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Dedicated to ClaudeBrezinskion the occasion of his retirement

Abstract
In the letter to Daniel Bernoulli , Euler reports on his attempt

to compute the common logarithm logx by interpolation at the suc-
cessive powers of ten. He notes that for x = 9 the procedure, though
converging fast, yields an incorrect answer. The interpolation proce-
dure is analyzedmathematically, and the discrepancyexplainedon the
basisof modern function theory. It turns out that Euler's procedure
convergesto a q-analogueSq(x) of the logarithm, where q = 1=10. In
the caseof the logarithm log! x to base! > 1 (consideredby Euler
almost twenty years later), the limit of the analogousprocedure (in-
terpolating at the successive powers of ! ) is Sq(x) with q = 1=! . It
is shown that by taking ! > 1 su�cien tly closeto 1 and interpolating
at su�cien tly many points, the logarithm logx can indeedbe approx-
imated arbitrarily closely, although, if x, 1 < x < 10, is relatively
large, extremely high-precision arithmetic is required to overcomese-
vere numerical cancellation. An alternative procedure for computing
logx by interpolation at points in [1; 10! ], ! > 0, accumulating at the
lower end point, is shown to converge to the desired limit, but also
not without numerical complications.

2000Mathematics Subject Classi�cation: 01A50, 65-03

1. The handwritten original of the letter1 in question is kept at the
University Library of Baselunder the signature Ms. L Ia 689 fol. 145{146v

1The letter is dated in the old style (Julian), since Euler wrote from Petersburg; the
corresponding date in the new style (Gregorian) is February 27, 1734.
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Figure 1: Excerpt from Euler 's letter to D. Bernoulli

and has been published by G. Enestr •om in [2]. Fig. 1 shows the pas-
sagerelevant to us, including the rather formal closing phrases\W omit /
verbleibemit schuldigster Hochachtung / Eurer Hochedelgebohrnen/ Meines
HochgeehrtestenHerrenProfessors/ gehorsamsterund verbundenster/ Leon-
hard Euler". [Author's translation: Herewith I remainin mostobligedrespect
your Honorable'sandmy mosthighly esteemedProfessor'smostobedient and
indebted LeonhardEuler.]

The mathematical passagereads as follows: \Ic h vermeinte neulich, da�
nachfolgendeSeries

m � 1
9

�
(m � 1)(m � 10)

990
+

(m � 1)(m � 10)(m � 100)
999000

�
(m � 1)(m � 10)(m � 100)(m � 1000)

9999000000
+ etc:

(alwo die Anzahl der nullen im Numeratore und Denominatore einander
gleich sind, im •ubrigen ist die Lex klar) den Logarithmum communem ip-
sius m exprimiere, dann ist m = 1, so ist die gantze Series= 0, ist m = 10

2



so kommt 1, ist m = 100, kommt 2, und so fortan. Als ich nun daraus
den Log[arithmum] 9 �nden wollte, bekam ich eineZahl welche weit zu klein
war, ohngeacht dieseSeriessehrstark convergirte". [Author's translation: I
recently thought that the following series

m � 1
9

�
(m � 1)(m � 10)

990
+

(m � 1)(m � 10)(m � 100)
999000

�
(m � 1)(m � 10)(m � 100)(m � 1000)

9999000000
+ etc:

(where the number of zerosin the numerator and in the denominator is the
same|the law, after all, is clear) would represent the commonlogarithm of
m, for, when m = 1, the whole seriesis = 0, if m = 10, it becomes1, if
m = 100it is 2, and soon. Now when I wanted to �nd from it the logarithm
of 9, I obtained a number which is much too small, even though the series
convergedvery strongly.]

2. Euler 's intention, in modern terminology, is to compute the com-
mon logarithm by interpolating a certain number (ideally in�nitely many) of
known valuesof the logarithm. Fearless(even reckless)as so often was the
case,Euler takesthe simplestvalues,log10k = k, k = 0; 1; 2; 3; : : : , and for
logx, x > 0, writes down the in�nite series

S(x) =
1X

k=1

ak(x � 1)(x � 10)� � � (x � 10k� 1)(1)

whosenth partial sum is Newton 's interpolation polynomial of degreen,
hence

ak = [x0; x1; : : : ; xk ]f

the divided di�erence of order k for the function f (x) = logx and abscissae
xr = 10r , r = 0; 1; : : : ; k. This may have been the way in which Euler
determinedthe �rst four coe�cien ts

a1 =
1
9

; a2 = �
1

990
; a3 =

1
999000

; a4 = �
1

9999000000
:

