On Euler 's attemptto computelogarithms
by interpolation: A commetary to hisletter
of February16,1734to Daniel Bernoulli

WAL TER GA UTSCHI
Dedicated to Claude Brezinskion the occasion of his retirement

Abstract
In the letter to Daniel Bernoulli , Euler reports on his attempt
to compute the common logarithm logx by interpolation at the suc-
cessie powers of ten. He notesthat for x = 9 the procedure,though
corverging fast, yields an incorrect answer. The interpolation proce-
dure is analyzedmathematically, and the discrepancyexplainedon the
basis of modern function theory. It turns out that Euler's procedure
convergesto a g-analogueSy(x) of the logarithm, whereg= 1=10. In
the caseof the logarithm log, x to base! > 1 (consideredby Euler
almost twenty yearslater), the limit of the analogousprocedure (in-
terpolating at the successie powers of ! ) is Sq(x) with g = 1=!. It
is shavn that by taking ! > 1 su cien tly closeto 1 and interpolating
at su cien tly many points, the logarithm logx canindeedbe approx-
imated arbitrarily closely although, if x, 1 < x < 10, is relatively
large, extremely high-precision arithmetic is required to overcomese-
vere numerical cancellation. An alternative procedure for computing
logx by interpolation at points in [1;10' ], ! > 0, accunulating at the
lower end point, is showvn to corverge to the desired limit, but also

not without numerical complications.

2000 Mathematics Subject Classi cation: 01A50, 65-03

1. The handwritten original of the letter! in question is kept at the
University Library of Baselunder the signature Ms. L la 689fol. 145{146v

1The letter is dated in the old style (Julian), since Euler wrote from Petersburg; the
corresponding date in the new style (Gregorian) is February 27, 1734.
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Figure 1: Excerpt from Euler 's letter to D. Bernoulli

and has been published by G. Enestr em in [2]. Fig. 1 shows the pas-
sagerelevant to us, including the rather formal closing phrases\W omit /

verbleibe mit sduldigster Hochadchtung / Eurer Hochedelgelohrnen/ Meines
HochgeehrtesterHerrenProfessorg gehorsamsteund verbundenster/ Leon-
hard Euler". [Author's translation: Herewith | remainin mostobligedrespect
your Honorable'sand my most highly esteemedProfessor'snostobediert and
indebted Leonhard Euler.]

The mathematical passagereads as follows: \Ilch vermeirte neulich, da
nadfolgendeSeries

m 1 (m 1)(m 10)+(m 1)(m 10)(m 100)

9 990 999000
(m 1)(m 10)(m 100)(m 1000) N
9999000000

(alwo die Anzahl der nullen im Numeratore und Denominatore einander
gleich sind, im wbrigen ist die Lex klar) den Logarithmum communem ip-
sius m exprimiere,dannist m = 1, soist die gartize Series= 0, ist m = 10
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so kommt 1, ist m = 100, kommt 2, und so fortan. Als ich nun daraus
denLog[arithmum] 9 nden wollte, bekam ich eine Zahl welche weit zu klein
war, ohngeabt dieseSeriessehrstark convergirte”. [Author's translation: |
recenly thought that the following series

m 1 (m 1)(m 10)+(m 1)(m 10)(m 100)

9 990 999000
(m 1)(m 10)(m 100)(m 1000)+ otc:
9999000000 '

(where the number of zerosin the numerator and in the denominator is the
same|the law, after all, is clear) would represen the commonlogarithm of
m, for, when m = 1, the whole seriesis = 0, if m = 10, it becomesl, if
m = 100it is 2, and soon. Now when| wanted to nd from it the logarithm
of 9, | obtained a number which is much too small, even though the series
convergedvery strongly.]

