5)

A, (t) — n—2(z_)2(z)n—1(z_)1(z)n (Z) ‘N 2: Al(t) — 1 f(Z)O(Z)l(Z)
n—Z(Z) n—1(7) 1 0(7)

This becomes

(6.17) M) = a(®)+ snon—1()+ th n2(t); N L

where
ro, e,

(6.18) s,= ril i+ =rll, on L ty= s n 2
M—2 Fn—2

with r, as de ned in (6.13) and notations as in (6.10). Exactly the sae
procedure used to obtain Algorithm 5 yields

Algorithm 6 Modi cation by a quadratic divisor

initialization:
No= X+ Ey: iy n = [0,
0 0 0 0 0 y’
. /\ — .
M= 1 Spts;; 1= 1t+tsi( o M)ty

N
2 Szt Sy 2= 2+ S( 1 M)ttty

N
1
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continuation (if n> 3): fork =3;4;:::;n 1do

. l\ — — .
"N= ko Sk+t TSk k= k—2tkEta:

The OPQoutine for Algorithm 6 is
[ab,nu]=chri5(N,ab0,z,eps0,nu0,numax,rho0,iopt)

where the input and output variables have the same meaning asthe routine
chrid.m .

Just like Algorithms 3 and 4, also Algorithms 5 and 6 can be afipd
repeatedly to deal with more general polynomial divisors.
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PART Ib SOBOLEV ORTHOGONAL
POLYNOMIALS

7 Sobolev inner product and recurrence re-
lation

In contrast to the orthogonal polynomials considered so fathe inner product
here involves not only function values, but also successiderivative values,
all being endowed with éheir own measurezs. Thus,

(P; s = p(t%q(t)d o(t) +  pt)glt)d L(t)
R R

(7.2)
+ 4 pOd¥Mmd s(1); s L
R

If all the measures d are positive, as we assume, the inner product (7.1) has
associated with it a sequence of (monic) polynomialg( ;S), k=0;1;2;:::,
orthogonal in the sense

, =0; k6 ;
(72) ( ks \)S S O, k="
These are calledsobolev orthogonal polynomialdNe cannot expect them to
satisfy a three-term recurrence relation, since the innerrgpduct no longer
has the shift property ({p;q) = ( p;tq). However, like any sequence of monic
polynomials of degrees;Q;2;::: ; orthogonal or not, they must satisfy an
extended recurrence relation of the type

X«
(7.3) ke (1) = t (1) Cg ), k=0;152:0
j=0
Associated with it is the upper Hessenbergatrix of recurrence coe cients
2 0 1 2 n—2 n—1 3
0 1 2 n—2 n—1
1 1 2 n—2 n—1
D3 R
(7_4) H,= 0 1 0 n—4 n—3
0 0 0 02 1
O 0 O 1 ot
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In the cases = 0 (of ordinary orthogonal polynomials) there holds J-k =0
for ] > 1, and the matrix H , is tridiagonal. If symmetrized by a (real)
diagonal similarity transformation, it becomes the Jacobmatrix J,(d o).
When s > 0, however, symmetrization oH , is no longer possible, sincH ,
may well have complex eigenvalues (see Example 5).

8 Moment-based algorithm

There are nows+ 1 sets of modi ed moments, one set for each measure d
Z

(8.1) m(k)z p«()d ; k=0;12:::; =0;1;:::;s:
R

The rst 2n modi ed moments of all the sets will uniquely determine the
matrix H  in (7.4), i.e. there is a well-determined map

(8.2) Mm%t =058 7V H

calledmodi ed moment mapfor Sobolev orthogonal polynomials. In the case
where the polynomialsp in (8.1) satisfy a three-term recurrence relation
with known coe cients, and for s = 1, an algorithm has been developed that
implements the map (8.2). It very much resembles the modi e€hebyshev
algorithm for ordinary orthogonal polynomials, but is tecimically much more
elaborate? The algorithm, however, is implemented in theOPQoutine

B=chebyshevsob(N,mom,abm)

which produces theN Nupper triangular matrix B of recurrence coe cients,
with J-", 0 j k,0 Kk N1, occupying the position { +1;k+1) in the

matrix. The input parameter monis the 2 (2N array of modi ed moments
m(k ), k=0;1;:::;2N1;, =0;1, of the two measures d, and d ;, and abm
the (2N 1) 2 array of coe cients ay, b, k = 0;1;:::;2N2, de ning the

polynomials py.

Example3. Althammer's polynomials (1962)

These are the Sobolev polynomials relative to the measuresyft) = dt,

d ((t)= dton[ 1;1], > O.

2See W. Gautschi and M. Zhang,\Computing orthogonal polynomials in Sobolev
spaces”, Numer. Math. 71 (1995), 159{183.
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A natural choice of modi ed moments are the Legendre moments.e.
pk(t) is the monic Legendre polynomial of degrde By orthogonality of the

Legendre polynomials, all modi ed momentsn(ko) and m(kl) are zero fork > 0,

while mE,O) =2and mgl) =2 . The following Matlab routine, therefore, can
be used to generate the Althammer polynomials.

mom=zeros(2,2*N);
mom(1,1)=2; mom(2,1)=2*g;
abm=rjacobi(2*N-1);
B=chebyshevsob(N,mom,abm);

9 Discretization algorithm
Taking the inner product of both sides of (7.3) with _; gives

0=( ke1s k=j)s =(t &5 k)s jk( k—is k=j)s: J =075k
hence

(9.1) = U kei)s o =i )s ;] =015k k=040 L

( k=j: k=j)s
These are the analogues of Darboux's formulae for ordinarytikogonal poly-
nomials, and like these, can be combined with the recurrencaation (7.3) to
successively build up the recurrence coe cientsjk in the manner of Stielt-
jes's procedure. The technical details, of course, are mare/olved, since
we must generate not only the polynomialsy, but also their derivatives, in
order to be able to compute the Sobolev inner products in (9.1This all is
implemented, for arbitrary s 1, in the Matlab routine stielties _sob.m
The basic assumption in the design of this routine is the avability, for each
measure d , of ann -point quadrature rule

z X
(9.2 ] p(t)d (1) = Wi(< )p(x(k )); P2 Pyn-y-1; =0;1;::0s;
k=1

that is exact for polynomialsp of degree 2(n ) 1. These are typically
Gaussian quadrature rules, possibly with discrete compants (present in
d ) added on. The information is supplied to the routine via thel (s+1)
array
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and the md (2s + 2) array

XEO) X(ls) WgO) W:(LS)

B X (20) X(2S) Wg)) Wgs)
XW= ] . .

0) (s) (0) (s)

X md X md Wmd Wmd

where md=max(nd) In each column ofxwthe entries afterx,’ resp. wl ) (if

any) are not used by the routine. Two more input parameters arneeded;
the rstis a0, the coe cient o(d o), which allows us to initialize the matrix

of recurrence coe cients,

0 _ (t; 1)8 — (t; 1)d o —
°T @1)s L),

o(d o):

The other, sameis a logical variable set equal to 1 if all quadrature rulesave
the same set of nodes, and equal to O otherwise. The role ofstimiarameter
is to switch to a simpli ed, and thus faster, procedure ifsamel1. A call to

the routine, therefore, has the form

B=stielties _sob(N,s,nd,xw,a0,same)

Example4. Althammer's polynomials, revisited.
Here, the obvious choice of the quadrature rule for g and d ; is the
n-point Gauss{Legendre rule. This gives rise to the followmroutine:

s=1; nd=[N NJ;
a0=0; same=1,
ab=r_jacobi(N);
zw=gauss(N,ab);
xw=[zw(;,1) zw(;,1) ...
zw(:,2) g*zw(:,2)];
B=stielties _sob(N,s,nd,xw,a0,same);

The results are identical with those obtained in Example 3.
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10 Zeros

Ifwelet T(t)=[ o(t); 1(t);:::; n-a(t)], where | are the Sobolev orthog-
onal polynomials, then the recurrence relation (7.3) can baritten in matrix
form as

(10.1) t ()= T(MH.+ n()e]

in terms of the matrix H , in (7.4). This immediately shows that the zeros
of |, are the eigenvalues ofi , and T( ) corresponding left eigenvectors.
Naturally, there is no guarantee that the eigenvalues are a& some may well
be complex. Also, ifn is large, there is a good chance that some of the
eigenvalues are ill-conditioned.

The OPQoutine for the zeros of , is

z=sobzeros(n,N,B)

whereBis theN Nmatrix returned by chebyshev_sob.mor stielties  _sob.m,
and z the n-vector of the zerosof ,, 1 n N.
Example 5. Sobolev orthogonal polynomials with only a few real zeros
(Meijer, 1994).

The Sobolev inner product in question is
(10.2) Z, z, 7

(u;v)s = u(t)v(t) dt + ut)vi(t) dt +
1

_l u—

3

utvi{t)dt; > 0:
1
Meijer proved that for n(even) 2 and su ciently large, the polynomial
n( ;S) has exactly two real zeros, one in [3; 1] and the other in [ 3]. If
n(odd) 3, there is exactly one real zero, located in;[3], if is su ciently
large. We use the routinestielties _sob.m and sobzeros.m to illustrate
this for n =6 and =44,;000. (The critical value of above which Meijer's
theorem takes hold is about =43;6462; see Ga04, Table 2.30.)

The inner product corresponds to the case= 1 and

d ift2[ 1;1j

do(t)=dton[ L3} d ()= if t 2 (L:3]

Thus, we can write, with suitable transformations of variakes,
Z 3 Z 1 Z 3 Z 1

p(t)d o(t)=2  p(@x+1)dx; p(t)yd 1(t)=  [p(X)+p(x+2)]dx
1 1 1 1
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and apply n-point Gauss{Legendre quadrature to the integrals on the git.
This will produce the matrix H , exactly. The parameters in the routine
stielties _sob.m have to be chosen as follows:

2 3
25+1 s 2§ ¢
G+1 G 2G G
nd=[n;2n]; xw= " " " 42 R
s+2 ‘f

where ©, © are the nodes and weight of then-point Gauss{Legendre
quadrature rule. Furthermore,a0=1 and samel. The complete program,
therefore, is as follows:

N=6; s=1; a0=1; same=0; g=44000; nd=[N 2*N];
ab=r_jacobi(N); zw=gauss(N,ab);
Xw=zeros(2*N,2*(s+1));

XW(1:N,1)=2*zw(;,1)+1; xw(1:N,2)=zw(:,1);
XW(1:N,3)=2*zw(:,2); xw(1:N,4)=g*zw(:,2);
XW(N+1:2*N,2)=zw(:,1)+2; xw(N+1:2*N,4)=zw(:,2);
B=stielties _sob(N,s,nd,xw,a0,same);
z=sobzeros(N,N,B)

It produces the output

Z =

-4.176763898909848e-01 - 1.703657992747233e-01i
-4.176763898909848e-01 + 1.703657992747233e-01i
8.453761089539369e-01 - 1.538233952529940e-01i
8.453761089539369e-01 + 1.538233952529940e-01i
-1.070135059563751e+00
2.598402134930250e+00

con rming Meijer's theorem for n = 6. A more detailed numerical study,
also in the case of odd values of, has been made in Ga04, Table 2.30.
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Exercises to Part I (Stars indicate more advanced exercises.)

1. Explain why, under the assumptions made about the measude , the
inner product (p;gg of two polynomialsp, qis well de ned.

2. Show that monic orthogonal polynomials relative to an alsdutely con-
tinuous measure are uniquely de ned.f Hint: Use Gram-Schmidt or-
thogonalizationg Discuss the uniqueness in the case of discrete mea-
sures.