The \la w", which he alludesto, apparently is

an =
(� 1)n� 1

10n(n� 1)=2(10n � 1)
; n = 1; 2; 3; : : : :(2)
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We assert, somewhat more generally, that for arbitrary integer-valued
r � 0,

[xr ; xr +1 ; : : : ; xr + n ]f =
(� 1)n� 1

10r n+ n(n� 1)=2(10n � 1)
:(3)

One proves(3) by mathematical induction on n. For n = 1, the assertion
is evidently true. The validit y of (3) for somen and arbitrary r � 0, and a
well-known property of divided di�erences (see,e. g., [4, (2.64)]), then imply

[xr ; xr +1 ; : : : ; xr + n ; xr + n+1 ]f

=
[xr +1 ; xr +2 ; : : : ; xr + n+1 ]f � [xr ; xr +1 ; : : : ; xr + n ]f

xr + n+1 � xr

=
(� 1)n� 1

10r n+ n(n� 1)=2(10n � 1)
1 � 10n

10n (10r + n+1 � 10r )

=
(� 1)n

10r n+ n(n� 1)=2 10n+ r (10n+1 � 1)

=
(� 1)n

10r (n+1)+ n(n+1) =2 (10n+1 � 1)
;

which is precisely(3) with n replacedby n+ 1. This proves(3), and therefore
also(2).

3. It su�ces, of course,to assume1 � x < 10, sinceevery other positive
number x0 can be written in the form x0 = x � 10p with someinteger p 6= 0,
and logx0 = p+ logx. The series(1) then convergesuniformly on [1; 10]and,
as Euler remarks, very fast. The nth term tn (x) of (1), when an is given
by (2), in fact computesto

tn (x) = �
Q n� 1

k=0 (1 � x=10k)
10n � 1

= �
qn

1 � qn
(x; q)n ; q =

1
10

;(4)

where

(x; q)n =
n� 1Y

k=0

(1 � xqk)(5)

is the q-shifted factorial (cf. [1, x10.2]). There holds, for 1 � x < 10 and
n � 2,

jtn (x)j <
9

10n � 1

�
1 �

1
10n� 1

�
<

9
10n

;(6)
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so that the nth partial sum of the series

S(x) =
1X

k=1

tk(x)(7)

approximates its limit up to an error lessthan 9� 10� (n+1) (1 + 10� 1 + 10� 2 +
� � � ) = 10� n . For Euler 's special value x = 9 onesoobtains

S(9) = 0:897778586588: : : ;

a value which is signi�cantly smaller than log9 = 0:954242509439: : : ; the
relative error is 5.92%.

One can speculate what prompted Euler to communicate his compu-
tation for the special value x = 9. Very likely, he also tried other (integer-
valued) x < 9, but had to observe that the results are then even worse. As a
matter of fact, the relative deviation of the limit value from the true valueof
the logarithm increasesmonotonically as x decreasesover the natural num-
bers from 9 to 2, and at x = 2 is about 10 times as large asat x = 9, and at
x = 0 even 100%.

4. From today's perspective it is not surprising that the series(7) does
not convergeto the expected value. The nth term of the series,after all, is
a polynomial of degreen, thus an analytic function of the complexvariable
x, and the seriesitself convergesuniformly on each disk jxj � R. In fact,

�
�
�
�
�

n� 1Y

k=1

(1 � x=10k)

�
�
�
�
�

�
n� 1Y

k=1

(1 + R=10k);

and the product on the right convergesabsolutely when n ! 1 . Therefore,
C �

P 1
n=1 1=(10n � 1), whereC = (R + 1)

Q 1
k=1 (1 + R=10k), is a convergent

majorant of the series. By Weierstra�'s double-seriestheorem, S(x) thus
represents a function which is analytic in every domain jxj � R, hencean
entire function. Considernow d(z) = S(z) � logz in the domain D = f z 2
C : j argzj < � g, wherelog denotesthe principal branch of the logarithm. If
wehad d(z) = 0 at in�nitely many points which havea point of accumulation
in Dnf1g (for example, in an arbitrarily small interval of the real line), it
would follow that d(z) � 0 for all z 2 D. This evidently is impossiblesince
d(x) ! 1 when x # 0. Consequently, S(x) cannot be identically equal to
logx on any interval, however small.
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Interestingly, however, the function S(x) may be interpreted as a q-
analogueof the logarithm, whereq = 1=10; cf. x5.

