
THE INTERPLAY BETWEEN CLASSICAL ANALYSIS AND(NUMERICAL) LINEAR ALGEBRA | A TRIBUTE TO GENE H.GOLUB�WALTER GAUTSCHIyDedi
ated in friendship, and with high esteem, to Gene H. Golubon his 70th birthdayAbstra
t. Mu
h of the work of Golub and his 
ollaborators uses te
hniques of linear algebrato deal with problems in analysis, or employs tools from analysis to solve problems arising in lin-ear algebra. Instan
es are des
ribed of su
h interdis
iplinary work, taken from quadrature theory,orthogonal polynomials, and least squares problems on the one hand, and error analysis for linearalgebrai
 systems, element-wise bounds for the inverse of matri
es, and eigenvalue estimates on theother hand.Key words. Gauss-type quadratures, eigenvalue/ve
tor 
hara
terizations, orthogonal polyno-mials, modi�
ation algorithms, polynomials orthogonal on several intervals, least squares problem,Lan
zos algorithm, bounds for matrix fun
tionals, iterative methodsAMS subje
t 
lassi�
ations. 65D32, 33C45, 65D10, 15A45, 65F101. Introdu
tion. It has been a privilege for me to have known Gene Golub forso many years and to have been able to see his very extensive work unfold. Whatintrigues me most about his work | at least the part I am familiar with | is theimaginative use made of linear algebra in problems originating elsewhere. Mu
h ofGolub's work, indeed, 
an be thought of as lying on the interfa
e between 
lassi
alanalysis and linear algebra. The interfa
e, to be sure, is dire
tional: a problemposed in analysis may be solved with the help of linear algebra, or else, a linearalgebra problem solved with tools from analysis. Instan
es of the former type o

urin quadrature problems, orthogonal polynomials, and least squares problems, whileexamples of the latter type arise in error estimates for the solution of linear algebrai
systems, element-wise bounds for the inverse of a matrix, and in eigenvalue estimatesof interest in iterative methods.It will not be possible here to pursue all the rami�
ations of this interestinginterplay between di�erent dis
iplines, but we try to bring a
ross some of the mainideas and will refer to the literature for variations and extensions.2. Quadrature. Integration with respe
t to some given measure d� on the realline R is 
ertainly a topi
 that belongs to analysis, and so is the evaluation or ap-proximation of integrals RR f(t)d�(t). If one follows Gauss, one is led to orthogonalpolynomials relative to the measure d�, whi
h is another vast area of 
lassi
al analy-sis. How does linear algebra enter in all of this? It was in 1969 when the 
onne
tionbetween Gauss quadrature rules and the algebrai
 eigenvalue problem was, if not dis-
overed, then 
ertainly exploited in the now 
lassi
al and widely 
ited paper [33℄. We�Expanded version of a le
ture presented in a spe
ial session honoring Professor Gene H. Golubat the Latsis Symposium 2002 on Iterative Solvers for Large Linear Systems, 
elebrating 50 years ofthe 
onjugate gradient method, held at the Swiss Federal Institute of Te
hnology in Zuri
h, February18{21, 2002.yDepartment of Computer S
ien
es, Purdue University, West Lafayette, Indiana 47907-1398(wxg�
s.purdue.edu). 1



2 WALTER GAUTSCHIbegin with giving a brief a

ount of this work, and then dis
uss various extensionsthereof made subsequently.2.1. Gauss quadrature. Assume d� is a positive measure on R, all (or suÆ-
iently many) of whose moments�r = ZR trd�(t); r = 0; 1; 2; : : : ;(2.1)exist with �0 > 0. The n-point Gauss quadrature rule for d� isZR f(t)d�(t) = nX�=1��f(��) +Rn(f);(2.2)where �� = �(n)� , �� = � (n)� depend on n and d�, and Rn(f) = 0 whenever f is apolynomial of degree � 2n� 1,Rn(f) = 0; f 2 P2n�1:(2.3)This is the maximum degree possible. If f (2n) is 
ontinuous on the support of d� andhas 
onstant sign, then Rn(f) > 0 if sgn f (2n) = 1;(2.4)with the inequality reversed if sgn f (2n) = �1.The 
onne
tion between Gauss quadrature and orthogonal polynomials is wellknown. If �k( � ) = �k( � ; d�), k = 0; 1; 2; : : : , denotes the system of (moni
) polyno-mials orthogonal with respe
t to the measure d�,ZR�k(t)�`(t)d�(t)� = 0 if k 6= `;> 0 if k = `;(2.5)then �1; �2; : : : ; �n are the zeros of �n( � ; d�), and the �� 
an be expressed in terms ofthe orthogonal polynomials as well. The former are all distin
t and 
ontained in theinterior of the support interval of d�, the latter all positive. What is important here isthe well-known fa
t that the orthogonal polynomials satisfy a three-term re
urren
erelation, �k+1(t) = (t� �k)�k(t)� �k�k�1(t); k = 0; 1; 2; : : : ;��1(t) = 0; �0(t) = 1;(2.6)with well-determined real 
oeÆ
ients �k = �k(d�) and �k = �k(d�) > 0. In terms ofthese, one de�nes the Ja
obi matrixJ(d�) = 2666664 �0 p�1 0p�1 �1 p�2p�2 �2 p�3. . . . . . . . .0
3777775 ;(2.7)in general an in�nite symmetri
 tridiagonal matrix. Its leading prin
ipal minor matrixof order n will be denoted by Jn(d�) = [J(d�)℄[1:n;1:n℄:(2.8)



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 3Here, then, is the 
onne
tion between the Gauss quadrature formula (2.2) and thealgebrai
 eigenvalue problem: the Gauss nodes �� are the eigenvalues of Jn(d�),whereas the Gauss weights �� are �� = �0v2�;1;(2.9)where v�;1 is the �rst 
omponent of the normalized eigenve
tor v� 
orresponding to theeigenvalue �� . The eigenvalue 
haraterization of the nodes �� is an easy 
onsequen
e ofthe re
urren
e relation (2.6) and has been known for some time prior to the 1960s. The
hara
terization (2.9) of the weights �� is more intri
ate and seems to have �rst beenobserved in 1962 by Wilf [45, Ch.2, Exer
ise 9℄, or even previously, around 1954, byGoertzel [46℄; it has also been used by the physi
ist Gordon in [34, p. 658℄. The meritof Golub's work in [33℄ is to have 
learly realized the great 
omputational potential ofthis result and in fa
t to have developed a stable and eÆ
ient 
omputational pro
edurebased on the QL algorithm.It is useful to note that the quadrature sum in (2.2) for smooth fun
tions f 
anbe written in terms of Jn = Jn(d�) asnX�=1��f(��) = �0eT1 f(Jn)e1; eT1 = [1; 0; : : : ; 0℄ 2 Rn :(2.10)This follows readily from the spe
tral de
omposition of Jn and (2.9). Also, for theremainder Rn(f) in (2.2) one has (
f. [21, p. 291, (vii)℄)jRn(f)j � kf (2n)k1(2n)! ZR�2n(t)d�(t) = kf (2n)k1(2n)! �0�1 � � ��n;(2.11)provided f (2n) is 
ontinuous on the support supp(d�) of d�. The 1-norm of f (2n) isthe maximum of jf (2n)j on supp(d�), and (2.11) holds regardless of whether or notf (2n) has 
onstant sign.The Ja
obi matrix Jn(d�), and with it the Gauss quadrature rule, is uniquelydetermined by the �rst 2n moments �0; �1; : : : ; �2n�1 of the measure d�. The Cheby-shev algorithm (
f. [21, x2.3℄) is a vehi
le for passing dire
tly from these 2n momentsto the 2n re
ursion 
oeÆ
ients �k, �k, k = 0; 1; : : : ; n � 1. Although numeri
allyunstable, the pro
edure 
an be 
arried out in symboli
 
omputation to arbitrarypre
ision. (A Maple 5 s
ript named 
heb.mws 
an be found on the internet athttp://www.
s.purdue.edu/ar
hives/2001/wxg/
odes.)2.2. Gauss-Radau and Gauss-Lobatto quadrature. If the support of d�is a �nite interval [a; b℄, the Gauss quadrature formula 
an be modi�ed by requiringthat one or both of the endpoints of [a; b℄ be quadrature nodes. This gives rise toGauss-Radau resp. Gauss-Lobatto formulae. Interestingly, both these formulae allowagain a 
hara
terization in terms of eigenvalue problems; this was shown by Golub in[23℄.2.2.1. Gauss-Radau quadrature. If �0 = a is the pres
ribed node, the (n+1)-point Gauss-Radau formula isZ ba f(t)d�(t) = �a0f(a) + nX�=1�a�f(�a� ) +Ran(f);(2.12)