3. Supply the details of the proof of (1.1). In particular, deve (1.3) and
(1.4).

4. Derive the three-term recurrence relation (1.7) for the rthonormal
polynomials.

5. (a) With ~¢ denoting the orthonormal polynomials relative to a mea-
sure d , show that

8
Z <, 0 if jk j> 1
t~(t)~(t)d (1) = . ke IfJk =15
R ' K if k=",

where = (d ), = «(d).

(b) Use (a) to prove
Z

J=J,d )= tpt)p'(t)d (1);

R

(c) With notations as in (b), prove
p
tp(t) = Jp (t) + n"n (t)en;
wheree, =[0;0;:::;1]" 2 R".

6. Let d (t) = w(t)dt be symmetric on [ a;a], a > 0, that is, w( t) =
w(t) on[ a;al. Show that (d )=0,all k O.

7% Symmetry of orthogonal polynomials.
Letd (t) = w(t)dt be symmetric in the sense of Exercise 6.
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(a) Show that
w(td )= F(%);  aa(tid )=t  (t3);

where © are the monic polynomials orthogonal on [@?] with
respect to d *(t) = t "2w(t¥?)dt.

(b) Let (cf. Exercise 6)

ke (1) = t () ok kea(t); k=0;1,2:::;
(1) =0; ot)=1

be the recurrence relation fof «( ;d )g, and let ;, . be the
recurrence coe cients forf ;°g. Show that

1— 0 9
2k (= 21
= F= e
k=1;23;::::

k

2k+1 = 2k

(c) Derive relations similar to those in (b) which involve § and ,
K-
(d) Write a Matlab program that checks the numerical stabilty of

the nonlinear recursions in (b) and (c) wherf (g are the monic
Legendre polynomials.

8. The recurrence relation, in Matlab, of the Chebyshev pohpmials of
the second kind.

(a) Using Matlab, compute U(x) for 1  k N either by means of
the three-term recurrence relationUp.1 (X) = 2xUp(X)  Up—1(X)
forn = 0;1;:::;N 1 (where U_;(x) = 0, Up(x) = 1), or
else by puttingn = 1 : N in the explicit formula U,(cos ) =
sin(n + 1) =sin , wherex = cos . For selected values ok and
N, determine which of the two methods, by timing each, is more
e cient.

(b) Using Matlab, compute the single valudJy (x) either by use of the
three-term recurrence relation, or by direct computation bBsed on
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the trigonometric formula for Uy (cos ). For selected values ok
and N, determine which of the two methods, by timing each, is
more e cient.

9! Orthogonality on two separate (symmetric) intervals.

Let 0 < < 1 and consider orthogonal polynomialsy relative to the
weight function
8
_Sit@ e 3y t2[ L0
w(t) =
: 0; otherwise

Here, 2 Rand > 1, > 1. Evidently, w is a symmetric weight
function (in the sense of Exercise 6). De ne;- as in Exercise 7(a).

(a) Transform the polynomials ; orthogonal on [ 2; 1] to orthogonal

polynomials g on the interval [ 1;1] and obtain the respective
weight function w*.

(b) Express  and .1 interms of *, the leading coe cient of the
orthonormal polynomial of degree relative to the weight function
w* on [ 1;1]. fHint: Use , = k k?=k ,_.k? (cf. eqn (1.4)) and
relate this to the leading coe cients ¢, ¢, and ., with obvious
notations.g

(c) Prove that
. 1 . 1
k“l'noo 2k = Z(l )% k“_fnoo 2k+1 = Z(l"' )%

fHint: Use the result of (b) in combination with the asymptotic

equivalence
yA 1
=oE == Feyp > In wE(x)(1  x*)"2dx
-1
ask!1l
(cf. Sz75, egn (12.7.2)). You may also want to use
Z, _
_ 1+(1 a2
N1 a1 xd)Zdx = In - 5 DT @<t
0

(see GROO, eqgn 4.295.29).
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(d) Prove that

1+ 2. 1 22
2 ' koo

H += _
lim =

k = co

fHint: Express 7, ¢ intermsof [, 7, and use the fact that
the weight function w* is in the Szege clasg

(e) The recurrence coe cientsf g must satisfy the two nonlinear
recursions of Exercise 7(b),(c). Each of them can be integed
as a pair of xed-point iterations for the even-indexed anddr the
odd-indexed subsequence, the xed points being respectivehe
limits in (c). Show that, asymptotically, both xed points are \at-
tractive" for the recursion in 7(b), and \repelling” for the one in
7(c). Also show that in the latter, the xed points become attac-

tive if they are switched. What are the numerical implicatims of
all this?

(f) Consider the special case = l1land = = % In the case
=1, use Matlab to run the nonlinear recursion of Exercise 7{b
and compare the results with the known answers

— 1 21+ K2 _ 1D
a= 3@ VYo k=123 0t 1
and
1 1 1+ 2k+2
1= 50+ %) aen = (0 ) s k=123

where = (1 )=(1+ ) (see Ga04, Example 2.30). Likewise, in
the case = 1, run the nonlinear recursion of Exercise 7(c) and
compare the results with the exact answers

2= 21 )% =31 )5 k=23
and
1= 5 2w = 31+ )% k=1;230000
Comment on what you observe.

10. Prove the validity of Algorithm 1.
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(a) Verify the initialization part.

(b) Combine 41 k-1 = 0 with the three-term recurrence relation for
k to prove the formula for  in the continuation part.

(c) Combine 41k = 0 with the three-term recurrence relation for
both, ¢ and px, and use the result of (b), to prove the formula
for  in the continuation part.

115 Orthogonal polynomialsf ( ;w)grelative to the weight function (\hat
function”) 8
< 1+t if 1 t O
wit)=_ 1 t fo t 1
' 0 otherwise

(a) Develop a modi ed Chebyshev algorithm for generating th rst
n recurrence coe cients ((w), k=0;1;:::;n 1 (@@l y(w)=0;
why?). De ne modi ed moments with respect to a suitable sysgtm
of (monic) orthogonal polynomials.

(b) What changes in the routine are required if one wants ( ;1
w)g, orf ( ;w(l w))g,orf «( ;wP)gwherep> 1?

(c) Download the routine chebyshev.m write a routine mom.nfor the
modi ed moments to be used in conjunction withchebyshev.m
to implement (a), and write a Matlab driver to produce resuls for
selected values of.

(d) Devise a 2-component discretization scheme for compugj the rst
n recurrence coe cients ¢(w), k =0;1;2;:::;n 1, which uses
an n-point discretization of the inner product on each componén
interval and is to yield exact answers (in the absence of rodimg
errors).

(e) Same as (b).

(f) Download the routine mcdis, write a quadrature routine ghatf
necessary to implement (d), and append a script to the drivef (c)
that produces results of the discretization procedure foregected
values ofn. Download whatever additional routines you need.
Run the procedure withirout =1 and irout 6 1 and observe
the respective timings and the maximum discrepancy betweehe
two sets of answers. Verify that the routine \converges" aéir one
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iteration if idelta is properly set. Compare the results with those
of (a).

(g) Use the routinesacondG.mand rcondG.mto print the absolute
and relative condition numbers of the relevant mags,. Do any
of these correlate well with the numerical results obtaineth (c)?
If not, why not?

125 Orthogonal polynomialsf ( ;w)grelative to the weight function (\ex-
ponential integral™)
Z

w(t) = Eq(t); Ea(t) =

0 ~—ts

ds on[G1 ]:

1 S

These are of interest in the theory of radiative transfer; gS. Chan-
drasekhar, Radiative transfer, Oxford Univ. Press, Oxfordl950, Chap-
ter Il, x23.

(a) Develop and run a multiple-component discretization ratine for
generating the rst n recurrence coe cients (w), k(w), k =
0;1;:::;n 1. Check your results fom = 20 against B. Danloy,
Math. Comp. 27 (1973), 861{869, Table 3.fHint: Decompose
the interval [0;1 ] into two subintervals [G 2] and [21 ] (addi-
tional subdivisions may be necessary to implement the deoet
ments that follow) and incorporate the behavior ofE;(t) near
t=0andt= 1 tocome up with appropriate discretizations. For
0 t 2, use the power series

o ktk
E.(t) In(A=t)= (1" ;
kk!
k=1
where = :57721566490153286: is Euler's constant, and for

t > 2 the continued fraction (cf. AS92, eqn 5.1.22)

1 a A a3 )
1+ 1+ 1+ 1+ 1+ ’

Evaluate the continued fraction recursively by (cf. W. Gauschi,
Math. Comp. 31 (1977), 994{999x2)

te'Eq(t) = a, = dk=2e=t:

1 d; 5] x°

1+ 1+ 1+ =
k=0
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where

to=1; tk= 12 s k=123
+ -
Ald* 1) g0

=0; =
0 “ 1+a(l+ 1)

Download the array abjaclog(101:200,:)  to obtain the recur-
rence coe cients ab for the logarithmic weight function In(1=t).g

(b) Do the same for
z

w(t) = Ex(t); Ea() =

oo ~—ts

ds on[G1]:

1 2

Check your results against the respective two- and three-pb
Gauss quadrature formulae in Chandrasekhaibid., Table VI.

(c) Do the same for
w(t) = En(t) on[0c]; O0<c< 1;m=1;2

Check your results against the respective two-point Gaussigdra-
ture formulae in Chandrasekharjbid., Table VII.

13. LetC = b + 557t be an in nite continued fraction, and
Cn = b+ 5 pr = g its nth convergent. From the theory of

continued fractions, it is known that
9

An = A1+ anAn— =
Br=Bpg+ aan2 ;

n=1;2,3;:::;

where
A_1=1; Ap=hy; B_1=0; Bp=1:

Use this to prove (5.2) and (5.3).
14. Prove (5.4).

15. Show that (5.11) implies lim _, o = =0, wherey, is any solution of the
three-term recurrence relation (satis ed by , and ) which is linearly
independent of ,. Thus, f ,gis indeed a minimal solution.
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16

17.

18.
19.

20.

21.
22.

. Show that the minimal solutions of a three-term recurreze relation
form a one-dimensional manifold.

(a) Derive (6.9).
(b) Supply the details for deriving Algorithm 4.

Supply the details for deriving Algorithm 5.

(a) Prove (6.15).
(b) Prove (6.17), (6.18).
(c) Supply the details for deriving Algorithm 6.

Show that a Sobolev inner product does not satisfy the $hproperty

(tp; @) = (p; tg).
Prove (7.3).

The Sobolev inner product (7.1) is calledymmetric if each measure
d is symmetric in the sense of Problem 6. For symmetric Sobolev
inner products,

(@) show that ( t;S)=( 1)* ((t;S);
(b) show that & =0for r =0;1;:::;bk=2c.
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PART 1l QUADRATURE

11 Gauss-type quadrature formulae

11.1 Gauss formula

Given a positive measure d, the n-point Gaussian quadrature formulaasso-
ciated with the measure d is
Z

X
(11.1) f(d (1) = SF( %)+ RI(F);
R

=1
which has maximum algebraic degree of exactness 2 1,
(11.2) RE(f)=0 if f 2 Py_q:

It is well known that the nodes © are the zeros of ,( ;d ), and hence the
eigenvalues of the Jacobi matrix] ,(d ); cf. x1.2. Interestingly, the weights

G, too, can be expressed in terms of spectral data &f,(d ); indeed, they
are (Golub and Welsch, 1969)

(11.3) C= oy

wherev .; is the rst component of the normalized eigenvectonv corre-
sponding to the eigenvalue ©,

(11.4) Jan(d)v = Sv; v
R
and, as usual, o = zd (t). This is implemented in the OPQMatlab routine
xw=gauss(N,ab)

where ab, as in all previous routines, is theN 2 array of recurrence coef-
cients for d , and xwthe N 2 array containing the nodes © in the rst
column, and the weights © in the second.