2. Euler 's intention, in modern terminology, is to compute the com-
mon logarithm by interpolating a certain number (ideally in nitely many) of
known valuesof the logarithm. Fearless(even redless)as so often was the
caseEuler takesthe simplestvalues,log1® = k, k = 0;1;2;3;:::, and for
logx, x > 0, writes down the in nite series

b
(1) S(x)=  alx 1)(x 10) (x 10¢7%

k=1

whosenth partial sumis Newton 's interpolation polynomial of degreen,
hence

the divided di erence of order k for the function f (x) = logx and abscissae
Xy = 10, r = 0;1;:::;k. This may have beenthe way in which Euler
determinedthe rst four coe cients

g = 1 4 = 1 g = 1 1 .
179 2% 590 %7 999000 *~ 9999000000
The \law", which he alludesto, apparerily is
1 n 1
(2) a, = (1) n=123;::::

- 100 2000 1)
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We assert, somewhat more generally that for arbitrary integer-valued
r o,
e _ (ot :
3) Xrs Xesns o0 0 Xean]f = 1070 D200 1)

One proves(3) by mathematical induction on n. For n = 1, the assertion
is evidertly true. The validity of (3) for somen and arbitrary r 0, and a
well-known property of divided di erences (see,e. g., [4, (2.64)]), then imply

[Xrs Xre1 50005 Xewns X If
_ DXesaiXes2 D Xeenaa I Ko Xeea 52 X n ff
Xr+n+1 Xy
_ ( ! 1 10
© 100t D210 1) 100 (10T 10)
_ (1
T 10n+n(n 1)=2 100+ 7 (1071 1)
(1)°

= 10D n(n+D) =2 (101 1);

which is precisely(3) with n replacedby n+ 1. This proves(3), and therefore
also(2).

3. It suces, of course,to assumel x < 10, sinceewery other positive
number x° can be written in the form x°= x 10° with someintegerp 6 0,
andlogx®= p+ logx. The series(1) then corvergesuniformly on [1; 10]and,
as Euler remarks, very fast. The nth term t,(x) of (1), when a, is given
by (2), in fact computesto

in

(4) tn(X) — k=01(é]-rl Xlzld() — 1 q T (X; q)n; q= 1_10;
where v
(5) dn= (@ xq

k=0

is the g-shifted factorial (cf. [1, x10.2]). There holds,for 1  x < 10 and
n 2,

®) ita(X)] < 1 2

10 1 101 10




sothat the nth partial sum of the series

b3
(7) S(x) = t(X)
k=1

approximatesits limit up to an error lessthan 9 10 "V (1+ 10 *+ 10 2+
) = 10 ". For Euler 's special value x = 9 one soobtains

S(9) = 0:897778586588 :;

a value which is signi cantly smaller than log9 = 0:954242509439 :; the
relative error is 5.92%.

One can speculate what prompted Euler to comrmunicate his compu-
tation for the special value x = 9. Very likely, he alsotried other (integer-
valued) x < 9, but had to obsene that the results are then even worse. As a
matter of fact, the relative deviation of the limit value from the true value of
the logarithm increasesmonotonically as x decrease®ver the natural num-
bersfrom 9to 2, and at x = 2 is about 10times aslargeasat x = 9, and at
x = 0 even 100%.

4. From today's perspective it is not surprising that the series(7) does
not corvergeto the expectedvalue. The nth term of the series,after all, is
a polynomial of degreen, thus an analytic function of the complexvariable
X, and the seriesitself corvergesuniformly on ead disk jxj R. In fact,

y 1 y 1
(1 x=109 (1+ R=10°);

k=1 k=1

andF;he product on the right con/ergesabéolutelywhen n! 1 . Therefore,
C !.,1=510" 1), whereC= (R+ 1) ", (1+ R=10"), is a corvergen
majorant of the series. By Weierstra's double-seriestheorem, S(x) thus
represets a function which is analytic in every domain jxj R, hencean
ertire function. Considernow d(z) = S(z) logz in the domainD = fz 2
C:jargzj < ¢, wherelog denotesthe principal branch of the logarithm. If
we hadd(z) = Oat in nitely many points which have a point of accunulation
in Dnflg (for example,in an arbitrarily small interval of the real line), it
would follow that d(z) Ofor all z2 D. This evidertly is impossiblesince
dix) ! 1 whenx #0. Consequetly, S(x) cannot be idertically equalto
logx on any interval, however small.