4 WALTER GAUTSCHIwhere the remainder now vanishes for polynomials of degree � 2n,Ran(f) = 0; f 2 P2n:(2.13)De�ne a modi�ed Ja
obi matrix of order n+ 1 byJR;an+1(d�) = 24 Jn(d�) p�nenp�neTn �Rn 35 ;(2.14)where Jn(d�) is the same matrix as in (2.8), �n = �n(d�) as in (2.6),�Rn = a� �n �n�1(a)�n(a) ;(2.15)with �m( � ) = �m( � ; d�), and eTn = [0; 0; : : : ; 1℄ the nth 
anoni
al basis ve
tor ofRn . Then, the nodes in (2.12) (in
luding �0 = a) are the eigenvalues of JR;an+1(d�),and the weights �a� , � = 0; 1; : : : ; n, are again given by (2.9) in terms of the respe
tivenormalized eigenve
tors. An analogous result holds for the Gauss-Radau formula withpres
ribed node �n+1 = b,Z ba f(t)d�(t) = nX�=1�b�f(� b� ) + �bn+1f(b) +Rbn(f):(2.16)The only 
hange is repla
ing a in (2.15) by b, giving rise to a modi�ed Ja
obi matrixJR;bn+1(d�). Both quadrature sums in (2.12) and (2.16) allow a matrix representationanalogous to (2.10), with Jn repla
ed by JR;an+1 resp. JR;bn+1 and the dimension of e1in
reased by 1.The remaindersRan, Rbn of the two Gauss-Radau formulae have the useful propertyRan(f) > 0; Rbn(f) < 0 if sgn f (2n+1) = 1 on [a; b℄;(2.17)with the inequalities reversed if sgn f (2n+1) = �1. This means that one of the twoGauss-Radau approximations is a lower bound, and the other an upper bound for theexa
t value of the integral.It now takes 2n+1moments �0; �1; : : : ; �2n to obtain JR;an+1(d�), JR;bn+1(d�) and the(n+1)-point Gauss-Radau formulae. Chebyshev's algorithm will provide the re
ursion
oeÆ
ients needed to generate Jn(d�) in (2.14), �n, and the ratio of orthogonalpolynomials in (2.15).The 
ase of a dis
rete measure d�N supported on N points tk with a � t1 < t2 <� � � < tN � b, and having positive jumps w2k at tk,ZR f(t)d�N (t) := NXk=1w2kf(tk);(2.18)is of some interest in appli
ations. For one thing, the Gauss-Radau formulae (2.12),(2.16) (and, for that matter, the Gauss formula (2.2) as well), provide \
ompressions"of the sum S =PNk=1 w2kf(tk), i.e., approximations of S by a sum with fewer termsif n < N � 1. When f is a polynomial of degree � 2n, the 
ompressed sums in fa
thave the same value as the original sum. More importantly, the formula (2.12) withn < N together with the 
ompanion formula (2.16) furnish upper and lower bounds of



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 5S if f (2n+1) < 0 on [a; b℄. Appli
ations of this will be made in xx5.2{5.4. Chebyshev'salgorithm 
an again be used to generate (2.12) and (2.16) from the moments of d�N .There is also a numeri
ally stable alternative to Lan
zos's algorithm (
f. x5.1), dueto Gragg and Harrod [35℄, generating the Ja
obi matrix Jn(d�N ) dire
tly from thequantities wk and tk in (2.18).2.2.2. Gauss-Lobatto quadrature. Written as an (n + 2)-point formula, theGauss-Lobatto quadrature rule isZ ba f(t)d�(t) = �0f(a) + nX�=1��f(��) + �n+1f(b) +Ra;bn (f);(2.19)and has the exa
tness propertyRa;bn (f) = 0; f 2 P2n+1;(2.20)and the sign propertyRa;bn (f) < 0 if sgn f (2n+2) = 1 on [a; b℄;(2.21)with the inequality reversed if sgn f (2n+2) = �1. The appropriate modi�
ation of theJa
obi matrix is JLn+2(d�) = 24 Jn+1(d�) q�Ln+1en+1q�Ln+1eTn+1 �Ln+1 35 ;(2.22)with notations similar as in (2.14). Here, �Ln+1, �Ln+1 are de�ned as the solution ofthe 2�2 linear system24 �n+1(a) �n(a)�n+1(b) �n(b) 35 24 �Ln+1�Ln+1 35 = 24 a�n+1(a)b�n+1(b) 35 :(2.23)Then the nodes of (2.19) (in
luding �0 = a and �n+1 = b) are the eigenvalues ofJLn+2(d�) and the weights �� , � = 0; 1; : : : ; n; n+ 1, on
e again are given by (2.9) interms of the respe
tive normalized eigenve
tors. Hen
e, (2.10) again holds, with Jnrepla
ed by JLn+2 and e1 having dimension n+ 2.2.3. Gauss quadrature with multiple nodes. The Gauss-Radau and Gauss-Lobatto formulae may be generalized by allowing an arbitrary number of pres
ribednodes, even of arbitrary multipli
ities, outside, or on the boundary, of the supportinterval of d�. (Those of even multipli
ities may also be inside the support interval.)The remaining \free" nodes are either simple or of odd multipli
ity. The quadraturerule in question, therefore, has the formZR f(t)d�(t) = nX�=1 2s�X�=0 �(�)� f (�)(��) + mX�=1 r��1X�=0 �(�)� f (�)(u�) +Rn;m(f);(2.24)where �� are the free nodes and u� the pres
ribed ones, and the formula is required tohave maximum degree of exa
tness 2 (n+P� s�)+P� r��1. This has a long history,going ba
k to Christo�el (all s� = 0 and r� = 1) and in
luding among its 
ontributorsTur�an (m = 0, s� = s for all �), Chakalov, Popovi
iu, and Stan
u (
f. [19, x2.2℄).



6 WALTER GAUTSCHIThe pres
ribed nodes u� give rise to the polynomialu(t) = ! mY�=1(t� u�)r� ;where ! = �1 is 
hosen su
h that u(t) � 0 for t on the support of d�. For the formula(2.24) to have maximum algebrai
 degree of exa
tness, the free nodes �� (\Gaussnodes") must be 
hosen to satisfyZR nY�=1(t� ��)2s�+1tku(t)d�(t) = 0; k = 0; 1; : : : ; n� 1:By far the simplest s
enario is the one in whi
h s� = 0 for all �. In this 
ase,�� are the zeros of the polynomial �n( � ;ud�) of degree n orthogonal with respe
t tothe (positive) measure ud�. This gives rise to the problem of modi�
ation: given theJa
obi matrix of the measure d�, �nd the Ja
obi matrix of the modi�ed measure ud�.An elegant solution of this problem involves genuine te
hniques from linear algebra;this will be des
ribed in x3. The weights �� = �(0)� are 
omputable similarly as in(2.9) for ordinary Gauss quadrature, namely [27, x6℄�� = �0v2�;1=u(��); � = 1; 2; : : : ; n;where �0 = RRu(t)d�(t) and v�;1 is the �rst 
omponent of the normalized eigenve
torof Jn(ud�) 
orresponding to the eigenvalue �� . For the 
omputation of the remainingweights �(�)� in (2.24), see [37℄.The 
ase of multiple Gauss nodes (s� > 0) is a good deal more 
ompli
ated,requiring the iterative solution of a system of nonlinear equations for the �� and thesolution of linear algebrai
 systems for the weights �(�)� , �(�)� ; see, e.g., [27, x5℄ and[22℄.2.4. Gauss-Kronrod quadrature. The quadrature rules dis
ussed so far areprodu
ts of the 19th 
entury (ex
ept for the multiple-node Gauss rules). Let us turnnow to a truly 20th-
entury produ
t | the Gauss-Kronrod formulaZR f(t)d�(t) = nX�=1�K� f(�G� ) + n+1X�=1 ��K� f(�K� ) +RKn (f);(2.25)where �G� are the nodes of the n-point Gauss formula for d�, and the n+1 remainingnodes, 
alled Kronrod nodes, as well as all 2n+1 weights �K� , ��K� are determined byrequiring maximum degree of exa
tness 3n+ 1, i.e.,RKn (f) = 0; f 2 P3n+1:(2.26)This was proposed by Kronrod [39℄ in the 1960s in the spe
ial 
ase d�(t) = dt on[�1; 1℄ as an e
onomi
al way of estimating the error of the n-point Gauss-Legendrequadrature rule. The formula (2.25) nowadays is widely used in automati
 and adap-tive quadrature routines ([43℄, [17℄).Remarkably enough, there is an eigenvalue/ve
tor 
hara
terization similar tothose in xx2.1, 2.2 also for Gauss-Kronrod quadrature rules. This was dis
overedin 1997 by Laurie [40℄. He assumes that there exists a positive Gauss-Kronrod for-mula (i.e., �K� > 0, ��K� > 0, and �K� 2 R), whi
h need not be the 
ase in general.