We remark, for later purposes, that the Gauss quadrature sunfor f
su ciently regular, can be expressed in matrix form as

X
(11.5) Cf( ®)= oeif(In(d )en e =[1;0;:::;0]:
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This is an easy consequence of (11.3) and the spectral decosifion of J ,,,

Ja(d )V =VD ; D =diag( & S::::; O);

n

Example6. Zeros of Sobolev orthogonal polynomials of Gegenbauepgy
(Groenevelt, 2002).

The polynomials in question are those orthogonal with respeto the
Sobolev inner product

Z, Z, 1B
(u;v)s = _lu(t)v(t)(l t2) ~idt + 1u%t)v%t)mdt:

Groenevelt proved that in the case !1  the Sobolev orthogonal polyno-
mials of even degrees 4 have complex zeros i is su ciently small. By
symmetry, they must in fact be purely imaginary, and by the rality of the
Sobolev polynomials, must occur in conjugate complex pair8s we illustrate
this theorem, we have an opportunity to apply not only the rotine gauss.m
but also a number of other routines, speci cally the modi céion algorithm
embodied in the routinechri6.m , dealing with the special quadratic divisor
t?> + y2 in the second integral, and the routinestielties _sob.m generating
the recurrence matrix of the Sobelev orthogonal polynomsl

s=1; same=0; epsO=1e-14; numax=250; nd=[N N,
ab0=r_jacobi(numax,alpha);

z=complex(0,y);

nuO=nu0jac(N,z,eps0); rho0=0; iopt=1,
abl=chri6(N,ab0,y,eps0,nu0,numax,rho0,iopt);
zwl=gauss(N,abl);

ab=r_jacobi(N,alpha-1); zw=gauss(N,ab);
xw=[zw(;,1) zw1(;,1) zw(;,2) gamma*zwl(:;,2)];
a0=ab(1,1); B=stielties  _sob(N,s,nd,xw,a0,same);
z=sobzeros(N,N,B)

The caseN=12, = % and =1 of Example 6.

Applying the above routine fory = :1 andy = :09 yields the following
zeros (with positive imaginary parts; the other six zeros arthe same with
opposite signs):
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y zeros y zeros
1 .027543282225 .09 .011086169153 i
284410786673 .281480077515
541878443180 540697645595
.756375307278 .755863108617
909868274113 909697039063
989848649239 989830182743

The numerical results (and additional tests) suggest that @enevelt's theo-
rem also holds for nite, not necessarily large, values of, and, when =1,
that the critical value of y below which there are complex zeros must be
betweeen .09 and .1.

11.2 Gauss{Radau formula

If there is aninterval [a;1 ], 1 < a, containing the support of d , it may
be desirable to have anr(+ 1)-point quadrature rule of maximum degree of
exactness that hasa as a prescribed node,
z X
(11.6) f(td (t)= of (a)+ O+ RA(F):
R

=1

Here,R3(f) =0 forall f 2 P,,, and 2 are the zeros of ,( ;d j5), d 4(t) =
(t @ad (t). This is called the Gauss{Radau formula There is again a
symmetric, tridiagonal matrix, the Jacobi{Radau matrix

2 D 3
- Jnd ) * nen -1(a)
11.7 JRa@)y=4," 5, R=ga 2
( ) nl( ) p_neI 5 n n n(a)

wheree, =[0;0;:::;1]T 2 R", .= ,(d ),and «( )= «( ;d ), which
allows the Gauss{Radau formula to be characterized in terns eigenvalues
and eigenvectors: all nodes of (11.6), including the node are the eigen-
values of (11.7), and the weights 2 expressible as in (11.3) in terms of the
corresponding normalized eigenvectoss of (11.7),

(11.8) A= i =0;L2:nn

As in (11.5), this implies that the Gauss{Radau quadrature sm, for smooth
f, can be expressed ase] f (J ¥?)e.
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Naturally, if the support of d is contained in aninterval [1 ;b,b<1,
there is a companion formula to (11.6) which has the presceldd nodeb,

Z NG
(11.9) f(t)d (t) = PO+ P f( 2+ RA(F):
R

=1

The eigenvalue/vector characterization also holds for (19) if in the formula
for Rin (11.7), the variablea, at every occurrence, is replaced bly.

The remainder terms of (11.6) and (11.9), if 2 C?"*1[a;H, have the
useful property

(11.10) R3(f)> 0; RP(f)< 0 if sgnf®@* =1 on [a;H;

with the inequalities reversed if sgi @"*) = 1.

For Jacobi resp. generalized Laguerre measures with parders
resp. , the quantity R is explicitly known (cf. Ga04, Examples 3.4 and
3.5). For example, ifa= 1 (in the case of Jacobi measures),

2n(n+ ) ) R
n

11.11 R= 1+ :
( ) n 2n+ + )2n+ + +1)

whereas fora = 1, the sign of R must be changed and and interchanged.
The respectiveOPMatlab routines are

xw=radau(N,ab,end0)
xw=radaujacobi(N,iopt,a,b)
xw=radaulaguerre(N,a)

In the rst, abis the (N+1) 2 array of recurrence coe cients for d, and
endO either a (for (11.6)) or b (for (11.9)). The last two routines make use of
the explicit formulae for R in the case of Jacobi resp. Laguerre measures,
the parameters being =a, =b. The parameteriopt chooses between the
two Gauss{Radau formulae: the left-handed, ifopt =1, the right-handed
otherwise.

11.3 Gauss{Lobatto formula

If the support of d is contained in the nite interval [a; 1, we may wish to
prescribe two nodes, the pointa and b. Maximizing the degree of exactness
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subject to these constraints yields th&auss{Lobatto formula
Z, X0
(11.12) f(d ()= §f@+  “F( 5+ haf(D+ RE);
a

=1

which we write as an i+2)-point formula; we have R&(f ) = 0 for f 2 Pasy .
The internal nodes " are the zeros of ,( ;d ap), d ap(t) = (t a)(b
t)d (t). All nodes and weights can be expressed in terms of eigemnsed and
eigenvectors exactly as in the two preceding subsectionscept that the
matrix involved is the Jacobi{Lobatto matrix

2 q__ 3

Jna(d L €ns
(11.13) Jt,d)=44 () et s

L T L
n+1 en+1 n+1

where L., and L., are the solution of the 2 2 system of linear equations
2 32 3 2 3
4 n+l (a) ﬂ(a) 5 4 h+1 5_-4 a n+1 (a) 5.

(11.14)
(D) n(0) fe1 b n+1 (b)

For smooth f, the quadrature sum is expressible aspe]f (J%,,)e;. For

f 2 C2"*2[a; 1 with constant sign on B; I, the remainder R¥°(f ) satis es
(11.15) R&(f) < 0 if sgnf ®"*? =1 on [a;4;

with the inequality reversed if sgrf "2 = 1,
The parameters -,,, -, for Jacobi measures on [1; 1] with parameters
, anda= b= 1 are explicitly known (cf. Ga04, Example 3.8),

Lo .
"L on+ o+ +2°

L _,(+ +1)(n+ +1)(n+ + +1)
n+1 = 2n+ + +1@2n+ + +2)

(11.16)

The OPMatlab routines are

xw=lobatto(N,ab,endl,endr)
xw=lobatto _jacobi(N,a,b)
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with the meaning ofab, a, b the same as in the Gauss{Radau routines, and
endl=a, endr=h.

We remark that both Gauss{Radau and Gauss{Lobatto formulaean be
generalized to include boundary points of multiplicityr > 1. The inter-
nal (simple) nodes and weights are still related to orthog@h polynomials,
but the boundary weights require new techniques for their coputation; see
Exercises 8{9.

12 Gauss{Kronrod quadrature

In an attempt to estimate the error of the n-point Gauss quadrature rule,
Kronrod in 1965 had the idea of insertingh+1 additional nodes and choosing
them, along with all 2n + 1 weights, in such a way as to achieve maximum
degree of exactness. The resulting quadrature rule can bepexted to yield
much higher accuracy than the Gauss formula, so that the dirence of the
two provides an estimate of the error in the Gauss formula. Thextended
formula thus can be written in the form

z X0 X1
(12.1) f(t)d (t) = “f(°)+ HEC)+ RN (F);

R

=1 =1

and having 3 + 2 free parameters X, ™ K at disposal, one ought to be
able to achieve degree of exactness 81,

(12.2) REX(f)=0 for f 2 Papsr:

A quadrature formula (12.1) that satis es (12.2) is called aGauss{Kronrod
formula. The nodes ¥, calledKronrod nodes are the zeros of the polynomial

K., of degreen + 1 which is orthogonal to all polynomials of lower degree
in the sense .

(12.3) KL (pt) o(t;d )d (1)=0 forall p2 Py:

R
Note that the measure of orthogonality here is ,(t;d )d (t) and thus os-
cillates on the support of d. Stieltjes (1894) was the rst to consider poly-
nomials K,, of this kind (for d (t) = dt); a polynomial K,; satisfying
(12.3) is therefore called &tieltjes polynomial Stieltjes conjectured (in the
case d(t) = dt) that all zeros of K,, are real and interlace with then
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Gauss nodes| a highly desirable con guration! This has beerproved only
later by Szege (1935) not only for Legendre measures, butsalfor a class of
Gegenbauer measures. The study of the reality of the zeros foore general
measures is an interesting and ongoing activity.

The computation of Gauss{Kronrod formulae is a challengingroblem.
A solution has been given only recently by Laurie (1997), aeast in the case
when a Gauss{Kronrod formula exists with real nodes and padise weights.
Interestingly, it can be computed again in terms of eigenvaés and eigen-
vectors of a symmetric tridiagonal matrix, just like the previous Gauss-type
formulae. The relevant matrix, however, is theJacobi{Kronrod matrix

2 p_ 3
Jn(d) n€n 0
(12.4) I (d )= ; p_nel n g n+1 €] z:
o P he1€1 Jr
Here, » = .(d ), »= (), etc, and J H(which is partially known)

can be computed byLaurie's algorithm (cf. Ga04,x3.1.2.2). Should some of
the eigenvalues of (12.4) turn out to be complex, this wouldeban indication
that a Gauss{Kronrod formula (with real nodes) does not exis

There are two routines inOPQ

ab=r_kronrod(N,ab0)
xw=kronrod(n,ab)

that serve to compute Gauss{Kronrod formulae. The rst geneates the
Jacobi-Kronrod matrix of order 2\t+1, the other the nodes and weights of
the quadrature formula, stored respectively in the rst andsecond column
of the (2N+1) 2 array xw The recurrence coe cients of the given measure
d are input via the d3N2+1 e 2 array ab0.