5. The motivation for Euler 's bold choice xr = 10r of the abscissaeof
interpolation is of courseclear: not a singlelogarithm needsto be computed
in order to generatethe interpolation data. Almost equally simple would be
the choice xr = ! r , ! > 0, which requiresonly one single logarithm, log! .
It is natural, then, to considerinterpolation to the logarithm to base! , that
is, to log! x = logx= log! . What is the interpolation series2 in this caseand
how doesit behave?

To analyzethe function S(x; ! ) represented by the interpolation series,it
is useful to introducea q-analogueof the logarithm asde�ned by E. Koelink
and W. Van Assche (see[6], wherein x6 other de�nitions of the q-logarithm,
usedin the physics literature, are alsodiscussed),

Sq(x) = �
1X

n=1

qn

1 � qn
(x; q)n ;(8)

where(x; q)n is the q-shifted factorial (5). Oneveri�es, at least formally, that

lim
q! 1

(1 � q)Sq(x) = �
1X

n=1

(1 � x)n

n
= ln x; 0 < x < 2;(9)

and
Sq(q� n) = n; n = 0; 1; 2; : : : ;(10)

which motivatesthe name\ q-analogueof the logarithm". On the other hand,

2Euler returns to this seriesalmost twenty years later in his memoir [3] (where a is
written in place of ! ). He derives very elegantly the logarithmic nature (10) of S(x; ! ),
emphasizingrepeatedly that it holds only for positive integer valuesof n, and he computes
(in x10) Sq(q� n ) also for negative n, explicitly for n � � 5. He missed, however, the
closeconnection of log ! � S(x; ! ) to logx when ! # 1 (cf. (13) and (16) below), which
in view of the strange numerical behavior of log ! � S(x; ! ) as ! # 1 (cf. x6) is easy to
understand. Instead, he used the seriesS(x; ! ) as a springboard to derive all sorts of
identities for it, among others two special cases(in xx17 and 26) of what today is known
as the \ q-binomial theorem". He also �nds the expansionof S(x; ! ) in powers of x and
from known in�nite products deducesnew in�nite series.At the end of the memoir Euler
calculatesLambert's series� S(0; ! ) =

P 1
n =1 1=(! n � 1) for ! = 10 to 30 decimal places,

but not before developing a convergenceacceleration scheme for the more general seriesP 1
n =1 1=(! n � z).
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in analogyto (4) oneobtains

S(x; ! ) =
1X

n=1

tn (x; ! ); tn (x; ! ) = �
qn

1 � qn
(x; q)n ; q =

1
!

;(11)

so that
S(x; ! ) = S1=! (x):(12)

Note that (10) with q = 1=! are preciselythe interpolation conditions which
producedthe interpolation seriesS(x; ! ) in the �rst place. It is evident from
(11) and (5) that when ! < 1, henceq > 1, the terms tn (x; ! ) convergeto 1
if x = 0, or to in�nit y in absolutevalue if x 6= 0, so that the seriesin (11)
diverges.This de�nitely rules out the temptation of choosingx r = 10� r .

Assume,therefore, that ! > 1. By an argument analogousto the one in
x4 the seriesS(x; ! ), and hencealsoS1=! (x), is seento be an entire function
(now depending on the parameter ! ). It is true that larger values of !
yield faster convergenceof the seriesin (11), but (9) and (12) suggestthat
better approximations to the logarithm can be expected for valuesof ! > 1
closerto 1. We now show indeedthat logx can be approximated by Euler's
interpolation processas accurately as we wish by taking ! > 1 su�cien tly
closeto 1 and taking su�cien tly many terms in the seriesof (11). We prove
this for 0 < x < 2, and provide numerical evidencefor it when x � 2.

Since logx = log! � log! x, the nth-degreeinterpolation approximation
to the commonlogarithm logx is

sn = log! � Sn(x; ! );(13)

whereSn (x; ! ) is the nth partial sum of S(x; ! ). Now

ln 1
q

ln 10
Sq(x) =

ln 1
q

(1 � q) ln 10
� (1 � q)Sq(x);

so that as q ! 1, sinceln q� 1=(1 � q) ! 1, it follows from (9) that

lim
q! 1

ln 1
q

ln 10
Sq(x) =

ln x
ln 10

= logx; 0 < x < 2:

Therefore, since q = 1=! and using (12), lim ! #1 log! � S(x; ! ) = logx, so
that, given any " > 0, we can choose! > 1 su�cien tly closeto 1 to have

j log! � S(x; ! ) � logxj �
"
2

:(14)
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On the other hand, n can be taken large enoughso that

j log! � Sn (x; ! ) � log! � S(x; ! )j �
"
2

:(15)

Combining (14) and (15) yields

jsn � logxj = j log! � Sn (x; ! ) � log! � S(x; ! ) + log! � S(x; ! ) � logxj

� j log! � Sn (x; ! ) � log! � S(x; ! )j + j log! � S(x; ! ) � logxj � "
2 + "

2 = ";
(16)
as was to be shown.