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 7(Indeed, the Kronrod nodes and all weights may well be 
omplex.) The modi�edJa
obi matrix is now a symmetri
 tridiagonal matrix of order 2n + 1 and has theform JK2n+1(d�) = 26666664 Jn(d�) p�nen 0p�neTn �n p�n+1eT10 p�n+1e1 J�n
37777775(2.27)with notation similar as before and J�n a symmetri
 tridiagonal matrix. The stru
tureof J�n di�ers a

ording as n is even or odd. For de�niteness, suppose that n is even.Then J�n = 2664 J [n+1:3n=2℄(d�) p��nen=2p��neTn=2 JK[(3n+2)=2:2n℄ 3775 (n even);(2.28)where J [p:q℄(d�) denotes the prin
ipal minor matrix of J(d�) that has diagonal el-ements �p; �p+1; : : : ; �q, and similarly for JK[p:q℄. Thus, the upper left square blo
kof J�n (of order n=2) may be assumed known, and the rest, in
luding the 
onstant��n, is to be determined. Laurie devised an algorithm that determines the unknownelements of J�n in su
h a way that the Gauss nodes �G� and Kronrod nodes �K� are theeigenvalues of JK2n+1(d�) and the weights are given by�K� = �0[uK�;1℄2; � = 1; : : : ; n;��K� = �0[uKn+�;1℄2; � = 1; : : : ; n; n+ 1;(2.29)where uK1 ;uK2 ; : : : ;uK2n+1 are the normalized eigenve
tors of JK2n+1(d�) 
orrespond-ing to the eigenvalues �G1 ; : : : ; �Gn ; �K1 ; : : : ; �Kn+1, and uK1;1;uK2;1; : : : ;uK2n+1;1 their �rst
omponents. Moreover, J�n in (2.27) has the same eigenvalues as Jn(d�), i.e., theGauss nodes �G1 ; : : : ; �Gn .If the Gauss nodes �G� are already known, as is often the 
ase, there is someredundan
y in Laurie's algorithm, inasmu
h as it regenerates them all. In a joint paperwith Calvetti, Gragg, and Rei
hel [8℄, Golub removes this redundan
y by fo
usingdire
tly on the Kronrod nodes. The basi
 idea is to observe that the trailing matrix J�nin (2.27) as well as the leading matrix J [n+1:3n=2℄(d�) in (2.28) (again with n assumedeven) have their own sets of orthogonal polynomials and respe
tive Gauss quadraturerules, the measures of whi
h, however, are unknown. Sin
e the eigenvalues of J�n arethe same as those of Jn(d�), the former Gauss rule has nodes �G� , � = 1; 2; : : : ; n,and positive weights ��� , say, while the latter has 
ertain nodes ~�� and weights ~��,� = 1; 2; : : : ; n=2. Let the matri
es of normalized eigenve
tors of Jn(d�) and J�nbe v = [v1;v2; : : : ;vn℄ and v� = [v�1;v�2; : : : ;v�n℄, respe
tively. The new algorithmwill make use of the last 
omponents v1;n;v2;n; : : : ;vn;n of the eigenve
tors in v(assumed known) and the �rst 
omponents v�1;1;v�2;1; : : : ;v�n;1 of those in v�. Thelatter, a

ording to (2.9), are related to the Gauss weights ��� through[v��;1℄2 = ��� ; � = 1; 2; : : : ; n;



8 WALTER GAUTSCHIwhere the underlying measure is assumed normalized to have total mass 1, and one
omputes ��� = n=2X�=1 `�(~��)~��; � = 1; 2; : : : ; n;in terms of the se
ond Gauss rule (for J [n+1:3n=2℄(d�)) and the elementary Lagrangeinterpolation polynomials `� asso
iated with the nodes �G1 ; �G2 ; : : : ; �Gn . Therefore,v��;1 =p��� ; � = 1; 2; : : : ; n:(2.30)Now let J�n = v�Dv�T ; D = diag (�G1 ; �G2 ; : : : ; �Gn )(2.31)be the spe
tral de
omposition of J�n, and de�neV = 24 v 0 00T 1 0T0 0 v� 35 ;(2.32)a matrix of order 2n+ 1. From (2.27), one getsV T (JK2n+1(d�) � �I)V = 26666664 D � �I p�nvTen 0p�neTnv �n � � p�n+1eT1 v�0 p�n+1v�Te1 D � �I
37777775 ;where the matrix on the right is a diagonal matrix plus a Swiss 
ross 
ontainingthe known elements eTnv and the elements eT1 v� that were 
omputed in (2.30). Afurther (
osmeti
) orthogonal similarity transformation involving a permutation anda sequen
e of Givens rotations 
an be applied to yield~V T (JK2n+1(d�) � �I) ~V = 26666664 D � �I 0 00 D � �I 
0T 
T �n � �

37777775 ;(2.33)where ~V is the transformed matrix V and 
 a ve
tor 
ontaining the entries in po-sitions n + 1 to 2n of the transformed ve
tor [p�neTnv;p�n+1eT1 v�; �n℄. Eq. (2.33)now reveals that one set of eigenvalues of JK2n+1(d�) is f�G1 ; �G2 ; : : : ; �Gn g, while theremaining eigenvalues are those of the trailing blo
k in (2.33). From2664 D � �I 

T �n � � 3775 = 2664 I 0
T (D � �I)�1 1 3775 2664 D � �I 
0T �f(�) 3775 ;



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 9where f(�) = �� �n + nX�=1 
2��G� � � ; 
T = [
1; 
2; : : : ; 
n℄;(2.34)it follows that the remaining eigenvalues, i.e., the Kronrod nodes, are the zeros off(�). It is evident from (2.34) that they interla
e with the Gauss nodes �G� . Thenormalized eigenve
tors uK1 ;uK2 ; : : : ;uK2n+1 required to 
ompute the weights �K� , ��K�via (2.29) 
an be 
omputed from the 
olumns of V by keeping tra
k of the orthogonaltransformations.3. Orthogonal polynomials. The 
onne
tion between orthogonal polynomialsand Ja
obi matri
es (
f. x2.1) gives rise to several interesting problems:(a) Given the Ja
obi matrix for the measure d�, �nd the Ja
obi matrix for themodi�ed measure d�mod = rd�, where r is either a polynomial or a rationalfun
tion.(b) Given the Ja
obi matri
es for two measures d�1 and d�2, �nd the Ja
obi matrixfor d� = d�1 + d�2.(
) Let [
j ; dj ℄ be a �nite set of intervals, disjoint or not, and d�j a positive measureon [
j ; dj ℄. Let d�(t) =Pj �[
j ;dl℄(t)d�j(t), where �[
j ;dj ℄ is the 
hara
teristi
fun
tion of the interval [
j ; dj ℄,�[
j ;dj ℄(t) = � 1 if t 2 [
j ; dj ℄;0 otherwise:Knowing the Ja
obi matri
es J (j) for d�j , �nd the Ja
obi matrix for d�.The problem in (b) is dis
ussed in [13℄, where three algorithms are developed for itssolution. We do not attempt to des
ribe them here, sin
e they are rather te
hni
aland not easily summarized. SuÆ
e it to say that linear algebra �gures prominentlyin all three of these algorithms. A spe
ial 
ase of Problem (a) | modi�
ation of themeasure by a polynomial fa
tor | a problem dis
ussed in [27℄ and [38℄, is 
onsidered inxx3.2, 3.3. It is related to a 
lassi
al theorem of Christo�el (
f., e.g., [19, p. 85℄), whi
hexpresses the orthogonal polynomials for the modi�ed measure in determinantal formin terms of the orthogonal polynomials of the original measure. For algorithmi
 and
omputational purposes, however, the use of Ja
obi matri
es is vastly superior. The
ase of rational r, in parti
ular r(t) = (t�x)�1 with real x outside the support of d�,and r(t) = [(t� x)2 + y2℄�1, y > 0, is treated in [15℄, where algorithms are developedthat are similar to those in [20℄ but are derived in a di�erent manner. Problem (
) isdealt with in x3.4. Note that Problem (b) is a spe
ial 
ase of Problem (
).We begin with an integral representation of Ja
obi matri
es and then in turndes
ribe modi�
ation of the measure by a linear, quadrati
, and higher-degree poly-nomial, and solution pro
edures for Problem (
).3.1. Integral representation of the Ja
obi matrix. Let ~�0; ~�1; ~�2; : : : bethe system of orthonormal polynomials with respe
t to to the measure d�, that is,~�k(t) = �k(t)k�kk ; k�kk2 = ZR�2k(t)d�;(3.1)with �k as in (2.5), (2.6). They satisfy the re
urren
e relationp�k+1~�k+1(t) = (t� �k)~�k(t)�p�k~�k�1(t); k = 0; 1; 2; : : : ;~��1(t) = 0; ~�0(t) = 1=p�0;(3.2)
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ursion 
oeÆ
ients �k, �k as in (2.6) and �0 = RRd�(t) (= �0). From (3.2)and the orthonormality of the polynomials ~�k one easily 
he
ks thatZR t~�k(t)~�`(t)d�(t) = 8<: 0 if jk � `j > 1;p�k+1 if jk � `j = 1;�k if k = `:(3.3)This allows us to represent the Ja
obi matrix J = Jn(d�) of order n (
f. (2.8)) inintegral form as J = ZR tp(t)pT (t)d�(t);(3.4)where pT (t) = [~�0(t); ~�1(t); : : : ; ~�n�1(t)℄:(3.5)Orthogonality, on the other hand, is expressible asZRp(t)pT (t)d�(t) = I ;(3.6)where I = In is the unit matrix of order n, and the �rst n re
urren
e relations in(3.2) 
an be given the form tp(t) = Jp(t) +p�n~�n(t)en;(3.7)where en = [0; 0; : : : ; 1℄T 2 Rn .3.2. Modi�
ation by a linear fa
tor. The problem to be studied is the e�e
ton the Ja
obi matrix J of modifying the (positive) measure d� into a measure d�modde�ned by d�mod(t) = !(t� 
)d�(t);(3.8)where 
 is a real 
onstant outside, or on the boundary, of the support interval of d�and ! = �1 
hosen su
h that the measure d�mod is again positive. A solution of thisproblem has been given already by Galant [16℄ and was taken up again, and simpli�ed,in [27℄.The symmetri
 matrix !(J�
I) is positive de�nite sin
e by the assumtions maderegarding (3.8) all its eigenvalues are positive. It thus admits a Cholesky de
omposi-tion !(J � 
I) = LLT ;(3.9)where L is lower triangular and bidiagonal. By (3.4), (3.6), and (3.8) one has!(J � 
I) = ! ZR(t� 
)p(t)pT (t)d�(t) = ZRp(t)pT (t)d�mod(t):This may be written as!(J � 
I) = L ZRL�1p(t)pT (t)L�T d�mod(t)LT ;
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h, sin
e L�1!(J � 
I)L�T = I by (3.9), impliesZRpmod(t)pTmod(t)d�mod(t) = I ;(3.10)where pmod(t) = L�1p(t):(3.11)This means that pmod are the orthonormal polynomials with respe
t to the measured�mod. What is the 
orresponding Ja
obi matrix Jmod?First observe that from (3.7) one has(t� 
)p(t) = (J � 
I)p(t) +p�n~�n(t)en:(3.12)Using the analogues of (3.4), (3.6), one has, by (3.11) and (3.8),Jmod � 
I = ZR(t� 
)pmod(t)pTmod(t)d�mod(t)= !L�1 ZR(t� 
)2p(t)pT (t)d�(t)L�T :(3.13)Multiplying (3.12) with its transpose, one gets(t� 
)2p(t)pT (t) = [(J � 
I)p(t) +p�n~�n(t)en℄[pT (t)(J � 
I) +p�n~�n(t)eTn ℄;and observing that by (3.6)ZR(J � 
I)p(t)pT (t)(J � 
I)d�(t) = (J � 
I)2and by orthonormalityZR(J � 
I)p(t)~�n(t)eTnd�(t) = 0; ZR ~�2n(t)d�(t) = 1;one �nds ZR(t� 
)2p(t)pT (t)d�(t) = (J � 
I)2 + �neneTn :Thus, by (3.13), Jmod � 
I = !L�1 �(J � 
I)2 + �neneTn �L�T :Substituting from (3.9) yields for the desired Ja
obi matrixJmod = 1! LTL+ 
I + !�nL�1eneTnL�Tand noting that L�1en = en=(eTnLen) �nallyJmod = 1! LTL+ 
I + 
eneTn ; 
 = !�n=(eTnLen)2:(3.14)