13 Gauss{Tuan guadrature

The idea of allowing derivatives to appear in a Gauss-type gdrature formula
is due to Tuan (1950). He considered the case where each mduhs the same
multiplicity r 1, that is,
z X
(131) f(yd ()= [ f( )+ FC )+ + U+ R,(F):
R =1
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This is clearly related to Hermite interpolation. Indeed, fi all nodes were
prescribed and distinct, one could use Hermite interpolain to obtain a
formula with degree of exactnessn 1 (there arern free parameters). Tuan
asked, like Gauss before him, whether one can do better by dsmg the
nodes judiciously. The answer is yes; more precisely, we can getgdee of
exactnessn 1+ k, k> 0, if and only if

Z

(13.2) Fhp(t)d (t)=0 forall p2 Pyc_g;

R
where! (t) = Q”=1 (t ) is the node polynomialof (13.1). We have here a
new type of orthogonality: therth power of! ,, not ! ,, must be orthogonal
to all polynomials of degree&k 1. This is calledpower orthogonality It is
easily seen thatr must be odd,

(13.3) r=2s+1; s G0

so that (13.1) becomes
z X R

(13.4) f(t)d (1) = OO )+ Ros(f):
R

=1 =0

Then in (13.2), necessariyk n, and k = n is optimal. The maximum
possible degree of exactness, therefore, is22)n 1, and is achieved if
Z
(13.5) [ a(D)]*pt)d (1)=0 forall p2 P,_:
R
The polynomial ! , = ¢ satisfying (13.5) is calleds-orthogonal It exists
uniquely and has distinct simple zeros contained in the suppt interval of
d . The formula (13.4) is theGauss-Tuan formula if its node polynomial! ,
satis es (13.5) and the weights () are obtained by Hermite interpolation.
The computation of Gauss-Turan formulae is not as simple ais the case
of ordinary Gauss-type formulae. The basic idea, howevels to consider
the positive measure dns(t) = [ ns(t)]*d (t) and to note that , is the
nth-degree polynomial orthogonal relative to d,.s. The diculty is that
this de nes s implicitly, since s already occurs in the measure gs.
Nevertheless, the di culty can be surmounted, but at the exgnse of having
to solve a system of nonlinear equations; for details, see @ax3.1.3.2. The
procedure is embodied in thé©PQoutine
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xw=turan(n,s,eps0,ab0,hom)

where the nodes are stored in the rst column of thea (2s+2) array xw, and
the successive weights in the remainings21 columns. The input parameter
eps0 is an error tolerance used in the iterative solution of the mdiner sys-
tem of equations, and the measure dis speci ed by the ((s+1)n) 2 input
array abO of its recurrence coe cients. Finally, hom=21or hon&1 depending
on whether or not a certain homotopy in the variables is used to facilitate
convergence of Newton's method for solving the system of rioiear equa-
tions.

14 Quadrature formulae based on rational
functions

All quadrature formulae considered so far were based on pogmial degree
of exactness. This is meaningful if the integrand is indeedofynomial-like.
Not infrequently, however, it happens that the integrand ha poles outside
the interval of integration. In this case, exactness for apppriate rational
functions, in addition to polynomials, is more natural. We @scuss this for
the simplest type of quadrature rule,

z

X
(14.1) RQJ(t)d (t)= 9( )+ Rn(9):

=1

The problem, more precisely, is to determine , such thatR,(g) =0 if
g2 S, whereS,, is a space of dimensionr2consisting of rational functions
and polynomials,

Sn=0Qm Pan-m-1; 0 m 2n;
(14.2) Pon_m—1 = polynomials of degree 2n m 1;

Qm = rational functions with prescribed poles

Here, m is an integer of our choosing, and

1
(14.3) Qm =span r(t)—1+ o =1;2:::;m
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where
(14.4) 2 C; 60; 1+ t60 onsupp(d):

The idea is to select the poles 1= of the rational functions in Q., to match

the pole(s) ofg closest to the support interval of d .

len principle, the solution of'the prqblem is rathgr simple: p.t Fm(t) =
-, (1 + t) and construct, if possible, then-point (poynomial) Gauss

formula

d (1) _
(14.5) Rg(t)! MO

for the modi ed measure d'(t) =d (t)=! m(t). Then

Gg( G); 92 P2n—1;

(14.6) = % =1a(% % =120

are the desired nodes and weights in (14.1).

We said \if possible", since in general ,, is complex-valued, and the
existence of a Gauss formula for’dis not guaranteed. There is no problem,
however, if! , 0 on the support of d . Fortunately, in many instances of
practical interest, this is indeed the case.

There are a number of ways the formula (14.5) can be constrect a
discretization method using Gauss quadrature relative to dto do the dis-
cretization; repeated application of modi cation algorihms involving linear
or quadratic divisors; special techniques to handle \di cut" poles, that is,
poles very close to the support interval of d. Rather than going into details
(which can be found in Ga04x3.1.4), we present an example taken from
solid state physics.

Example7. Generalized Fermi{Dirac integral.
This is the integral
- ZewPiiEs
k\ » - o e_+—t+1 ’
where 2 R, 0, and k is the Boltzmann constant (=3, 3, or 3). The
ordinary Fermi{Dirac integral corresponds to = 0.
The integral is conveniently rewritten as
Z .
o P 1+ t=2

Sy = IKI/+Y - Ky = tkatos
(14.7) Fe(: ) et d Met); d M) = tketdt;
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which is of the form (14.1) withg(t) = P 1+ t=2=e¢" +eYHandd =d K
a generalized Laguerre measure. The polesgtvidently are + i, =
1, 3; 5;:::, and all are \easy", that is, at a comfortable distance from
the interval [0; 1 ]. It is natural to take m even, and to incorporate the rst
m=2 pairs of conjugate complex poles. An easy computation thetelds

r?c2
(14.8) In(t)= [+ t)?+ t3; 2 m(even) 2n;
=1
where
_ . _ @ 1 .
(14.9) T 24 (2 1)2 2’ T 24 (2 1)2 2°
Once the nodes and weights , have been obtained according to (14.6),

the rational/polynomial quadrature approximation is given by

P
. n .
(14.10) R =t

It is computed in the OPQoutine
xw=fermi_dirac(N,m,eta,theta,k,eps0,Nmax)

whereeps0is an error tolerance Nmava limit on the discretization parameter,
and the other variables having obvious meanings.

15 Cauchy principal value integrals

When there is a (simple) pole inside the support interval] i of the measure
d , the integral must be taken in the sense of @auchy principal value integral

(15.1) . z.
(CF)(x;d )=

x—"

Zot )

A Xt

f (1)

a X+" t

d (t) = Ii"rp0 d (t); x2(ab:

There are two types of quadrature rules for Cauchy principalalue integrals:
one in whichx occurs as a node, and one in which it does not. They have
essentially di erent character and will be considered sepately.
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15.1 Modied quadrature rule

This is a quadrature rule of the form

X
(15.2) C)(xd )= c)f(x)+ ¢ X)F( )+ Ra(f;x):

=1

It can be made \Gaussian", that is,R,(f ;x) = 0 for f 2 P,,, by rewriting
the integral in (15.1) as

Z Z
153 (@)xd)= 1 o T 104

t & X

and applying the n-point Gauss formula for d to the second integral. The
result is
n(%) X f ()

) f(x)+ L ox ¢

(15.4) C)(x;d )= + Ry (f;X);

where ,(x) is the Cauchy principal value integral (5.14) and ¢, © are the
Gauss nodes and weights for d

Formula (15.4) is not without numerical di culties. The maj or one occurs
when x approaches one of the Gauss node$, in which case two terms on
the right go to in nity, but with opposite signs. In e ect, th is means that
for x near a Gaussian node severe cancellation must occur.

The problem can be avoided by expanding the integral (15.1) iCauchy
integrals (x). Let pn(f; ) be the polynomial of degreen interpolating f
at the n Gauss nodes © and at x. The quadrature sum in (15.4) is then
precisely the Cauchy integral of,,

YA b .
(15.5) ©)(x;d )= p)”((f ’tt)

d (t)+ R,(f;Xx):

Expanding p, in the orthogonal polynomials i,
X Zy

156  mED= A &= P K0d O
k=0 a
and integrating, one nds
X
(15.7) @C)(xd )= a «(x)+ Ra(f;x);
k=0
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where

X X
S S) W O k<n; a= &) TCT)

(15.8) & = B B x SR G):

1
k k2

The Cauchy integrals (x) in (15.7) can be computed in a stable manner by
forward recursion; cf. the last paragraph ok5.1. This requires o(x), which
is either explicitly known or can be computed by the continug fraction
algorithm; cf. x5.2. Some care must be exercised in computing the divided
di erence of f in the formula for a,.

The procedure is inplemented in th@©OPQoutine

cpvi=cauchyPVI(N,x,f,ddf,iopt,ab,rho0)

with iopt 61, which produces the (N+)-term approximation (15.7) where
Rn(f ;x) is neglected. The input parameterddf is a routine for computing
the divided dierence of f in a stable manner. It is used only ifiopt6=1.
The meaning of the other parameters is obvious.

15.2 Quadrature rule in the strict sense

This rule, in which the nodet = x is absent, is obtained by interpolatingf
at the n Gauss nodes © by a polynomial p,—1(f ; ) of degreen 1,

X a(1)
Lt ©) 9

whereE,,—; is the interpolation error, which vanishes identically iff 2 P,_;.
The formula to be derived, therefore, will have degree of estmessn 1
(which can be shown to be maximum possible). Integrating inhe sense of
(15.1) yields

f(t) = pnoa(f;t)+ En—a(f;t);  pa—a(fit) = f(°);

X n(X) n( G) G
(15.9) @) (x;d )= f( )+ Rytf;x);
L (X %) (9

Rb
whereR(f;x) = [ E,—1(f;t)d (1)=(x t).
This formula, too, su ers from severe cancellation errors ven x is near
a Gauss node. The resolution of this problem is similar (in ¢4 simpler) as
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in x15.1: expandp,—1(f; ) in the orthogonal polynomials  to obtain

X—l
(CYx;d )= a k(x)+ Rytf;x);
(15.10) k=0 L Zo
aE: Kk kk2 . pn—l(fyt) k(t)d (t)
It turns out that
(15.11) a’=a; k=0;1:::;n 1

whereay, k < n, is given by (15.8). This is implemented in theDPQoutine
cauchyPVI.mwith iopt =1.

16 Polynomials orthogonal on several inter-
vals

We are given a nite set of intervals §; ; d; ], which may be disjoint or not, and
on each interval a positive measure . Letd be the \composite" measure

X

(16.1) d(t)= [ :01(1)d (1)
J

where [6:d;] is the characteristic function of the interval f; d;]. Assuming
known the Jacobi matrices] 1) = J (d ;) of the component measures g,
we now consider the problem of determining the Jacobi matrix = J ,(d ) of
the composed measure d We provide two solutions, one based on Stieltjes's
procedure, and one based on the modi ed Chebyshev algorithm

16.1 Solution by Stieltjes's procedure

The main problem in applying Stieltjes's procedure is to copute the inner
products (t «; «)g and ( x; k)g fork=0;1;2;:::;n 1. This can be done
by using n-point Gaussian quadrature on each component interval,

Zy X .
(16.2) p(d ;(t) = Wp( 1); p2 Paya:

G =1
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Here we use (11.5) to express the quadrature sum in terms ofetldacobi
matrix J 07,
74 dj . _ , 74 d
(16.3) piyd ()= Pelp@Mer; = d )
Gj G
Then, for the inner products ¢ «; «)a .k n 1, we get
z X Zg
t gty (1) = t g(td (1)
X oo
— 8)eIJ”)[k(J“’Hzel

(t «; Kd

= el k@MY (I D)ey

and for ( x; «)g sSimilarly (in fact, simpler)
X . . .
(ke = Jel[ @ «@D)er:
j
This can be conveniently expressed in terms of the vectors
D= (30D)ey; e, =[1;0;:::;0[;
which, as required in Stieltjes's procedure, can be updatdyy means of the
basic three-term recurrence relation. This leads to the folwing algorithm.

Algorithm 7  Stieltjes procedure for polynomials orthogonal on severai-
tervals
initialization :

0'=e; Y=0 (allj);

_ rt(zj)eIJ(j)el. RS
0~ D 07 0 -
i 0 i

continuation (if n> 1): fork =0;1;:::;n 2do

=@ ) @)

() ()T 3G) () () OT ()

— 0 k+1 k+1 ., - Bl 0 k+1 k+1 .

k+1 0 ot ) 0 KL T T 0T 0)
i 0 k+l k+1 i 0 K k

In Matlab, this is implemented in the OPQoutine
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ab=r_multidomain _sti(N,abmd)

where abmdis the array containing the (; )-coe cients of the measures
d @,
Example8. Example 1, revisited.