6. We have seenthat the interpolation procedureconvergesfor 0 < x < 2
(to the correctvaluelogx) as! # 1 andn ! 1 . Interestingly, the sameseems
to persist also for x � 2, but not without considerablenumerical obstacles.
Beforediscussingthis, we note a simpleschemeto evaluate tn (x; ! ) and thus,
by summation, S(x; ! ). Letting un = (! n � 1)tn (x; ! ), oneobtains from (11)
the recursive procedure

t1(x; ! ) =
x � 1
! � 1

;

un = (1 � x=! n� 1)un� 1;

tn (x; ! ) =
un

! n � 1

9
=

;
n = 2; 3; : : : ;

(17)

which needsto be initialized by

u1 = x � 1:(18)

To interpolate the commonlogarithm logx, the initial terms t1 and u1 must
be multiplied by log! .

The \obstacles" referredto above have to do with the fact that for values
of ! larger than, but closeto 1, the quantities log! �tn (x; ! ) becomeextremely
large before eventually converging to zero as n ! 1 , at least when x �
10 is relatively large. This is illustrated in Table 1 below, which shows
maxn� 1 j log! � tn (x; ! )j for selectedvaluesof x and ! .

xn! 1.1 1.05 1.025 1.0125 1.00625
2 .41 .42 .43 .43 .43
6 .11� 104 .78� 107 .81� 1015 .17� 1032 .15� 1065

10 .19� 108 .24� 1016 .74� 1032 .13� 1066 .82� 10132

Table 1: Largest valuesof j log ! � tn (x; ! )j
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Yet, for each �xed ! , the seriesS(x; ! ) =
P 1

n=1 tn (x; ! ) converges.Because
of the enormousamount of internal cancellationthat may take placein this
series,however, the computation must be performed in appropriately high
precision.

xn! 1.1 1.05 1.025 1.0125 1.00625
2 .17� 10� 12 .14� 10� 23 .95� 10� 46 .18� 10� 88 .20� 10� 174

6 .24� 10� 8 .43� 10� 15 .22� 10� 28 .43� 10� 55 .11� 10� 107

10 .43� 10� 4 .12� 10� 6 .17� 10� 11 .54� 10� 21 .76� 10� 40

d 40 50 60 100 200
n 100 200 400 800 1500

Table 2: Errors achievable by the interpolation processof x5

This again is illustrated in Table 2, showing the errors achievable in
symbolic/variable-precisioncomputation with d decimal digits and n terms
of the series. It should, perhaps,be emphasizedthat for each �xed ! , in-
creasingd and n beyond the values shown, will not reduce the errors any
further; all it does is compute S(x; ! ), and with it, log! � S(x; ! ) � logx,
more accurately. This is why we called the errors \achievable".

This somewhatbizarrebehavior of the interpolation process,on re
ection,
is not entirely unexpected: For one,x in (9) had already to be restricted to
the interval (0; 2). For another, when ! > 1 is very close to 1, then all
xr = ! r initially are almost equal to 1. If they were all equal to 1, then
the interpolation serieswould be Taylor's expansionof logx at 1, which
divergesif x > 2. Our interpolation process,for x much larger than 2, thus
behaves, initially , as if it would diverge, and only when n becomeslarge
and the points xr begin to spread out, does it turn around and take on
a more reasonable,eventually convergent, demeanor. While there may be
sometheoretical interest in this kind of approximation process,it has little
practical merit becauseof the excessive computing e�ort required. (The last
�v e columnsof Table 2 take respectively 96, 187,382,741,and 1493seconds
to computeon the Sun Ultra5 Workstation.)

Nevertheless,if x is restricted to the interval [1; 5], the processis not
entirely impractical, since when ! = 1:1, for example, there holds j log! �
tn (x; ! )j < 72:2, and with n = 100 terms, one is still able to obtain values
of logx, 1 � x � 5, accurate to about 10 decimal digits, even in 14-digit
computation. For valuesof x in the interval (5; 10], one applies the process
to x=2 and adds log2 to the result. Better yet, in today's ageof technology
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and binary computer arithmetic, we may restrict x to the interval [1; 2], in
which casej log! � tn (x; ! )j < 1 and ! = 1:1, n = 20 generally yields an
accuracyof 10 or more decimal digits (9 digits near x = 1), while ! = 1:05,
n = 15 yields 11 or more correct digits.