12 WALTER GAUTSCHIEquations (3.9) and (3.14) allow the following interpretation: The matrix J1 :=Jmod � 
eneTn is the result of one step of the symmetri
 LR algorithm with shift 
,J � 
I = 1! LLT ; J1 = 1! LTL+ 
I:(3.15)Note that J1 di�ers from Jmod only by one element in the lower right-hand
orner. We 
ould get rid of it by deleting the last row and last 
olumn of J1. Thiswould yield the desired Ja
obi matrix of order n�1. If we are interested in the Ja
obimatrix Jn;mod of order n, we 
an apply the symmetri
 LR algorithm (with shift 
) toJn+1(d�) and then obtain Jn;mod by dis
arding the last row and last 
olumn in theresulting matrix.3.3. Modi�
ation by a quadrati
 and higher-degree fa
tor. Modi�
ationby a quadrati
 fa
tor (t� 
1)(t� 
2) essentially amounts to two appli
ations of (3.15),J � 
1I = 1!1 L1LT1 ; J1 = 1!1 LT1 L1 + 
1I(3.16)followed by J1 � 
2I = 1!2 L2LT2 ; J2 = 1!2 LT2 L2 + 
2I :(3.17)From the se
ond and third of these equations one getsL2LT2 = !2� 1!1 LT1 L1 + (
1 � 
2)I� :In parti
ular, if 
1 = 
2 = 
 and !2=!1 = 1, thenL2LT2 = LT1 L1:(3.18)Let Q = L�T1 L2; R = LT2 LT1 :(3.19)Then, using (3.18), one 
omputesQTQ = LT2 L�11 L�T1 L2 = LT2 (LT1 L1)�1L2= LT2 (L2LT2 )�1L2 = LT2 L�T2 L�12 L2 = I ;so that Q is orthogonal. As a produ
t of two upper triangular matri
es, R is uppertriangular. Sin
e, again by (3.18), QR = L�T1 L2LT2 LT1 = L�T1 LT1 L1LT1 = L1LT1 ,the �rst equation of (3.16) 
an be written asJ � 
I = QR(3.20)and the se
ond of (3.17) similarly asJ2 = RQ+ 
I :(3.21)Thus, J2 is obtained by one step of the QR algorithm with shift 
. It is now 
learhow the modi�
ation d�mod(t) = (t� 
)2d�(t)(3.22)



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 13is to be handled: apply one step of the QR algorithm with shift 
 to the Ja
obi matrixJn+2(d�) of order n + 2 and dis
ard the last two rows and 
olumns of the resultingmatrix to obtain Jn;mod.More generally, a modi�
ation d�mod(t) = (t� 
)2md�(t) with an even power 
anbe handled by m steps of the QR algorithm with shift 
, dis
arding the appropriatenumber of rows and 
olumns, and a modi�
ation d�mod(t) = (t� 
)2m+1d�(t) by anodd power by means of m shifted QR steps followed by one step of the symmetri
LR algorithm as in x3.2. In this way it is possible to a

omplish the modi�
ationd�mod(t) = r(t)d�(t) for any polynomial r with real roots and r(t) � 0 for t on thesupport of d�. Alternative methods, not ne
essarily requiring knowledge of the roots,are developed in [38℄.3.4. Polynomials orthogonal on several intervals. Here we des
ribe twosolution pro
edures for Problem (
) based respe
tively on Stieltjes's pro
edure (
f. [21,x2.1℄) and modi�ed moments.3.4.1. Solution by Stieltjes's pro
edure. Suppose we are interested in gener-ating the Ja
obi matrix J = Jn(d�) of order n for the measure d�(t) =Pj �[
j;dj ℄(t)d�j(t). It is well known that the re
ursion 
oeÆ
ients �k = �k(d�), �k = �k(d�)satisfy �k = (t�k ; �k)d�(�k ; �k)d� ; k = 0; 1; : : : ; n� 1;(3.23) �k = (�k ; �k)d�(�k�1; �k�1)d� ; k = 1; 2; : : : ; n� 1;(3.24)where (u; v)d� = ZRu(t)v(t)d�(t)(3.25)is the inner produ
t asso
iated with d�. We also re
all the basi
 re
urren
e relation(
f. (2.6)) �k+1(t) = (t� �k)�k(t)� �k�k�1(t); k = 0; 1; : : : ; n� 1;��1(t) = 0; �0(t) = 1;(3.26)satis�ed by the (moni
) orthogonal polynomials �k( � ) = �k( � ; d�). For 
onvenien
e,we let, as before, �0 = ZRd�(t):(3.27)Stieltjes's pro
edure 
onsists in the following: Compute �0 from (3.23) with k = 0 and�0 from (3.27). Then use (3.26) with k = 0 to generate �1. Go ba
k to Eqs. (3.23),(3.24) and use them for k = 1 to obtain �1, �1. Then (3.26) is reapplied with k = 1 toget �2, et
. This pro
edure, alternating between (3.23), (3.24) and (3.26), is 
ontinueduntil �n�1, �n�1 are obtained.The prin
ipal issue in this pro
edure is the 
omputation of the inner produ
ts in(3.23), (3.24). Sin
e they require integrating polynomials of degrees at most 2n� 1,
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an use n-point Gauss quadratureZ dj
j p(t)d�j(t) = nX�=1�(j)� p(� (j)� ); p 2 P2n�1;(3.28)for the measure d�j on ea
h 
onstituent interval [
j ; dj ℄ of d�. It has been observedin [14℄ that the expli
it 
al
ulation of the Gauss nodes and weights is not required,but only matrix manipulations involving the Ja
obi matri
es J (j) (of order n) for d�j(
f. (2.10)).We illustrate this for the inner produ
t(t�k; �k)d� = ZR t�2k(t)d�(t) =Xj Z dj
j t�2k(t)d�j(t):(3.29)Denote �(j)0 = R dj
j d�j(t) and let�(j)k = �k(J (j))e1; eT1 = [1; 0; : : : ; 0℄ 2 Rn :(3.30)Then, using (3.29), (3.28), and (2.10), one has(t�k ; �k)d� =Xj �(j)� � (j)� �2k(� (j)� )=Xj �(j)0 eT1 J (j)[�k(J (j))℄2e1 =Xj �(j)0 eT1 �k(J (j))J (j)�k(J (j))e1;that is, (t�k; �k)d� =Xj �(j)0 �(j)Tk J (j)�(j)k :(3.31)Similarly (in fa
t a bit simpler), one �nds(�k ; �k)d� =Xj �(j)0 �(j)Tk �(j)k :(3.32)The updating of the �(j)k required in Stieltjes's pro
edure follows immediatelyfrom (3.26), �(j)k+1 = (J (j) � �kI)�(j)k � �k�(j)k�1;(3.33)where I is the unit matrix of order n and �(j)�1 = 0.3.4.2. Solution by the modi�ed Chebyshev algorithm. The desired re
ur-sion 
oeÆ
ients �k(d�), �k(d�), k = 0; 1; : : : ; n � 1, 
an also be produ
ed from the�rst 2n modi�ed momentsmk = ZRpk(t)d�(t); k = 0; 1; : : : ; 2n� 1;(3.34)where fpkg is a system of polynomials satisfying a three-term re
urren
e relationpk+1(t) = (t� ak)pk(t)� bkpk�1(t); k = 0; 1; : : : ; n� 1;p�1(t) = 0; p0(t) = 1(3.35)
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oeÆ
ients ak, bk. A pro
edure a