This is the case of two identical intervals [ 1; 1] and two measures dl)
on [ 1;1], one a multiplec of the Legendre measure, the other the Cheby-
shev measure. This was solved in Example 1 by a 2-componergaietization
method. The solution by the 2-domain algorithm of this subs#ion, in Mat-
lab, looks as follows:

abl=r_jacobi(N); abl(1,2)=2*c;
ab2=r_jacobi(N,-.5);
abmd=[abl ab2];
ab=r_multidomain _sti(N,abmd)

It produces results identical with those produced by the mébd of Example
1.

16.2 Solution by the modi ed Chebyshev algorithm

The quadrature procedure used irx16.1 to compute inner products can
equally be applied to compute the rst 2 modi ed moments of d ,

x £ dj X i) .
(16.4) My = p()d j() = Jleip3V)en:

j G
The relevant vectors are now
2D = p3 ey e =[1;0;:::;0[;
and the computation proceeds as in

Algorithm 8 Modi ed moments for polynomials orthogonal on several in-
tervals
initialization
X

() =

zg) =e; z;=0(@llj); mo= ((,”:

i
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continuation: fork =0:;1;::::2n 2 do

z) =39 ad)z) bzl (@lj);

_ 1)5,0)T 4 .
Mk+1 = 0 Zy+1 €1

i

With these moments at hand, we can apply Algorithm 1 to obtairthe
desired recurrence coe cients. This is done in th©PQoutine

ab=r_multidomain _cheb(N,abmd,abmm)

The input array abmdhas the same meaning as in the routine ofl6.1, and
abmms a (2N 2) array of the recurrence coe cientsag, b generating the
polynomials py.

Applied to Example 8, the Matlab program, using Legendre moemts (px
the monic Legendre polynomials), is as follows:

abm=rjacobi(2*N-1);

abl=abm(1:N,:); abl(1,2)=2*c;
ab2=r_jacobi(N,-.5);

abmd=[abl ab2];

ab=r_multidomain _cheb(N,abmd,abm)

It produces results identical with those obtained inx16.1, but takes about
three times as long to run.

17 Quadrature estimates of matrix function-
als

The problem to be considered here is to nd lower and upper bads for the
guadratic form

(17.1) uf(AJu; u2RV; kuk=1;

whereA 2 RN*N is a symmetric, positive de nite matrix, f a smooth func-
tion (for which f (A) makes sense), and a given vector. While this looks
more like a linear algebra problem, it can actually be solvedor functions f
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with derivatives of constant sign, by applying Gauss-type updrature rules.
The connecting link is provided by thespectral resolutionof A,

(17.2) AV =V ; =diag( 1; 25 NV = [vavaiiinun]

where | are the eigenvalues oA (which for simplicity are assumed distinct),
and v the normalized eigenvectors oA . If we put

X\I T
(17.3) us= W=V o =01 o2 N
k=1

and again for simplicity assume ¢ 6 0, all k, then

uTf(A)u= TVIVE( VTV = Tf( ) ;
(17.4) X z
= ff ()= f(t)d n(1):
k=1 R+

This shows how the matrix functional is related to an integrhrelative to
a discrete positive measure. Now we know from (11.10) and (1%) how
Gauss{Radau or Gauss{Lobatto rules (and5for that matter als ordinary
Gauss rules, in view oRS = [f @M ( )=(2n)!] :[ R(t;d )]Pd (1), a< <b)
can be applied to obtain two-sided bounds for (17.4) when senderivative
of f has constant sign. To generate these quadrature rules, weedethe
orthogonal polynomials for the measure q,, and for these the Jacobi ma-
trix Jn(d ). The latter, in principle, could be computed by Lanczos's
algorithm of x3.2. However, in the present application this would require
knowledge of the eigenvalues, and expansion coe cients ,, which are too
expensive to compute. Fortunately, there is an alternativevay to implement
Lanczos's algorithm that works directly with the matrix A and requires only
multiplications of A into vectors and the computation of inner products.

17.1 Lanczos algorithm
P
Let ¢ be asin (17.4) andhg = ||2|=1 kVk (= u), khgk =1, as in (17.3).

Algorithm 9 Lanczos algorithm
initialization :

ho prescribed withkhok =1; h_; = 0:
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continuation: forj =0;1;:::;N 1 do

j = h/Ah;

Mo = (A jDhy jhj-
j+1 = KA1 k;

Nj+r = Mjer= a1

While ¢ in Algorithm 9 can be arbitrary (it multiplies h_; = 0), it is conve-

are calledLanczos vectors It can be shown that  generated by the Lanczos
algorithm is precisely ¢(d y),and = k(d n),fork=0;1,2:::;N 1.
This provides us with the Jacobi matrixJ \ (d ). It is true that the algo-
rithm becomes unstable af approaches\, but in the applications of interest
here, only small values of are needed.

17.2 Examples

Example9. Error bounds for linear algebraic systems.
Consider the system

(17.5) Ax = Db; A symmetric, positive de nite:

Given an approximationx = x = A ~!b to the exact solutionx, and the
residual vectorr = b Ax S'we havex x™= A7'b+A~Y(r b)= A7'r,
thus

kx x5 =(AI)TA Y =rTA?r;

and therefore
(17.6) kx x5 =krk? u'f(A)u;

whereu = r=krk and f (t) = t2. All derivatives of f are here of constant
sigh onR.,,

(17.7) fe)y> 0 fC"™(t)< 0 fort2R,:
By (17.4), we now have
z
(17.8) kx  x™®=krk?  t72d y(1):
R+
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The n-point Gauss quadrature rule applied to the integral on theight of
(17.8), by the rst inequality in (17.7), yields a lower boundof kx  x K,
without having to know the exact support interval of d . If, on the other
hand, we know that the support of d is contained in some interval 4; 4,
O<a<b, we can get a lower bound also from the right-handech & 1)-point
Gauss{Radau formula, andupper bounddrom the left-handed ( + 1)-point
Gauss{Radau formula on &; b, or from the (n + 2)-point Gauss{Lobatto
formula on [a; .

Example10. Diagonal elements oA ~*.
Here, trivially

(17.9) u'f (A)u = el A te;
wheref (t) = t™! and e; is the ith coordinate vector. Usingn-point Gauss
guadrature in (17.4), withn <N , yields

z

(17.100 AYH; = t71d N(t) > e]J te;; e =[1;0;:::;0]2 R™

R+

Suppose we taken = 2 steps of Algorithm 9 to compute

2 3
J,=4 ° !5,
1 1
We get
0= &,
Mi=(A  ol)e =[au 8- 0am ;i i
2
= L= S;
(17.11) . Fi = S
hi= A1=5; X X
1 7 1
1= gMmAm =5 A aa:
i ST
But
2 3
1
33t 40 T eile s —
01 1 1 0 01 1



so that by (17.10) withn =2, and (17.11),
P P

— ki M= A A .

i kg g A cai i

Simpler bounds, both lower and upper, can be obtained by thepgbint Gauss-
Radau and Gauss-Lobatto formulae, which however require éwledge of an
interval [a; 1, 0<a < b, containing the spectrum ofA .
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Exercises to Part Il (Stars indicate more advanced exercises.)
1. Prove (11.5).

2. Prove that complex zeros of the Sobolev orthogonal polymials of
Example 6 must be purely imaginary.

3! Circle theorems for quadrature weights (cf. P.J. Davis and. Rabi-
nowitz, J. Math. Anal. Appl. 2 (1961), 428{437).

(a) Gauss{Jacobi quadrature
Let w(t) =(1 t) (1+t) be the Jacobi weight function. It is
known (Sz75, egn (15.3.10)) that the nodes and weights  of
the n-point Gauss{Jacobi quadrature formula satisfy

P
2 | .
—nw( ) 1 ; n!'l

for onany compact interval contained in ( 1;1). Thus, suitably
normalized weights, plotted against the nodes, lie asympioally
on the unit circle. Use Matlab to demonstrate this graphicay.

(b) Gauss quadrature for the logarithmic weight functionw(t) =
t In(1=t) on [0; 1] (cf. Ga04, Example 2.27).
Try, numerically, to nd a circle theorem in this case also, ad
experiment with di erent values of the parameter > 1. (Use
the OPQoutine r _jaclog.m to generate the recurrence coe cients
of the orthogonal polynomials for the weight functionw.)

(c) Gauss{Kronrod quadrature.

With w as in (a), the analogous result for the 2 + 1 nodes
and weights  of the (2n + 1)-point Gauss{Kronrod formula is
expected to be

p___
_ 2. !
2nw( ) 1 ;o onll

That this indeed is the case, when; 2 [0;2), follows from
Theorem 2 in F. Peherstorfer and K. Petras, Numer. Math. 95
(2003), 689{706. Use Matlab to illustrate this graphically

(d) Experiment with the Gauss{Kronrod formula for the logaithmic
weight function of (b), when =0.
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4. Discrete orthogonality.
Let ( ;d ), k=0;12:::, bethe orthogonal polynomials relative to
an absolutely continuous measure. Show that for eath 2, the rst
N of them are orthogonal with respect to the discrete inner pauct
b(—l
(p; Qv = °p( ®)a( ©);
=0
where ©, © are the nodes and weights of th#l -point Gauss formula
for d . Moreover,k (ki = k (ki fork n 1.

5. (a) Consider the Cauchy integral

Zb .
@= o@d)= g

a

where B; 4 is the support of d . Show that
W(2)=0(z"Y asz!1

fHint: Expand the integral de ning ,(z) in descending powers
of z.g
(b) Show that

Zb
d ) @ @
Tt @ w0 eszid

fHint: Use (5.8)g
(c) Consider the partial fraction decomposition

n(2) _ X
@ Lz ©
of ,(2)= n(2) in (5.8). Use (b) to show that = © are the

weights of the n-point Gaussian quadrature formula for d. In
particular, show that

s_ n(%).

T o)
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(d) Discuss what happens iz! x, x 2 (a;b).

6. Characterize the nodes® in (11.9) as zeros of an orthogonal polyno-
mial of degreen, and identify the appropriate Gauss{Radau matrix for
(11.9).

7. Prove (11.10).f Hint: Use the fact that both formulae (11.6) and (11.9)
are interpolatory.g

8. (a) Prove the rst formula in (11.11). fHint: Use the relation be-
tween the Jacobi polynomial$?y = Pk(; ) customarily de ned and

the monic Jacobi polynomials = f(; ), expressed byPy(t) =

27K 2 T (t). You also needPy( 1) = ( 1* ¥, and the
-coe cient for Jacobi polynomials, J =4n(n+ )(n+ )(n+

+ )=2n+ + )2@2n+ + +1)2n+ + 1).9

(b) Prove the second formula in (11.11).f Hint: With |(( ) and L(k )
denoting the monic resp. conventional generalized Laguerpoly-
nomials, usel_(k )(t) = ( 1=k f( )(t). You also need_(k )(0) =

“* ,and [=n(n+ ).g

9. Prove (11.16). f Hint: With notation as in the hint to Exercise 8(a),

useP(1) = "T( in addition to the information provided there.g

10. The (left-handed)generalized Gauss{Radau formuleas
Z o X1 X0
fmd = §fO@+  RfE(R)+ RE(F);
a =0 =1
wherer > 1 is the multiplicity of the end point o= a, and RY, (f) =

0 forf 2 Puy_1sr. Letd U(t) = (t a)d (t)and [, 01 =
1,2;:::;n, be the nodes and weights of the-point Gauss formula for
d [,

(a) Show that
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(b) Show hat not only the internal weights R are all positive (why?),
but also the boundary weights o, §if r = 2.