Interestingly, howewer, the function S(x) may be interpreted as a ¢-
analogueof the logarithm, whereq = 1=10; cf. x5.

5. The motivation for Euler 's bold choicex, = 10 of the abscissaef
interpolation is of courseclear: not a singlelogarithm needsto be computed
in order to generatethe interpolation data. Almost equally simple would be
the choicex, = !'", I > 0, which requiresonly one single logarithm, log! .
It is natural, then, to considerinterpolation to the logarithm to base! , that
is, to log, x = logx=log! . What is the interpolation serie$ in this caseand
how doesit behare?

To analyzethe function S(x;! ) represeted by the interpolation series,it
is usefulto introducea g-analogueof the logarithm asde ned by E. Koelink
and W. Van Assde (see[6], wherein x6 other de nitions of the g-logarithm,
usedin the physicsliterature, are alsodiscussed),

)4 qn
=1 1 qn

(8) Sqy(x) = (X; Qn;

n

where(X; q), is the g-shifted factorial (5). Oneveri es, at leastformally, that

R n
) lm (L Q)Sy(x) = % =Ihx, 0<x<2
' n=1
and
(10) Sq(@™)=n n=02L2:::;

which motivatesthe name\ g-analogueof the logarithm". On the other hand,

2Euler returns to this seriesalmost twenty years later in his memoir [3] (where a is
written in place of ! ). He derivesvery elegarly the logarithmic nature (10) of S(x;!),
emphasizingrepeatedly that it holds only for positive integer valuesof n, and he computes
(in x10) Sq(q ") also for negative n, explicitly for n 5. He missed, however, the
close connection of log! S(x;!) to logx when! # 1 (cf. (13) and (16) below), which
in view of the strange numerical behavior of log! S(x;!) as! # 1 (cf. x6) is easyto
understand. Instead, he used the seriesS(x;! ) as a springboard to derive all sorts of
identities for it, among others two special cases(in xx17 and 26) of what today is known
as the \ g-binomial theorem". He also nds the expansionof S(x;! ) in powers of x and
from known in nite products deducesn%yvin nite series.At the end of the memoir Euler
calculatesLambert's series S(0;! ) = ,1121 1=(!'"™ 1) for! = 10to 30 decimal places,
pu} not be]r‘]ore dewveloping a convergenceacceleration scheme for the more general series

nep (! z).



in analogyto (4) oneobtains

hS J 1
D Seit)=  tbal): i) = g (Gde A=
n=1 :
sothat
(12) S(x;1) = Si= (X):

Note that (10) with q= 1=! are preciselythe interpolation conditions which
producedthe interpolation seriesS(x;! ) in the rst place. It is evidert from
(11) and (5) that when! < 1, henceq> 1, the termst,(x;! ) corvergeto 1
if x = 0, or to innit y in absolutevalueif x 6 0, sothat the seriesin (11)
diverges.This de nitely rulesout the temptation of choosingx, = 10 '.

Assume,therefore,that ! > 1. By an argumert analogousto the onein
x4 the seriesS(x;! ), and hencealso S;-, (x), is seento be an ertire function
(now depending on the parameter!). It is true that larger values of !
yield faster corvergenceof the seriesin (11), but (9) and (12) suggestthat
better approximations to the logarithm can be expectedfor valuesof ! > 1
closerto 1. We now show indeedthat logx can be approximated by Euler's
interpolation processas accurately as we wish by taking ! > 1 su ciently
closeto 1 and taking su cien tly many terms in the seriesof (11). We prove
this for 0 < x < 2, and provide numerical evidencefor it whenx 2.