omplishing this is the modi�ed Cheby-shev algorithm (
f. [21, x2.4℄); this works also if the polynomials fpkg satisfy anextended re
urren
e relation pk+1(t) = tpk(t) �Pkj=0 
kjpj(t), and even if the mea-sure d� is inde�nite (see, e.g., [26℄). The 
omputation of the modi�ed moments (3.34)by Gauss quadrature is entirely analogous to the 
omputation of inner produ
ts inx3.4.1. Letting now z(j)k = pk(J (j))e1;(3.36)one �nds mk =Xj �(j)0 z(j)Tk e1:(3.37)Updating the ve
tors z(j)k 
an again be done via the re
urren
e relation (3.35),z(j)k+1 = (J (j) � akI)z(j)k � bkz(j)k�1; z(j)�1 = 0:(3.38)There is yet a third algorithm proposed in [14℄, whi
h is based on a fast Choleskyde
omposition. For this, we refer to the original sour
e.We remark that the modi�ed Chebyshev algorithm provides an alternative wayof solving Problem (a) for polynomial modi�
ations d�mod(t) = r(t)d�(t) (
f. [19,p. 123℄, [15℄). Indeed, if r 2 Pm, then r 
an be expressed in terms of the polynomialspk as r(t) = mXj=0 
jpj(t):(3.39)If one assumes that fpkg are orthogonal relative to the measure d�, then the modi�edmoments mk = RR pk(t)d�mod(t) are simplymk = 8<: 
k RR p2k(t)d�(t) if k � m;0 if k > m:(3.40)The modi�ed Chebyshev algorithm, if m < k, in fa
t simpli�es, owing to the k�m+1zero modi�ed moments in (3.40).4. The least squares problem. The polynomial least squares problem PNis as follows: Given N data points (tk ; yk), k = 1; 2; : : : ; N , where t1; t2; : : : ; tN aremutually distin
t points on the real line, and N positive weights w2k, �nd a polynomialq0 2 Pn�1, n � N , su
h thatPN : NXk=1w2k �yk � q0(tk)�2 � NXk=1w2k (yk � q(tk))2 for all q 2 Pn�1:With Problem PN one asso
iates the dis
rete inner produ
t(u; v)d�N = ZRu(t)v(t)d�N := NXk=1w2ku(tk)v(tk);(4.1)



16 WALTER GAUTSCHIand the norm kuk2d�N = (u; u)d�N , in terms of whi
h PN 
an be written asky � q0k2d�N � ky � qk2d�N for all q 2 Pn�1:It is well known that the problem allows an elegant solution by means of the or-thonormal polynomials ~�k( � ) = ~�k( � ; d�N ). Re
all that there are exa
tly N su
hpolynomials, ~�0; ~�1; : : : ; ~�N�1; we de�ne~�N (t) = QNk=1(t� tk)k�N�1k ;(4.2)where �N�1 is the moni
 orthogonal polynomial.4.1. Matrix formulation of the least squares problem and its solution.Let J = JN (d�N ) be the Ja
obi matrix of order N for the measure d�N (
f. (2.8))and pT = [~�0; ~�1; : : : ; ~�N�1℄ the ve
tor of the N dis
rete orthonormal polynomials.Then, similarly as in (3.7), tp(t) = Jp(t) + ~�N (t)eN ;(4.3)where ~�N (t) is de�ned as in (4.2). Note by (4.3) and (4.2) that the eigenvalues of Jare the knots t1; t2; : : : ; tN . Thus, if P = [p(t1);p(t2); : : : ;p(tN )℄, thenJP = P�; � = diag(t1; t2; : : : ; tN ):(4.4)As a 
onsequen
e of dual orthogonality (
f. [41, x2.4.6℄), one haspT (tk)p(tk) = w�2k ; k = 1; 2; : : : ; N;so that wkp(tk) are the normalized eigenve
tors of J . Thus, ifD = diag(w1; w2; : : : ; wN );(4.5)the matrix PD is orthogonal, and one hasP TP =D�2; PD2P T = I :(4.6)Finally, eT1 PD = [w1; w2; : : : ; wN ℄~�0:(4.7)Now let t = [t1; t2; : : : ; tN ℄T , y = [y1; y2; : : : ; yN ℄T , and let q(t) = pT (t)
 be anypolynomial of degree N �1 with 
oeÆ
ients 
 = [
0; 
1; : : : ; 
N�1℄T in the basis of theorthonormal polynomials. One 
he
ks that q(t) = P T 
. In terms of the Eu
lideanve
tor norm k � k = k � kRN , the squared error in Problem PN for the polynomial q,in view of (4.5), 
an be written asky � qk2d�N = kD (y � q(t)) k2= kD(y �P T 
)k2 = kPD �D(y �P T 
)k2= kPD2y � 
k2;(4.8)where the orthogonality of PD and the se
ond relation in (4.6) have been used inthe last two equations. Choosing 
 = PD2y drives the error to zero and yields the



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 17interpolation polynomial of degree N � 1. The solution of the least squares problemPN , on the other hand, requires 
 = � 
n0 �, where 
n = [
0; 
1; : : : ; 
n�1℄T , and by(4.8) is equal to q0(t) = pT (t) � 
n0 � ; 
n = P [1:n℄D2y:(4.9)Here, P [1:n℄ is the matrix formed with the �rst n rows of P .4.2. Updating and downdating the least squares solution. Suppose weadjoin to the N data points 
onsidered in x4.1 an additional point (tN+1; yN+1) andgive it the weight w2N+1. How 
an the solution of the least squares problem PN forthe original N data points be used to obtain the solution of the least squares problemfor the augmented set of N +1 data points? This is the problem of updating the leastsquares solution. There is an analogous problem of downdating whereby a single datapoint is deleted. An interesting treatment of these problems by matrix methods isgiven in [12℄.We dis
uss here updating te
hniques only and refer to the 
ited referen
e forsimilar downdating te
hniques. In essen
e, the problem of updating 
an be 
onsideredas solved on
e we have 
onstru
ted the Ja
obi matrix Jup = JN+1(d�N+1) of orderN + 1 for the augmented measure d�N+1 from the Ja
obi matrix J = JN (d�N ) forthe original measure d�N , the inner produ
t for d�N+1 being(u; v)d�N+1 = ZRu(t)v(t)d�N+1(t) := N+1Xk=1 w2ku(tk)v(tk):(4.10)Let (
f. (3.27)) �0 = ZRd�N (t); �0;up = ZRd�N+1(t);(4.11)so that ~�0 = 1=p�0; ~�0;up = 1=p�0;up:(4.12)There is a unique orthogonal matrix QN+1 of order N+1 whose �rst row is pres
ribedto be eT1QN+1 = 1p�0;up (p�0eT1 + wN+1eTN+1)(4.13)and whi
h a

omplishes a similarity transformation of the matrix � J 00T tN+1 � totridiagonal form,QN+1 � J 00T tN+1 �QTN+1 = TN+1; TN+1 tridiagonal(4.14)(
f. [42, p. 113, (7-2-2)℄). We 
laim thatJup = TN+1:(4.15)