11. The generalized Gauss{Lobatto formulés

Z
i — X (e () X L L X () £0) L .
f(t)d (t) o f7(a)+ fC)r (1) naf /(B+RG(F);

=0 =1 =0

wherer > 1 is the multiplicity of the end points ¢ = a, nh+1 = b,
and RS, (f) =0 for Py_1.pr. Letd II(t) =[(t a)(b t)]'d (t) and
(1T =1:2:::::n, be the nodes and weights of tha-point Gauss

formula for d [l
(a) Show that

[r]
T Atk o

(b) Show that not only the internal weights - are all positive (why?),
but also the boundary weights o, §and ., [i-

=1;2;::5n:

(c) Show that E)) = fH)l =0;%;:::5;r 1, if the measure d is

symmetric.
12" Generalized Gauss-Radau quadrature.

(a) Write a Matlab routine gradau.m for generating the generalized
Gauss-Radau quadrature rule of Exercise 10 for a measure @h
[a;1 ], having a xed node a of multiplicity r, r > 1. fHint:
To compute the boundary weights, set up an (upper triangulgr
system of linear equations by applying the formula in~turn wh

2(t), (t @) 2(t);::5(t @ ™t 2(t), where ,(t) = " (t
R).g

(b) Check your routine against the known formulae withr = 2 for
the Legendre and Chebyshev measures (see Ga04, Example8 3.1
and 3.11). Devise and implement a check that works for arbdry
r 2 and, in particular, forr = 1.

(c) Use your routine to explore positivity of the boundary weghts and
see whether you can come up with any conjectures.
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13" Generalized Gauss-Lobatto quadrature.

(a) Write a Matlab routine globatto.m for generating the generalized
Gauss-Lobatto rule of Exercise 11 for a measure @n [a; , hav-
ing xed nodes ata and b of multiplicity r, r> 1. For simplicity,
start with the caser 2 even; then indicate the changes neces-
sary to deal with odd values ofr. fHint: Similar to the hint in
Exercise 12(a)

(b) Check your routine against the known formulae withr = 2 for
the Legendre and Chebyshev measures (see Ga04, Example8 3.1
and 3.14). Devise and implement a check that works for arbdry
r 2 and, in particular, forr = 1.

¢ -
(c) Explore the positivity of the boundary weights and the quan

tities 5121 in the quadrature formula.
14. Show that the monic Stieltjes polynomial X,; in (12.3) exists uniquely.

15. (a) Letd be a positive geasure. Use approximation theory to show
that the minimum of _j (t)j°d (t), 1 <p < 1, extended over
all monic polynomials of degreen is uniquely determined.

(b) Show that the minimizer of the extremal problem in (a), wken
p=2s+2, s 0 an integer, is thes-orthogonal polynomial
= ns. THint: Dierentiate the integral partially with respect

to the variable coe cients of .g

16. (a) Show thatr in (13.2) has to be odd.
(b) Show that in (13.2) with r as in (13.3), one cannot havé& > n.

17. Derive (14.8) and (14.9).

18. Derive (15.4) from (15.3) and explain he meaning &, (f ;x). fHint:
Use Exercise 5(c) and (5.8).

19. Show thatp,(f ;t) in (15.5) is

() X (t x) a(t) Gy.
NC R S S e o AR

and thus prove (15.5).f Hint: Use Exercise 5(cy

pn(f;t) =
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20. Derive (15.7) and (15.8).fHint: For k < n, use Gauss quadrature,
and for k = n insert the expression fom,(f ;t) from Exercise 19 into
the formula for a, in (15.6). Also use the fact that the elementary
Lagrange interpolation polynomials sum up to B

21. Derive (15.9).
22. Prove (15.11).fHint: Use Exercise 4

23. (@) Prove that the Lanczos vectors are mutually orthonanal.

(b) Show that the vectorsfh;g',, n <N, form an orthonormal basis
of the Krylov space

(c) Prove that
h; = p(A)hg; j=0;L:::;N;

where p; is a polynomial of degreqg satisfying the three-term
recurrence relation

1P () =( D) - )
] =0;L:: N 1,
Po( )=1; p-a()=0:
f Hint: Use mathematical inductiong

24. Prove that the polynomialp, of Exercise 23(c) is equal to the orthonor-
mal polynomial «( ;d y). fHint: Use the spectral resolution oA and
Exercises 23(a) and (cy

25. Derive the bounds for A ™1); hinted at in the last sentence of Example
10.
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PART Il APPROXIMATION

18 Polynomial least squares approximation

18.1 Classical least squares problem

We are givenN data points (tx;fx), kK = 1;2;:::;N, and wish to nd a
polynomial 7, of degree n, n < N, such that a weighted average of the
squared errors [j(ty) f]? is as small as possible among all polynomiats
of degreen,

X X
(18.1) Wi[Pn(te)  fil? wi[p(ty) fi]* forall p2 Py

k=1 k=1
Here, wy > 0 are positive weights, which allow placing more emphasis on
data points that are reliable, and less emphasis on othersy bhoosing them
larger resp. smaller. If the quality of the data is uniformlythe same, then
equal weights, saywy = 1, are appropriate.

The problem as formulated suggests a discrel¢-point measure

X
(18.2) dn(t)= wi (t ty); = Dirac delta function;
k=1
in terms of which the problem can be written in the compact fon
(18.3) kpn fkij, kp fkj  forallp2 P

The polynomials ( )= «( ;d ) orthogonal (hot necessarily monic) with
respect to the discrete measure (18.2) provide an easy sadat one writes
X
(18.4) p= G i(); n<N;
i=0
and obtains for the squared error, using the orthogonalityfo ,
(18.5) I

X0 X ' xn X )
E2 = ¢ f g, f = aG( i j) 2 q(f; )+ kfk
i=0 j =0 iij =0 i=0
x J(f; ) ? 2” X )2 |
= k kg <k + kf K ek

i=0
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(All norms and inner products are understood to be relativea the measure
d n.) Evidently, the minimum is attained for ¢ = % (f ), where

(f; ) .

(18.6) é,(f)zm, =0;%::;m
are the \Fourier coe cients" of f relative to the orthogonal system o; 1;
11l N—1. Thus,
X
(18.7) ()= &(f) i(t;d n):

i=0
In Matlab, the procedure is implemented in theOPQoutine
[phat,c]=least _squares(n,f,xw,ab,d)

The given function valueds ¢ are input through the N 1 arrayf, the abscissae
ty and weightswy through the N 2 array xw, and the measure dy through
the (N+) 2 array ab of recurrence coe cients. The 1 (n+1) array d is the
vector of leading coe cients of the orthogonal polynomials The procedure
returns as output the N (n+1) array phat of the valuesp*(tx), O n,
1 k N, andthe (n+1) 1 array c of the Fourier coe cients.

Example 11. Equally weighted least squares approximation oM = 10
equally spaced points on [1;1].
Matlab program:

N=10; k=(1:N)'; d=ones(1,N);
xw(k,1)=-1+2*(k-1)/(N-1); xw(:,2)=2/N;
ab=r_hahn(N-1); ab(:,1)=-1+2*ab(:;,1)/(N-1);
ab(:,2)=(2/(N-1))"2*ab(:,2); ab(1,2)=2;
[phat,c]=least _squares(N-1,f,xw,ab,d);

The program is applied to the functionf (t) = In(2+ t)on[ 1;1],

and selected least squares errofs, are compared in the table below with
maximum errorsE ;> (taken over 100 equally spaced points on [L; 1]).

E, E°
4.88({01) 6.37({01)
2.96({03) 3.49({03)
2.07({05) 7.06({05)
1.74({16) 3.44({06)

O o wolsS
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If n= N 1, the least squares erroEy _; is zero, since theN data points
can be interpolated exactly by a polynomial of degree N 1. This is
con rmed in the rst tabular entry for n = 9. The in nity errors are only
slightly larger than the least squares errors, except for = 9.

18.2 Constrained least squares approximation

It is sometimes desirable to impose constraints on the leastjuares approx-
imation, for example to insist that at certain pointss; the error should be
exactly zero. Thus, the polynomialp 2 P, is subject to the constraints

(18.8) p(sj)=fj; 1 =1;2::5;m; m

but otherwise is freely variable. For simplicity we assumehat none of the
s; equals one of the support pointdy. (Otherwise, the procedure to be
described requires some simple modi cations.)

In order to solve the constrained least squares problem, let

yn
(18.9) Pm(f;t) = pm(fiSyiiiismit); m(t)= (t§)
j=1

be respectively the polynomial of degrem 1 interpolating f at the points
s; and the constraint polynomial of degreean. We then write

(18.10) p(t) = pm(f;t) + m(D)a(t):

This clearly satis es the constraints (18.8), andj is a polynomial of degree
n m that can be freely varied. The problem is to minimize the squad
error
yA 2
f(t ft
O Pl o 2md o
R m(t)

over all polynomialsq of degreen m. This is anunconstrainedleast squares
problem, but for a new functionf ~and a new measure d,

ki pm(f; ) mqu N

(18.11) minimize : kf = gky ;02 Poom;
where
(18.12) frgy= 1O Py ah o 20 (o)

m (1)
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If ¢,—m is the solution of (18.11), then

(18.13) A() = Pm(fiD+ m(H)0h-m(t)

is the solution of the constrained least squares problem. &hfunction f &’
incidentally, can be given the form of a divided di erence,

f5t) =[s1;so;::1;8mt]f; t 2 suppd

as follows from the theory of interpolation. Note also that he discrete or-
thogonal polynomials ( ;d ;) needed to solve (18.11) can be obtained
from the polynomials «( ;d n) by m modications of the measure dy (t)
by linear factorst s;.
Examplel2. Bessel functionJo(t) forO t jos.

Here, jo.3 is the third positive zero ofJo. A natural constraint is to
reproduce the rst three zeros ofly exactly, that is, m = 3 and

S1= o1 S2=Jo2, S3= jos:

The constrained least squares approximations of degrems=
3;4;5 (that is, n m = 0;1;2) using N = 51 equally spaced points on
[0;]0:3] (end points included) are shown in the gure below. The sdlicurve

151

represents the exact function, the dashdotted, dashed, amttied curves the
approximants forn = 3;4, and 5, respectively. The approximations are not
particularly satisfactory and show spurious behavior nedar= 0.
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Examplel13. Same as Example 12, but with two additional constraints
p(0)=1; p(0)=0:

Derivative constraints, as the one in Example 13, can be inqio-
rated similarly as before. In this example, the added constints are designed

to remove the spurious behavior neatr = 0; they also improve considerably
the overall accuracy, as is shown in the next gure.

18.3 Least squares approximation in Sobolev spaces

The task now is to approximate simultaneously functions andome of their
rst derivatives. More precisely, we want to minimize

x X () ()72
w PO )  f ]
=0 k=1

over all polynomialsp 2 P,, Wherefif ) =0:L:::;s, are given function
and derivative values, anle(( )> 0 appropriate weights for each derivative.
These are often chosen such that

Wl(()I W; >0, k=1;2::5;N;

in terms of one set of positive weightsv,. Evidently,, the problem, analo-
gously to (18.3), can be written in terms of the Sobolev inngoroduct and
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norm

X X p
(18.14) W v)s = w uO VO (te); kuks = (U3 U)s
=0 k=1
in the compact form
(18.15) minimize : kp fk3 forall p2 P,:
The solution is entirely analogous to the one provided ir18.1,
_ X . _ (s,
(18.16) ()= &) i(1); G&(f)=

i=0 k iké ’
wheref ;g are the orthogonal polynomials of Sobolev type. In Matlab,hte
procedure is

[phat,c]=least _squares_sob(n,f,xw,B)

The input parameterf is now anN (s+ 1) array containing the Nvalues of
the given function and its rst s derivatives at the pointst,. The abscissady

and the Weightswi(( ) of the Sobolev inner product are input via theN (s+1)

array xw (The routine determiness automatically from the size of the array
xwW) The user also has to provide theN N upper triangular array of the
recurrence coe cients for the Sobolev orthogonal polynorals, which fors =

1 can be generated by the routinehebyshev_sob.m and for arbitrary s by

the routine stielties _sob.m The output phat is an array of dimension
(n+1) (Ns) containing the N values of the derivative of order of the nth

degree approximantp? in positions (h+1, :s+ 1:Ns) of the array phat. The

Fourier coe cients ¢; are output in the (n+1) 1 vectorc.