Sincelogx = log! log, X, the nth-degreeinterpolation appraximation
to the commonlogarithm logx is

(13) s, = log! S,(x;!);
where S,(x;! ) is the nth partial sumof S(x;! ). Now
n10 9% = T gm0 & DS

sothat asq! 1,sincelnqg =1 ¢q)! 1,it followsfrom (9) that

In In x
lim —L Sy(Xx) = —— = logx; 0< x< 2
M 10> = g = 109X X
Therefore, sinceq = 1=! and using (12), lim, 4 log! S(x;!) = logx, so
that, givenany " > 0, we can choose! > 1 suciently closeto 1 to have

(14) jlog! S(x;!') logxj é:



On the other hand, n can be taken large enoughso that

(15) jlog! Sn(x;!) log! S(x;!)j é:
Combining (14) and (15) yields

jsn logxj=jlog! Sp(x;!') log! S(x;!)+log! S(x;!) logxj

jlog! S,(x;!') log! S(x;!)j+jlog! S(x;!) logxj + %= "
(16)
aswasto be shawn.

6. We have seenthat the interpolation procedureconvergesfor 0 < x < 2
(to the correctvaluelogx) as! #1landn! 1 . Interestingly, the sameseems
to persistalsofor x 2, but not without considerablenumerical obstacles.
Beforediscussinghis, we note a simplesthemeto ewaluatet,(x;! ) andthus,
by summation, S(x;! ). Letting u, = (! " 1)t,(x;! ), oneobtainsfrom (11)

the recursive procedure

2

x 1
.I - .
ta(x;!) 1 o
(17) Uuph = (1 x=!'" YHu, 15 =
y_ U _ n=23:::;
tn(xa-)_ I n 1 !

which needsto be initialized by
(18) up=x L

To interpolate the commonlogarithm logx, the initial termst; and u; must
be multiplied by log! .

The \obstacles" referredto above have to do with the fact that for values
of! largerthan, but closeto 1, the quartities log! t,(x;! ) becomeextremely
large before evertually corverging to zeroasn ! 1, at least when x
10 is relatively large. This is illustrated in Table 1 belon, which shows
max, 1 jlog! t,(x;!)j for selectedvaluesof x and! .

xn! 11 1.05 1.025 1.0125 1.00625
2 41 A2 43 43 43

6 .11 10* .78 10’ .81 10" .17 10 .15 10®
10 .19 10° .24 10 .74 102 .13 1(P® .82 10'*

Table 1: Largestvaluesofjlog! tn(x;!)j
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Yet, for eath xed !, the seriesS(x;! ) = P ﬁzl tn(X;!) converges.Because
of the enormousamourt of internal cancellationthat may take placein this
series,howewer, the computation must be performedin appropriately high
precision.

xn! 11 1.05 1.025 1.0125 1.00625
2 .17 10' .14 102 .95 104 .18 10% .20 101"
6 .24 10% 43 10 .22 102 43 10> .11 10
10 43 104 .12 10°% .17 10 54 10 .76 10%
d 40 50 60 100 200
n 100 200 400 800 1500

Table 2: Errors achievable by the interpolation processof x5

This again is illustrated in Table 2, shoving the errors achievable in
symbolic/v ariable-precisioncomputation with d decimal digits and n terms
of the series. It should, perhaps, be emphasizedthat for eah xed !, in-
creasingd and n beyond the values shown, will not reducethe errors any
further; all it doesis compute S(x;! ), and with it, log! S(x;!) logx,
more accurately This is why we called the errors\achievable".

This somewhatbizarre behavior of the interpolation processpnre ection,
is not ertirely unexpected: For one, x in (9) had already to be restricted to
the interval (0;2). For another, when! > 1 is very closeto 1, then all
X, = !'" initially are almost equalto 1. If they were all equal to 1, then
the interpolation serieswould be Taylor's expansionof logx at 1, which
divergesif x > 2. Our interpolation process,for x much larger than 2, thus
behaves, initially, as if it would diverge, and only when n becomeslarge
and the points x, begin to spreadout, doesit turn around and take on
a more reasonable,eventually corvergen, demeanor. While there may be
sometheoretical interest in this kind of approximation process,it haslittle
practical merit becauseof the excessig computing e ort required. (The last
v e columnsof Table 2 take respectively 96, 187,382,741,and 1493seconds
to compute on the Sun Ultra5 Workstation.)