18 WALTER GAUTSCHITo see this, re
all that, with Q = PD (orthogonal), Eq. (4.4) implies J =P�P�1 = QD�1�DQ�1, hen
e J = Q�QT :(4.16)By (4.7), in view of the �rst relation in (4.12), there holdsp�0eT1Q = [w1; w2; : : : ; wN ℄:(4.17)The analogous relations for the augmented problem areJup = Qup�upQTup; �up = � � 00T tN+1 �and p�0;upeT1Qup = [w1; w2; : : : ; wN ; wN+1℄;(4.18)where e1 now has dimension N + 1. De�neQ� = Qup � QT 00T 1 � :Then Q� � J 00T tN+1 �Q�T = Qup � QT 00T 1 �� J 00T tN+1 � � Q 00T 1 �QTup= Qup � QTJQ 00T tN+1 �QTup;hen
e, by (4.16),Q� � J 00T tN+1 �Q�T = Qup � � 00T tN+1 �QTup = Qup�upQTup = Jup:Furthermore, using (4.18),eT1Q� = eT1Qup � QT 00T 1 � = 1p�0;up [w1; : : : ; wN ; wN+1℄ � QT 00T 1 � ;whi
h by (4.7) and the �rst of (4.12) be
omeseT1Q� = 1p�0;up [p�0eT1Q wN+1℄ � QT 00T 1 �= 1p�0;up [p�0eT1 wN+1℄ = 1p�0;up [p�0eT1 + wN+1eTN+1℄:Thus, Q� satis�es exa
tly the properties de�ning QN+1, showing that indeed Jup =TN+1. The analogue of (4.3),tpup(t) = Juppup(t) + ~�N+1;up(t)eN+1;in 
ombination with the se
ond relation of (4.12) 
an now be used to generate the newdis
rete orthonormal polynomials, and with them the updated least squares solutionby the analogue of (4.9).
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ally, the transformation (4.14) 
an be implemented by a sequen
e ofappropriate Givens rotations (
f. [12, Eq. (4.7)℄). The updating te
hnique des
ribedhere is not the only possible one; for others, see [ibid., xx4.3{4.7℄.Sin
e the solution for the one-point least squares problem P1 is trivially ~�0 =1=jw1j, J = [t1℄, 
 = [jw1jy1℄, one 
an use the updating te
hnique to build up theleast squares solutions of PN su

essively for N = 2; 3; : : : without ne
essarily havingto store the entire data set.5. Linear algebrai
 systems. Many linear algebra problems that involve asymmetri
 positive de�nite matrix A 2 RN�N 
an be related to dis
rete orthogonalpolynomials supported on the spe
trum of A. This provides the link between linearalgebra and analysis. It may be appropriate, at this point, to re
all that the use ofdis
rete (and other) orthogonal polynomials in the 
ontext of linear algebra has beenpioneered by Stiefel [44℄; see also [36, x14℄.For simpli
ity assume that A has distin
t1 eigenvalues �n,0 < �N < �N�1 < � � � < �1;(5.1)and denote the respe
tive (orthonormal) eigenve
tors by vn,Avn = �nvn; vTnvm = Ænm; n;m = 1; 2; : : : ; N:(5.2)(There should be no danger of 
onfusing these �'s with the weights of the Gaussquadrature rule in (2.2).) Thus, with V = [v1;v2; : : : ;vN ℄, � = diag(�1; �2; : : : ; �N ),there holds AV = V �; � = V TAV :(5.3)Now 
onsider a dis
rete measure d�N de�ned byZR+ f(t)d�N (t) := NXk=1 �2kf(�k);(5.4)where �2k are positive weights, and assume, temporarily, that the measure d�N isnormalized, ZR+ d�N (t) = 1:(5.5)It is possible to generate the orthonormal polynomials ~�k( � ; d�N ), k = 0; 1; : : : ; N �1, resp. the asso
iated Ja
obi matrix JN = JN (d�N ), entirely by matrix-ve
tormultipli
ations involving the matrix A and by an initial ve
torh0 = NXk=1 �kvk; kh0k = 1;(5.6)whose 
omponents in the basis of the normalized eigenve
tors are the (positive ornegative) square roots of the weights �2k. (Here and in the following, k � k denotesthe Eu
lidean ve
tor norm.) A method a

omplishing this is the Lan
zos algorithm,whi
h is brie
y des
ribed in x5.1. The subsequent se
tions give appli
ations of thisalgorithm when 
ombined with quadrature methods.1Otherwise, some terms in (5.4) below 
onsolidate, so that N be
omes smaller.
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zos algorithm. Let h0 be given as in (5.6), and de�ne h�1 = 0.The Lan
zos algorithm is de�ned as follows:for j = 0; 1; : : : ; N � 1 do26666664 �j = hTj Ahj~hj+1 = (A� �jI)hj � 
jhj�1
j+1 = k~hj+1khj+1 = ~hj+1=
j+1(5.7)
Note that 
0 
an be arbitrary, but is often de�ned, in a