Example14. The complementary error function on [®2].

This is the function .

2
f(t)= eerfct = p— & e'du; 0 t 2
t
whose derivatives are easily calculated.

The routine least _squares_sob.mis applied to the function
f of Example 14 withs = 2 and N=5 equally spaced pointstx on [G; 2]. All
weights are chosen to be equah/ﬁ )=1=Nfor =0:1;2. The table below,
in the top half, shows selected results for the Sobolev leasjuares errore,
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n E, Es, Ex ES,

0 1.153(+00) 4.759({01) 1.128(+00) 2.000(+00
2 7.356({01) 8.812({02) 2.860({01) 1.411(+00
4 1.196({01) 1.810({02) 5.434({02) 1.960({01
9 2.178({05) 4.710({06) 3.011({05) 3.159({04
14 3.653({16) 1.130({09) 1.111({08) 1.966({07
0 2.674{01) 4.759({01) 1.128(+00) 2.000(+00
2 2.245({02) 3.865({02) 3.612({01) 1.590(+00
4 1.053({16) 3.516({03) 5.160({02) 4.956({01

and the maximum errorsE %, Ef7y, Ef7, (over 100 equally spaced points on
[0; 2]) for the function and its rst two derivatives. In the bott om half are
shown the analogous results for ordinary least squares apgimation (s = 0)
whenn N 1. (It makes no sense to considar > N  1.) Note that
the Sobolev least squares errdesy ;1 is essentially zero, re ecting the fact
that the Hermite interpolation polynomial of degree Bl 1 interpolates the
data exactly. In contrast, én =0forn N 1inthe case of ordinary least
squares.

As expected, the table shows rather convincingly that Sobml least squares
approximation approximates the derivatives decidedly bé&tr than ordinary
least squares approximation, when applicable, and even tlienction itself
whenn is su ciently large.

19 Moment-preserving spline approximation

There are various types of approximation: those that conttdhe maximum
pointwise error; those that control some average error (kEkleast squares
error); and those, often motivated by physical considerains, that try to
preserve the moments of the given function, or at least as mawof the rst
moments as possible. It is this last type of approximation tht we now wish
to study. We begin with piecewise constant approximation othe whole real
line R, then proceed to spline approximation orR., and end with spline
approximation on a compact interval.
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19.1 Piecewise constant approximation on R+
The piecewise constant approximants to be considered are

X
(19.1) sn(t) = aH(t t); t2Rs;

=1

wherea 2 R, 0<t;<t,< <t,, and H is the Heaviside function
8

< 1ifu O
H(u) =,
0 otherwise

The problem is, for givenf 2 C1(R.), to nd, if possible, the a andt such
that

Z
(19.2) ss(tidt= ;; j=0;1:::;2n 1
0
where
Z
(19.3) | = f()tidt; j=0:1:::;2n 1

0

are the momentsof f , assumed to exist.
The solution can be formulated in terms of Gauss quadraturesiative to
the measure

(19.4) d (t)= tf{t)dt onR,:

Indeed, iff (t) = o(t™®") ast!1 , then the problem has a unique solution
if and only if d in (19.4) admits ann-point Gauss quadrature formula

z = X G G
(19.5) g(t)d (t) = 9( °); 92 Pan—y;

0 1

satisfying 0< £ < $ < < 8. If that is the case, then the desired

knotst and coe cients a are given by
G

(19.6) t = % a=—; =1;2:5n
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A Gauss formula (19.5) always exists if "< 0 onR,, thatis, d (t) 0.

For the proof, we use integration by parts,

Z T 1 T 1 Z T

f(tdt= —t*f(t ——  fiot*ttd ] 2n 1
Jfrde= 00 o j
andletT!1 . The integrated part on the right goes to zero by assumption
on f, and the left-hand side converges to th¢th moment of f, again by
assumption. Therefore, the last term on the right also conwges, and since
tf {t) =d (t), one nds

This shows in particular that the rst 2n moments of d exist, and therefore,
if d 0, also the Gauss formula (19.5).
On the other hand, the approximants, has moments

Z. o Zy

. . 1
sp(t)t'dt = a thdt = -
o - 0 ] +1

a tj +1 :
=1

so that the rst 2n moments ; of f are preserved if and only if

X0 Z o
(at)th = td (t); j=0;L:::;2n 1

=1 0

This is equivalent to saying that the knotst are the Gauss nodes in (19.5),
anda t the corresponding weights.

Examplel15. Maxwell distribution f (t) = e~ on R,
Here,

d (t)=2t%edt onR,;

which is a positive measure obtained (up to the factor 2) by tiwe modi-
fying the half-range Hermite measure by a linear factor. The rst n+ 2
recurrence coe cients of the half-range Hermite measure nabe computed
by a discretization method. Applying to these recurrence eocients twice
the routine chril.m , with zero shift, then yields the recurrence coe cients

k(d ), «k(d ),k n 1, and hence the required-point Gauss quadrature
rule (19.5) for d . The result forn =5 is depicted in the gure below.
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19.2 Spline approximation on R

The approximant s, of x19.1 can be interpreted as a spline function of degree
0. We now consider spline functions,.,, of degreem > 0,

X0
(19.7) ssm()=  a(t I t2Ry;

=1

where u' is the truncated poweru? = u™ if u 0, anduf =0 if u< O.
Given the rst 2n moments (19.3) off , the problem again is to determine
a 2Rand0<t;<t,< <t, such that

Z

(19.8) Ssmtidt= ;; j=0;L::5;2n 1L

0
By a reasoning similar to the one inx19.1, but more complicated, involving
m integrations by part, one proves that forf 2 C™*1(R,) and satisfying

fO)(t) = ot™  )ast!'1 , =0;1;:::;m, the problem has a unique
solution if and only if the measure

[m] ( 1)m+l m+1 ¢ (m+1)
(19.9) d M(t) = t™f (™D (H)dt  on R,

m!
admits an n-point Gauss quadrature formula
Z X0
(19.10) gt)d Mt) = Sg( ©) forall g2 P
0 =1
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satisfying 0< £ < £ < < S. If that is the case, the knotst and
coe cients a are given by

G

(19.11) t = G a =1:2::0n:

Note that d ™ in (19.9) is a positive measure, for eacn 0, and hence
(19.10) exists, iff is completely monotonic orR, , thatis, ( 1) f()(t) > 0,
t2R,,for =0;1,2:::.
Example16. Maxwell distribution f (t) = e ™" on R, , revisited.

We now have

1
d M) = th”Hm+1 (e ¥ dt onR,;

whereH .1 is the Hermite polynomial of degreen+1. Here, d Mif m> 0is
no longer of constant sign orR., and hence the existence of the Gauss rule
(19.10) is in doubt. Numerical exploration, using discretiation methods,
yields the situation shown in the table below, where a dash ditates the
presence of a negative Gauss nod&, and an asterisk the presence of a pair

n m=1 m=2 m=3 | n m=1 m=2 m=3
1 692 1.8({1) 2.6({1) |11 | 1.1¢{3) 1.1({4)
2 8.2({2) | 2.3({2) 12 | | *

3 | 1.1{2) 2.5({3) 13 7.8({3) 6.7({4) *

4 35(2) 6.7(3) 2.2({3) | 14 8.3({3) 5.6({4) 8.1({H)
5 2.6(2) | 1.6({3) 15 7.7({3) | 7.1({5)
6 22({2) 3.1({3) * 16 | 49({4) 7.8({5)
7 | 2.4({3) * 17 | 3.8{4) 3.8({9)
8 1.4({2) | 3.4({4) 18 5.5({3) 3.8({4) *

9 1.1({2) 1.7{3) 2.5({4) | 19 5.3({3) | *

10 9.0{3) 1.1({3) | 20 5.4({3) 3.1({4) *

of conjugate complex Gauss nodes. In all cases computed,réhevere never
more than one negative Gauss node, or more than one pair of qdex nodes.
The numbers in the table represent the maximum error&s,., f ke, the

maximum being taken over 100 equally spaced points or [F].
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19.3 Spline approximation on a compact interval

The problem on a compact interval, say [QL], is a bit more involved than
the problem onR.. For one, the spline functions,.,,, may now include a
polynomial p of degreem, which was absent before since no moment pf
exists onR, unlessp 0. Thus, the spline approximant has now the form

X
(19.12) Ssm()=pt)+ a(t O p2Pn 0 t L

=1
wherea 2 Rand 0<t; <t,< <t, < 1. There are two problems of
interest:

Probleml. Find sp.m such that
Z 1
(19.13) Samtidt= ; j=0;L::5;2n+ m:
0

Since we havan + 1 additional parameters at our disposal (the coe cients
of p), we can imposem + 1 additionl moment conditions.

ProblemIl. Rather than matching more moments, we use the added degre
of freedom to imposem + 1 \boundary conditions" at the end point t = 1.
More precisely, we want to nds,., such that

Z 1
(19.14) Ssmtidt= ; j=0;L::5;2n 1
0
and
(19.15) St (1) = £O(1); =0;1;:::;m:

It is still true that a solution can be given in terms of quadraure formulae,
but they are now respectively generalized Gauss{Lobatto dngeneralized
Gauss{Radau formulae relative to the measufe

( 1)m+l
m!

(19.16) d M(t) = f (M ()dt on [0 1]

3See M. Frontini, W. Gautschi, and G.V. Milovanovt, \Momen t-preserving spline ap-
proximation on nite intervals", Numer. Math. 50 (1987), 50 3{518; also M. Frontini, W.
Gautschi, G.V. Milovanovt, \Moment-preserving spline a pproximation on nite intervals
and Tuan quadratures”, Facta Univ. Ser. Math. Inform. 4 (1 989), 45{56.
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Problem I, in fact, has a unique solution if and only if thegeneralized Gauss{
Lobatto formula

g(tyd () = Vg0 +( 1) Lha @)
0 -0
(19.17) x O
+ g( ); 92 Pon+2m+1;

=1
exists with 0< | < < | < 1. In this case,
(19.18) t =t a="%Y% =120
and p is uniquely determined by
(19.19) pPOW=fO@Q+( )™m M7 =010 m:

Similarly, Problem Il has a unique solution if and only if thegeneralized
Gauss{Radau formula

21 X0 X
(19.20) gid M) = (900 + Rl R); 92 Panem;
0 =0 =1
exists with 0< R< < R< 1 Then
(19.21) t = R a= R =1;2::0mm;
and (trivially)

X ()
(19.22) oty= | !(1) t 1):

=0

In both cases, complete monotonicity of implies d 0 and the existence
of the respective quadrature formulae. For their construain, see Exercises
12 and 13 of Part Il.

20 Slowly convergent series

Standard techniques of accelerating the convergence ofvdlp convergent
series are based on linear or nonlinear sequence transfatiores: the sequence
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of partial sums is transformed somehow into a new sequencetltonverges
to the same limit, but a lot faster. Here we folllow another aproach, more
in the spirit of these lectures: the sum of the series is regented as a
de nite integral; a sequence of quadrature rules is then apgd to this integral
which, when properly chosen, will produce a sequence of apximations that
converges quickly to the desired sum.

An easy way (and certainly not the only one) to obtain an inegl repre-
sentation presents itself when the general term of the sesjeor part thereof,
is expressible in terms of the Laplace transform (or some a@hintegral trans-
form) of a known function. Several instances of this will nowe described.