7. There is still another way in which Euler 's ideascan in principle be
salvagedandmadeworkable. To beginwith, chooseasinterpolation abscissae
xr = 10! =(r +1) , ! > 0, r = 0; 1; 2; : : : , so that

xr 2 (1; 10! ] for all r = 0; 1; 2; : : : :(19)

It is known, in fact (cf., e.g.,[4, p. 83]), that for the function f and (arbitrary)
abscissaeof interpolation, all lying in a �nite interval [a;b], the interpolation
seriesconvergesto f (x) for any x in [a;b], provided f has in�nitely many in
[a;b] continuousderivativesand, moreover, there holds

lim
k!1

(b� a)k

k!
M k = 0;(20)

whereM k denotesan upper bound of jf (k) j on [a;b]. This easilyfollows from
Cauchy's formula [4, (2.12)] for the error of interpolation. It can also be
shown (ibid., p. 84), that (20) is indeed true if f is analytic in a disk with
center at the middle of the interval [a;b] and radius r > 3

2 (b� a).
In our casef (x) = logx, one has f (k)(x) = (� 1)k� 1(k � 1)!x � k=ln 10,

and (20) is equivalent to j(b=a) � 1j < 1. More precisely, one has at least
geometricconvergencewith ratio q if

�
�
�
�

b
a

� 1

�
�
�
� � q < 1:(21)

Choosingq = 1
2, oneobtains for the interval (19), whereb=a= 10! ,

! � log 3
2 = 0:17609: : : :(22)

Thus, in the interval (19), when ! is given by (22), the interpolation series
converges(to the correct value) at least geometricallywith ratio 1/2.

Now if x is given with 1 � x < 10, one determinesthe integer k0 � 0
such that

10k0! � x < 10(k0+1) ! :(23)

This can easilybe achieved (on a computer) by meansof a small routine like
(in pseudocode)
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k0=0;
while x � 10(k0+1) !

k0=k0+1;
end

If then one puts t = 10� k0 ! x, there holds 1 � t < 10! , and one computes
logt as above, whereupon logx = k0! + logt.

Here too, however, not everything works as expected. It transpires (ap-
parently becauseof the crowding of the interpolation abscissaein the lower
part of the interval (1; 10! ]), that the algorithm described eventually suc-
cumbs to the detrimental e�ects of rounding errors. The latter progressively
a�ect the computation of the divided di�erences(no longerexplicitly known)
to the point of renderingthem completelymeaningless.In computation with
36 decimalplaces(quadruple precisionin Fortran), for example,the error of
the interpolation polynomial is seento decreasemonotonically with increas-
ing degree,but only up to a degreen of about n = 18; thereafter, the error
increasesrapidly. Nevertheless,it is still possible,in this precision,to obtain
at least 10 good decimals,generally, however, many more, even as many as
35.

8. We have tried to understandand, following his own ideas,to rehabili-
tate Euler 's unsuccessfulcomputation of the logarithm, but do not want to
leave behind the impressionthat the resulting computational schemeswould
be competitiv e with newer methods of approximation theory (see,e. g., [5]).
Thesemodern methods, however, are products of the 20th century.
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References

[1] Andrews, Geor ge E., Richard Askey, and Ranjan Roy, Special
functions. Encyclopedia of Mathematics and its Applications, Vol. 71.
Cambridge University Press,Cambridge, 1999.

11



[2] Enestr •om, G. , Bibliotheca Mathematica (3) 7, pp. 134{137, Leipzig,
1906{1907.

[3] Euler, Leonhard , Consideratio quarumdam serierum quae singu-
laribus proprietatibus sunt praeditae, Novi Commentarii Academiae
Scientiarum Petropolitanae 3 (1750/51), 1753,10{12, 86{108. [Also in
Leonhardi Euler Opera Omnia, Ser.I, Vol. 14, pp. 516{541,B. G. Teub-
ner, Leipzig and Berlin, 1925. An English translation of this mem-
oir can be downloaded from the E190 page of the Euler Archive at
http://www.math.dartmout h.edu/ � eul er .]

[4] Gautschi, Wal ter , Numerical analysis: an intr oduction. Birkh•auser,
Boston, MA, 1997.

[5] Muller, Jean-Michel , Elementary functions. Algorithms and imple-
mentation, 2d ed. Birkh•auser,Boston, MA, 2006.

[6] K oelink, Erik and Wal ter Van Assche , Leonhard Euler and a
q-analogueof the logarithm, in preparation.

12