ordan
e with (5.5), by 
0 = 1,or, in a

ordan
e with (5.10) below, by 
0 = �0.The ve
tors hj so generated are orthonormal, as one 
he
ks by indu
tion, and itis evident from (5.7) that fhjgnj=0, n < N , forms an orthonormal basis for the Krylovspa
e Kn(A;h0) = span(h0;Ah0; : : : ;Anh0):One also veri�es by indu
tion thathj = pj(A)h0;(5.8)where pj is a polynomial of degree j satisfying the three-term re
urren
e relation
j+1pj+1(�) = (�� �j)pj(�) � 
jpj�1(�);j = 0; 1; : : : ; N � 1;p�1(�) = 0; p0(�) = 1:(5.9)We 
laim that pk( � ) = ~�k( � ; d�N ). Indeed, from the se
ond relation in (5.3) one haspn(�) = V T pn(A)V ;hen
e, by (5.8), hn = V pn(�)V Th0:Orthonormality hTnhm = Ænm of the Lan
zos ve
tors hj then yieldshT0 V pn(�)V TV pm(�)V Th0 = hT0 V pn(�)pm(�)V Th0 = Ænm;whi
h, sin
e V Th0 =PNk=1 �kek by (5.6), impliesNXk;`=1 �keTk diag (pn(�1)pm(�1); : : : ; pn(�N )pm(�N )) �`e`= NXk;`=1 �k�`eTk pn(�`)pm(�`)e` = NXk=1 �2kpn(�k)pm(�k) = Ænm;as 
laimed.
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urren
e relation (5.9), therefore, must be identi
al with the one in (3.2),i.e., 
j =p�j .If the measure d�N is not normalized and, as in (3.27), one puts�0 = ZR+ d�N (t);(5.10)then the re
urren
e relation still holds, ex
ept that one must de�ne p0(�) = 1=p�0.5.2. Bounds for matrix fun
tionals. Given A 2 RN�N positive de�nite andf a fun
tion analyti
 on an interval 
ontaining the spe
trum of A, the problem to be
onsidered is �nding lower and upper bounds for the bilinear formuT f(A)v;(5.11)where u;v 2 RN are given ve
tors. The solution of this problem has many appli
a-tions; some will be dis
ussed in subsequent se
tions. For appli
ations to 
onstrainedleast squares problems for matri
es, see [29℄, and [7℄ for appli
ations to the eval-uation of suitable regularization parameters in Tikhonov regularization. The 
asef(t) = (�� t)�1 with � outside the spe
trum of A is important in physi
al 
hemistryand solid state physi
s appli
ations; for referen
es, see [32, x1℄.Let �rst u = v. With V = [v1;v2; : : : ;vN ℄ and � as de�ned in (5.2), (5.3), welet u = NXk=1 �kvk(5.12)and for simpli
ity assume �k 6= 0 for all k. Then u = V �, � = [�1; �2; : : : ; �N ℄T , andf(A) = V f(�)V T . Therefore,uT f(A)u = �TV TV f(�)V TV � = �T f(�)� = NXk=1 �2kf(�k);that is, uT f(A)u = ZR+ f(t)d�N (t);(5.13)where d�N is the dis
rete measure de�ned in (5.4). The desired bounds 
an be ob-tained by applying Gauss, Gauss-Radau, or Gauss-Lobatto quadrature to the integralin (5.13), provided the appropriate derivative of f has 
onstant sign (
f. xx2.1,2.2).The Lan
zos algorithm (
f. x5.1) applied with h0 = u=kuk furnishes the ne
essary(dis
rete) orthogonal polynomials, resp. their re
ursion 
oeÆ
ients. For Gauss for-mulae, the quality of the bounds, even when no spe
i�
 information is known aboutthe sign of derivatives of f , 
an be estimated in terms of the absolute values of thesederivatives and the quantities 
2j = �j generated during the Lan
zos pro
ess (
f. [6℄).One simply makes use of (2.11).The 
ase u 6= v 
an be handled by using the polarization identity uT f(A)v =14 (pT f(A)p � qT f(A)q) where p = u + v, q = u� v (
f. [2, x3.1.2℄, [3, p. 426℄, or,for a similar identity, [32, Eq. (3)℄) and applying appropriate bounds to the �rst andse
ond term of the identity. Alternatively, a \nonsymmetri
" Lan
zos pro
ess 
an beapplied in 
onjun
tion with Gauss-Radau quadrature [30℄.
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tion f(t) = t�1 (see, e.g., (5.19) or (5.22) below), the
ase of an arbitrary nonsingular matrix A 
an be redu
ed to the 
ase of a symmetri
positive de�nite matrix by noting thatuTA�1v = uT (ATA)�1w; w = ATv(5.14)(
f. [2, x3.2℄, [3, p. 427℄).5.3. Error bounds. We 
onsider now the system of linear algebrai
 equationsAx = b(5.15)with A 2 RN�N symmetri
 and positive de�nite. Given any approximation x� to theexa
t solution x = A�1b, the obje
t is to estimate the error x � x� in some norm.We begin with using the Eu
lidean ve
tor norm k � k.Let r be the residual of x�, r = b�Ax�:(5.16)Sin
e x� x� = A�1r, we havekx� x�k2 = rTA�2r;(5.17)whi
h is (5.11) with u = v = r and f(t) = t�2. Here the derivatives are f (2n)(t) =(2n+ 1)! t�(2n+2), f (2n+1)(t) = �(2n+ 2)! t�(2n+3), so thatf (2n)(t) > 0; f (2n+1)(t) < 0 for t 2 R+ :(5.18)The n-point Gauss formula (with n < N) applied to the integral in (5.13) (withf(t) = t�2) thus produ
es a lower bound for the squared error (5.17). If the spe
trumof A 
an be en
losed in an interval [a; b℄, 0 < a < b, then the \left-sided" (n+1)-pointGauss-Radau formula yields an upper bound, and the \right-sided" formula a lowerbound for (5.17). The Lan
zos algorithm applied with h0 = r=krk yields the re
ursion
oeÆ
ients for the orthogonal polynomials required for generating these quadraturerules.If instead of the Eu
lidean norm one takes the A-norm kuk2A = uTAu (
f. [31℄),then kx� x�k2A = rTA�1r;(5.19)whi
h is (5.11) with u = v = r and f(t) = t�1. Sin
e this fun
tion satis�es the sameinequalities as in (5.18), the Gauss and Gauss-Radau formulae applied to the integralin (5.13) (with f(t) = t�1) produ
e the same kind of bounds as in the 
ase of theEu
lidean norm. The di�eren
e between the N -point and n-point Gauss quadratureapproximation equals kx� xnk2A=krk2, where xn is the nth iterate of the 
onjugategradient method started with r (
f. [32, Eq. (50)℄). The 
onjugate gradient method,in fa
t, 
an be used not only as an alternative to the Lan
zos algorithm to generatethe re
ursion 
oeÆ
ients of the orthogonal polynomials, but also to improve the ap-proximation x�. The A-norm of the improved approximation 
an then be estimatedfrom below and above (see [11, x5℄). For analogous error estimates in the Eu
lideannorm, see [9℄.The idea of using Gauss-Radau quadratures in 
ombination with (5.18) to geterror bounds for linear systems goes ba
k to Dahlquist, Eisenstat, and Golub [10℄.
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edure based on linear programming when all eigenvalues areknown (
f. [10, x2℄). This requires knowledge of the moments �m of d�N , whi
h by(5.13) are given by �m = ZR+ tmd�N (t) = rTAmr:Thus, 
omputing the �rst 2n+ 1 moments �0; �1; : : : ; �2n amounts to generating theKrylov sequen
e r;Ar; : : : ;A2nr and 
omputing the inner produ
ts of its memberswith r. In view of kx� x�k2 = ZR+ t�2d�N (t) = NXk=1 �2k��2k ;an upper bound 
an be found by solving the linear programming problemmax! NXk=1 
k��2k(5.20)subje
t to the 
onstraintsNXk=1 
k�mk = �m; m = 0; 1; : : : ; 2n;
k � 0; k = 1; 2; : : : ; N:(5.21)Here, n 
an be any integer < N . A lower bound 
an similarly be obtained by repla
ing\max" in (5.20) by \min". The same pro
edure, with ��2k in (5.20) repla
ed by ��1k ,works for the A-norm.The ideas outlined above, and still other ideas from the theory of moments, areapplied in [10℄ to obtain upper and lower bounds for the errors in the Ja
obi iterativemethod. Bounds for matrix moments �m = rTAmr are similarly obtained in [24℄.5.4. The diagonal elements of A�1. Given A 2 RN�N positive de�nite, theproblem is to �nd bounds for the diagonal elements (A�1)ii of A�1, i = 1; 2; : : : ; N .Here, (A�1)ii = eTi A�1ei;(5.22)where ei is the ith 
anoni
al basis ve
tor. This is (5.11) with u = v = ei andf(t) = t�1. As before, f satis�es the inequalities (5.18).5.4.1. Lower bound from Gauss quadrature. By virtue of (2.4) and the�rst of (5.18), the n-point Gauss quadrature sum (
f. (2.10), where �0 = 1) yields alower bound for the integral, i.e.,(A�1)ii = ZR+ t�1d�N (t) > eT1 J�1n e1; eT1 = [1; 0; : : : ; 0℄ 2 Rn ;(5.23)where Jn = Jn(d�N ). Consider n = 2; we apply two steps of the Lan
zos algorithmwith h0 = ei to generate J2 = � �0 
1
1 �1 � :
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ording to (5.7) we have�0 = aii;~h1 = (A� �0I)ei = [a1i; : : : ; ai�1;i; 0; ai+1;i; : : : ; aNi℄T ;
1 =sXk 6=i a2ki =: si;h1 = ~h1=si;�1 = 1s2i ~hT1A~h1 = 1s2i Xk 6=i X̀6=i ak`akia`i:(5.24)
Sin
e J�12 = 1�0�1 � 
21 � �1 �
1�
1 �0 � ;one has eT1 J�12 e1 = �1�0�1 � 
21 ;(5.25)and therefore, by (5.23) and (5.24),(A�1)ii > Xk 6=i X̀6=i ak`akia`iaiiXk 6=i X̀6=i ak`akia`i �0�Xk 6=i a2ki1A2 :(5.26)It should be noted that this bound, in 
ontrast to those given below in xx5.4.2{5.4.3,does not require any information about the spe
trum of A.5.4.2. Upper and lower bounds from Gauss-Radau quadrature. If thespe
trum of A 
an be en
losed in the interval [a; b℄, 0 < a < b, then by the se
ond of(5.18) and the �rst of (2.17) (with the inequality reversed) the \left-sided" (n + 1)-point Gauss-Radau quadrature sum in (2.12) yields an upper bound, and similarlythe \right-sided" quadrature sum in (2.16) a lower bound for the integral. Takingn = 1 in (2.14), (2.15), one getsJR;a2 (d�N ) = � �0 
1
1 �R1 � ; �R1 = a+ 
21�0 � a ;where �0 = aii, 
1 = si from (5.24). Repla
ing here a by b yields JR;b2 (d�N ). From(5.25), where �1 is repla
ed by �R1 , a simple 
omputation then givesaii � b+ s2i =ba2ii � aiib+ s2i < (A�1)ii < aii � a+ s2i =aa2ii � aiia+ s2i :(5.27)5.4.3. Upper bound from Gauss-Lobatto quadrature. The (n + 2)-pointGauss-Lobatto quadrature sum in (2.19), on a

ount of (2.21) and the �rst of (5.18)
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ed by n + 1), yields an upper bound for the integral. Taking n = 0 in(2.22), one gets JL2 (d�N ) = � �0 
L1
L1 �L1 � ;where by (2.23) the quantities �L1 and 
L1 solve the 2� 2 system� a� �0 1b� �0 1 � � �L1(
L1 )2 � = � a(a� �0)b(b� �0) � ; �0 = aii:Carrying out the solution and using (5.25) with �1, 
1 repla
ed by �L1 , 
L1 , yields(A�1)ii < a+ b� aiiab :(5.28)The results in xx5.4.1{5.4.3 are from [30, Thm. 5.1℄. When n > 2, the quadraturesum eT1 J�1n e1 
an be 
omputed for all three quadrature rules in terms of quantitiesgenerated during the 
ourse of the Lan
zos algorithm; see [30, Thm. 5.3℄. For anappli
ation to Vi�
sek fra
tal Hamiltonian matri
es, see [25℄.5.4.4. The tra
e of A�1 and the determinant of A. In prin
iple, ea
hmethod des
ribed in xx5.4.1{5.4.3 
an be used to estimate the tra
etr (A�1) = NXi=1(A�1)ii(5.29)of A�1 by applying the method to ea
h term in the sum of (5.29), hen
e N times. Forlarge sparse matri
es there are, however, more eÆ
ient estimation pro
edures basedon sampling and a Monte Carlo approa
h (
f. [2, x4℄).Alternatively, we may note that (
f. [1℄)tr (A�1) = NXk=1��1k = ZR+ t�1d�N (t);(5.30)where d�N is the dis
rete measure (5.4) with �k = 1, k = 1; 2; : : : ; N . As in x5.4.2, wemay then apply Gauss-Radau quadratures on an interval [a; b℄ 
ontaining all eigen-values �k to get lower and upper bounds. The only di�eren
e is that now d�N is nolonger normalized, in fa
t �0 = ZR+ d�N (t) = N;(5.31)and the Lan
zos algorithm, in a

ordan
e with (5.6), is to be started withh0 = 1pN NXk=1 vk:Observing that �1 = ZR+ td�N (t) = NXk=1 �k = NXi=1 aii = tr (A);�2 = ZR+ t2d�N (t) = NXk=1�2k = NXi;j=1 a2ij = kAk2F ;(5.32)