20.1 Series generated by a Laplace transform

The series

(20.1) S= a
k=1

to be considered rst has termsay that are the Laplace transform
Z
(Lf)(s) = e S'f (t)dt

0

of some known functionf evaluated ats = k,

(20.2) a =(Lf)k); k=1;23;::::
In this case, w Z o
S= e Kf (t)dt
Lo
= e k"Dt o7tf (t)dt
0 k=1
= o 1 e 'f (t)dt
T, 1 et
that is,
Z
R T () ey
(20.3) S= o1 e—tTe dt:
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There are at least three di erent approaches to evaluate thiintegral nu-
merically: one is Gauss{Laguerre quadrature oftf(1 € !))f (t)=t with
d (t) = e~'dt onR.; another is rational/polynomial Gauss{Laguerre quadra-
ture of the same function; and a third Gauss{Einstein quadtarre of the
function f (t)=t with d (t) = tdt=(¢' 1) on R.. In the last method, the
weight function t=(¢' 1) is widely used in solid state physics, where it is
named after Einstein (coming from the Einstein-Bose distoution). It is also,
incidentally, the generating function of the Bernoulli poynomials.

Examplel7. The Theodorus constant

X 1
S= WZJ.SGOOZS
k=1
This is a universal constant introduced by P.J. Davis (1993in connection
with a spiral attributed to the ancient mathematician Theodorus of Cyrene.
Here we note that

1 — o122 1 - 1 —t .
S3=2+ Sl=2_ S s+1 - Ll T € (S)!

where the star stands for convolution. A simple computatioryields (20.2)
with

fm= p=F( b

where Z,
Fix)=e™  &dt
0
is Dawson's integral.

To make f (t) regular at t = 0, we divide by P+ and write

z P
I T o ) P
S= p— 1 et Py t™ e dt

E p

.. -
= pZ: ﬁg_—t)t‘mL dt:
0 t e 1

To the rst integral we apply Gauss{Laguerre quadrature wih d (t) =
t~*2e"'dt on R, or rational Gauss{Laguerre with the same d, and to the
second integral Gauss{Einstein quadrature (modied by thefactor t=72).
The errors committed in these quadrature methods are shown the table
below.
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n Gauss-Laguerre rational Gauss-Laguerre Gauss-Einstein

1 9.6799({03) 1.5635({02) 1.3610({01)

4 5.5952({06) 1.1893({08) 2.1735({04)

7 4.0004({08) 5.9689({16) 3.3459({07)

10 5.9256({10) 5.0254({10)

15 8.2683({12) 9.4308({15)

20  8.9175({14) 4.7751({16)
timing: 10.8 timing: 8.78 timing: 10.4

The clear winner is rational Gauss{Laguerre, both in termsfcaccuracy and
run time.

Example18. The Hardy{Littlewood function

xX°
H(x) = Esini; x> 0

It can be shown that

sinE = (Lf (t:x))(K);

1
x|l

ay

where L 0 0
Ftx)= S M@ Xt) 1o ixt)]

and |q is the modi ed Bessel function. This gives rise to the two irggral
representations

Z

H(X): t f(t,X) e—tdt= f(t,X) Ldt

o 1 et t o t & 1

Among the three quadrature methods, Gauss{Einstein perfors best, but all
su er from internal cancellation of terms in the quadraturesum. The problem
becomes more prominent as the numbaer of terms increases. In this case,
other methods can be applied, using the Euler-Maclaurin fowla.#

The gure below shows the behavior oH (x) in the range 0 x  100.

4See W. Gautschi, \The Hardy-Littlewood function: an exercise in slowly convergent
series", J. Comput. Appl. Math., to appear.
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-0.5
0

20.2 \Alternating" series generated by a Laplace trans-
form

These are series in which the general terms are Laplace triorens with

alternating signs of some functiorf , that is, series (20.1) with

(20.4) ac=( DYLf)K); k=1:;23::::

An elementary computation similar to the one carried out irx20.1 will show

that
Z

(20.5) S=

Z
oo 1
—t — .
fedt=" f(O gt

oo

l+e™t
We can again choose between three quadrature methods: Gdluaguerre
guadrature of the functionf (t)=(1+e~*) withd (t) = e 'dt, rational/polynomial
Gauss{Laguerre of the same function, and Gauss-Fermi quadiare of f (t)
with d (t) = dt=(e!' + 1) involving the Fermi function 1=(e! + 1) (also used
in solid state physics).

Examplel9. The series

X2 (1t o 1=k

S= "

k=1

One can show that the functionf in question here id (t) = J0(2p t), with

Jo the Bessel function of order zero. Errors obtained by the tbe quadrature
methods are displayed in the table below, showing the cleaugeriority of
Gauss{Fermi quadrature.
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n Gauss-Laguerre rational Gauss-Laguerre Gauss-Fermi
1 1.6961({01) 1.0310({01) 5.6994({01
4 4.4754({03) 4.6605({05) 9.6454({07
7 1.7468({04) 1.8274({09) 9.1529({15
10 3.7891({06) 1.5729({13) 2.8163({16
15 2.6569({07) 1.5490({15)
20 8.6155({09)
40 1.8066({13)

timing: 12.7 timing: 19.5 timing: 4.95

20.3 Series generated by the derivative of a Laplace
transform

These are series (20.1) in which

(20.6) a = E(Lf)(s) o k=1;23;:00
ds s=k
In this case one nds
Z ¢ Z ¢
20.7 = f (e tdt = f(t)—— dt;
(20.7) 5= pefeTdt= gy

and Gauss{Laguerre, rational/polynomial Gauss{Laguerreand Gauss{Einstein
guadrature are again options as ix20.1.

Example20. The series

Xo -
S=  (E+Dk(k+1) %=
k=1

The relevant functionf is calculated to be

eﬁpf
f(t)= jef— t1°2;

_R _
where erf is the error function erk = (2 P OX e dt. Numerical results
analogous to those in the two previous tables are shown below
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Gauss-Laguerre

rational Gauss-Laguerre

Gauss-Einste

4.0125({03)
1.5108({05)
4.6576({08)
3.0433({09)
4.3126({11)

5.1071({02)
4.5309({08)
1.3226({13)
1.2087({15)

8.1715({02)
1.6872({04)
3.1571({07)
5.4661({10)
1.2605({14)

n

20 7.6664({14)
30  3.4533({16)

timing: 6.50 timing: 10.8 timing: 1.58
The run time is best for Gauss{Einstein quadrature, thoughhe error is worse
than for the closest competitor, rational Gauss{Laguerre.

20.4 Slowly convergent series occurring in plate con-
tact problems

The series of interest here is
e Z2k+1

(20.8) Rp(2) = -~ W;

z2C;jzj 1, p=2or3:
Rather than expressing the whole general term of the series a Laplace
transform, we do this only for the coe cient,

1 _
20.9 = (Lf)(k): f(t)= p-lgmt=2.
Then
R.(2) = z X 72k
P 22 (kE%)p
z X w g PTE?
= » z e ( D) dt
k=0 7 P '
_ Z ” 20-t\k  $p—1g—t=2
»p 1) . (z°e )" tP7re Tedt
z 2o 1
= p—1t=2 4t
»p 1) , 1 et ©
that is,
Z oo p14=2
_ z e 11
(20.10) Rp(2z) = m . ﬁdt, z7°2 Cn[0; 1]
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The casez = 1 can be treated directly by using the connection with the za
function, R,(1) = (1 27P) (p). Assume thereforez 6 1. When jzj is close
to 1, the integrand in (20.10) is rather ill-behaved neat = 0, exhibiting a

steep boundary layer. We try to circumvent this by making thechange of
variables €' 7! t to obtain

1 z L= 2[In(1=t)]P? dt
2(p D'z , z72 t '

Rp(2) =

This expresse®Ry(z) as a Cauchy integral of the measure
d Pl(t) = t7=2[In(1=t)]""tdt:

Since by assumption,z™? lies outside the interval [1], the integral can
be evaluated by the continued fraction algorithm, once su cently many
recurrence coe cients for d P! have been precomputed. For the latter, the
modi ed Chebyshev algorithm is quite e ective. The rst 100coe cients are

available forp =2 and p = 3 in the OPQles absgmllogland absgmllog2
to 25 resp. 20 decimal digits.

Example?21.
Rp(X); p=2and 3; x = :8;:9;:95,:99,:999 and 10:

Numerical results are shown in he table below and are accueato all digits

X R2(X) Rs(X)
.8 0.87728809392147 0.82248858052014
9 1.02593895111111 0.93414857586540
.95 1.11409957792905 0.99191543992243
.99 1.20207566477686 1.03957223187364
999 1.22939819733 1.05056774973
1.000 1.233625 1.051795

shown. Full acuracy cannot be achieved for  :999 using only 100 recur-
rence coe cients of d I,

Example22.
Rp(ei ); p=2and 3; =1!=2;! =:2::1,:05:01:001 and 00:
Numerical results are shown in the table below.
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p_ | ReRy(2)) m(Re(2) |

2 2 0.98696044010894 0.44740227008596
3 0.96915102126252 0.34882061265B37
2 0.1 1.11033049512255 0.27830297928558
3 1.02685555765937 0.18409976778P28
2 0.05 1.17201552262936 0.16639152396897
3 1.04449441539672 0.09447224926029
2
3
2
3
2

0.01 1.22136354463481 0.04592009281744
1.05140829197388 0.01928202831056

0.001 1.232466849 0.006400460
1.051794454 0.001936923

0.000 1.2336 0.0000

3 1.0518 0.0000

Here, too, full accuracy is not attainable for! 0:001 with only 100 re-
currence coe cients. Curiously, the continued fraction ajorithm seems to
converge also whemz =1, albeit slowly.

20.5 Series involving ratios of hyperbolic functions

More of a challenge are series of the type

X 1 cosh(x+1)k_

(20.11) To(x;b) = o (2k+1)P cosh(X +1)b’

0 x b;b>0p=2;3;

which also occur in plate contact problems. Here, we rst exgnd the ratio
of hyperbolic cosines into an in nite series,

cosh(x + 1) x
cosh(X+1)b
X (1) @R bx] 4 g=@kHD2 1) brx]

(20.12)

n=0

insert this in (20.11) and apply the Laplace transform techique of x20.4.
This yields, after an elementary computation (using an intehange of the
summations overk and n),

1 xX°
(20.13) To(x;b) = o D ( DDA o)+ (]
" n=0
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where

Z, d [Pl(t)

0 eZ[(2n+1) b+ s] t

(20.14) "h(s)=e® ; b s b:

The integral on the right is again amenable to the continuedréction algo-
rithm for d [P, which for largen converges almost instantaneously. Conver-
gence of the series (20.13) is geometric with ratio'e

93



Exercises to Part Il (Stars indicate more advanced exercises.)

1.

With o; 1;:::; n-—1denoting the discrete orthogonal polynomials rel-
ative to the measure dy, and &(f ) the Fourier coe cients of f with
respect to these orthogonal polynomials, show that
xn
j6(F)j’k ik? k fk? n<N;
i=0
with equality holding forn= N 1.

. Prove the following alternative form for tl"le Fourier coe cients,

f 1 f x f [
Q()_m J=OQ()J’ i ’ I_O’lllnl
and discuss its possible advantages over the original form.

Discuss the modi cations required in the constrained le& squares ap-
proximation when (0 m) of the points s; are equal to one of
the support points ty.

. What arepy(f; ), f 5and |, in Example 12?

Calculate the rst and second derivative of the compleméary error
function of Example 14.

6" Prove the unique solvability of the problem (19.8) under th conditions

10.
11.
12.
13.
14.

stated in (19.9){(19.10), and, in the a rmative case, derive (19.11).
Derive the measure d™! for the Maxwell distribution of Example 16.
Derive the formula forf in Example 17.

Derive the formula forf in Example 18.

Derive (20.5).

Derive the formula forf in Example 19.

Derive (20.7).

Derive the formula forf in Example 20.

Supply the details for deriving (20.13).
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