26 WALTER GAUTSCHIfrom (5.7) one gets�0 = hT0Ah0 = 1N NXk=1 vTk NX̀=1Av` = 1N NXk=1 �k;that is, �0 = 1N �1:(5.33)Furthermore,~h1 = (A� �0I)h0 = 1pN (A� �0I) NXk=1 vk = 1pN NXk=1(�k � �0)vk;and 
21 = ~hT1 ~h1 = 1N NXk=1(�k � �0)vTk NX̀=1(�` � �0)v`:An elementary 
al
ulation yields
21 = 1N (�2 � 1N �21):(5.34)The rest of the 
al
ulation is the same as in x5.4.2, ex
ept that, by (5.31), one has toin
lude the fa
tor �0 = N in (5.25). The result is1b �1� 1N �21 +Nb2�2 � b�1 � < 1N tr (A�1) < 1a �1� 1N �21 +Na2�2 � a�1 � ;(5.35)with �1, �2 given by (5.32). The same inequalities, in a di�erent form, are derived in[1, Eq. (9)℄ by means of di�eren
e equations.As far as the determinant detA is 
on
erned, we note that the tra
e is invariantto similarity transformations, so that by (5.3)tr (lnA) = tr (V ln�V T ) = tr (ln�) = NXk=1 ln�k = ln NYk=1 �k:Sin
e detA =Qk �k, this yieldsdetA = exp(tr (lnA)):(5.36)Here, the tra
e of lnA 
an be estimated as des
ribed for A�1, with the fun
tionf(t) = t�1 repla
ed by f(t) = ln t. This latter fun
tion has derivatives whose signsare opposite to those in (5.18), whi
h gives rise to bounds whose types are oppositeto those obtained in xx5.4.1{5.4.3.Note that in pla
e of J�12 in the quadrature sum (5.25), we now require lnJ2.This 
an be de�ned by linear interpolation at the eigenvalues 0 < �2 < �1 of J2 (see,e.g., [18, Ch. 5℄),lnJ2 = 1�1 � �2 [(J2 � �2I) ln�1 + (�1I � J2) ln�2℄:In parti
ular, therefore,eT1 lnJ2e1 = 1�1 � �2 [(�0 � �2) ln�1 + (�1 � �0) ln�2℄;(5.37)where �0 is given by the �rst of (5.24) resp. by (5.33).



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 275.5. Iterative methods. Consider again the system (5.15) with A 2 RN�Nsymmetri
 and positive de�nite. Based on the splitting A = M � N , where Mand N are symmetri
 and M positive de�nite, a large 
lass of iterative methods forsolving (5.15) is given byxk+1 = xk�1 + !k+1(Æzk + xk � xk�1); k = 0; 1; 2; : : : ; x�1 = 0;(5.38)where Mzk = b�Axk:(5.39)In pra
ti
e, M is 
hosen su
h that linear systems with this matrix as 
oeÆ
ientmatrix 
an be easily solved. Depending on the 
hoi
e of parameters, the iteration(5.38) in
ludes su
h methods as the 
onjugate gradient, the Ri
hardson se
ond-order,and the Chebyshev semi-iterative method. For optimizing the speed of 
onvergen
eof the two latter methods, it is important to have good estimates of the smallestand largest eigenvalues of M�1N . Su
h estimates 
an be found via 
ertain dis
reteorthogonal polynomials and the modi�ed Chebyshev algorithm (
f. x3.4.2) generatingthem; see [28℄.To analyze the speed of 
onvergen
e of the iteration, there is no loss of generalityin assuming, as we do, that b = 0, and thus 
onsidering 
onvergen
e of xk resp. zkto the zero ve
tor.Substituting xk = �A�1Mzk obtained from (5.39) into (5.38) yieldszk+1 = !k+1Bzk + (1� !k+1)zk�1; z�1 = 0;(5.40)where B = I � ÆM�1A:(5.41)Sin
e B = I � ÆM�1(M �N) = (1� Æ)I + ÆM�1N , the eigenvalues �n of M�1Nare related to the eigenvalues �n of B by�n = 1 + 1Æ (�n � 1); n = 1; 2; : : : ; N:(5.42)We may therefore fo
us attention on the eigenvalues of B. Note that the eigenvalueproblem Bv = �v for B is equivalent to the generalized eigenvalue problemAv = �Mv; � = 1� �Æ :(5.43)Sin
e M is positive de�nite, the Cholesky de
omposition M = LLT will transform(5.43) into an ordinary eigenvalue problem for the symmetri
 matrix L�1AL�T . Itfollows that (5.43), and therefore B, has real eigenvalues and a 
omplete set of M-orthogonal eigenve
tors vn,Bvn = �nvn; vTnMvm = Ænm; n;m = 1; 2; : : : ; N:(5.44)From (5.40), one obtains by indu
tion thatzk = pk(B)z0; k = 0; 1; 2; : : : ;(5.45)



28 WALTER GAUTSCHIwhere pk are polynomials of degree k satisfyingpk+1(�) = !k+1�pk(�) + (1� !k+1)pk�1(�);p�1(�) = 0; p0(�) = 1:(5.46)With V = [v1;v2; : : : ;vN ℄ denoting the set of eigenve
tors of B, one has BV = V �,where � = diag(�1; �2; : : : ; �N ), hen
e V TBV = �, V T pk(B)V = pk(�), and thuspk(B) = V pk(�)V T :(5.47)The speed of 
onvergen
e zk ! 0 in (5.45), therefore, is determined by the absolutelylargest of the quantities pk(�n), n = 1; 2; : : : ; N .If we expand z0 in the eigenve
tors of B,z0 = NXi=1 �ivi;(5.48)then from (5.45) we get zk = NXi=1 �ipk(�i)vi:By the M-orthonormality (5.44) of the eigenve
tors, the M-inner produ
ts of theiterates zk be
omehzn; zmiM := zTnMzm = NXi=1 �ipn(�i)vTi M NXj=1 �jpm(�j)vj= NXi;j=1�i�jpn(�i)pm(�j)vTi Mvj= NXi=1 �2i pn(�i)pm(�i);that is, hzn; zmiM = ZR pn(�)pm(�)d�N (�):(5.49)Here, d�N is a dis
rete measure supported on the eigenvalues �i of B and havingjumps �2i at �i.Along with the measure d�N there 
ome dis
rete orthogonal polynomials f�kg,ZR�n(�)�m(�)d�N (�)� = 0 if n 6= m;> 0 if n = m; n;m = 0; 1; : : : ; N � 1(5.50)and Ja
obi matri
es Jk = Jk(d�N ), k = 1; 2; : : : ; N . The extreme eigenvalues of Jk,i.e., the extreme zeros of �k , with in
reasing k, in general provide good approximationsto the extreme eigenvalues of B, hen
e by (5.42), to those of M�1N .In order to generate the matri
es Jk, one 
an use the modi�ed Chebyshev algo-rithm (
f. x3.4.2), de�ning modi�ed moments in terms of the polynomials pk bymk = hzk; z0iM = ZR pk(�)d�N (�); k = 0; 1; 2; : : : :(5.51)



CLASSICAL ANALYSIS AND LINEAR ALGEBRA 29The polynomials pk indeed satisfy a three-term re
urren
e relation with known 
o-eÆ
ients (
f. (5.46)). The �rst relation in (5.51) is used to 
ompute the modi�edmoments.While the pro
edure des
ribed requires 2m modi�ed moments to obtain Jm, thatis, 2m iterations of (5.38), there are spe
ial iterative methods, su
h as the Chebyshevsemi-iterative method, where the same 
an be a

omplished already after m iteration(
f. [28, x3℄).A similar method is developed in [4℄ to determine a few of the largest singularvalues of a large sparse matrix and the 
orresponding left and right singular ve
tors,and is extended in [5℄ to estimate 
omplex eigenvalues of a large sparse nonsymmetri
matrix in 
onne
tion with an adaptive Chebyshev iterative method.A
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