Newertheless,if x is restricted to the interval [1;5], the processis not
ertirely impractical, sincewhen! = 1.1, for example,there holds jlog!
th(X;!)] < 722, and with n = 100terms, oneis still able to obtain values
of logx, 1 x 5, accurateto about 10 decimal digits, even in 14-digit
computation. For valuesof x in the interval (5; 10], one appliesthe process
to x=2 and addslog?2 to the result. Better yet, in today's age of technology



and binary computer arithmetic, we may restrict x to the interval [1; 2], in
which casejlog! tn(x;!)j < land! = 1.1, n = 20 generallyyields an
accuracyof 10 or more decimal digits (9 digits nearx = 1), while ! = 105,
n = 15yields 11 or more correct digits.

7. Thereis still another way in which Euler 's ideascanin principle be
salvagedand madeworkable. To beginwith, chooseasinterpolation abscissae
X, = 10D 1 > 0,r=0:1;2;:::, sothat

(19) X, 2 (1;10] forallr=0;1;2::::

It is known, in fact (cf., e.g.,[4, p. 83]), that for the function f and (arbitrary)
abscissa®f interpolation, all lying in a nite interval [a;b], the interpolation
seriescorvergesto f (x) for any x in [a;b], provided f hasin nitely many in
[a;b] cortinuous derivativesand, moreover, there holds

b ar
(20) Jm g M= 0,

whereM, denotesan upper bound of jf ®)j on [a;b]. This easilyfollows from
Caudy's formula [4, (2.12)] for the error of interpolation. It can also be
shown (ibid., p. 84), that (20) is indeedtrue if f is analytic in a disk with
certer at the middle of the interval [a;b] and radiusr > %(b a).

In our casef (x) = logx, onehasf®(x) = ( 1) Yk 1)x *=In10,
and (20) is equivalert to j(b=9 1j < 1. More precisely one has at least
geometriccorvergencewith ratio q if

b

(22) a 1 g< 1L

Choosingq = % one obtains for the interval (19), whereb=a= 10 ,
(22) ' logs = 0:17609:: :

Thus, in the interval (19), when! is given by (22), the interpolation series
cornverges(to the correct value) at least geometrically with ratio 1/2.

Now if x is givenwith 1  x < 10, one determinesthe integerk, 0
sud that
(23) 100" x < 10kt D!

This can easilybe achieved (on a computer) by meansof a small routine like
(in pseuda@ode)
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k0=0;

while x 100!
kO=kO+1;

end

If then one puts t = 10 k' x, there holds1 t < 10, and one computes
logt asabove, whereumn logx = k! + logt.

Here too, howewer, not ewverything works as expected. It transpires (ap-
parertly becauseof the crowding of the interpolation abscissaen the lower
part of the interval (1;10 ]), that the algorithm descrited evertually suc-
cumbs to the detrimental e ects of rounding errors. The latter progressiely
a ect the computation of the divided di erences (no longerexplicitly known)
to the point of renderingthem completelymeaningless.In computation with
36 decimal places(quadruple precisionin Fortran), for example,the error of
the interpolation polynomial is seento decreasenonotonically with increas-
ing degree,but only up to a degreen of about n = 18; thereafter, the error
increasegapidly. Newerthelessi,it is still possible,in this precision,to obtain
at least 10 good decimals,generally however, many more, even as mary as
35.

8. We have tried to understandand, following his own ideas,to rehabili-
tate Euler 's unsuccessfutomputation of the logarithm, but do not want to
leave behind the impressionthat the resulting computational schemeswould
be competitiv e with newer methods of appraximation theory (see,e. g., [9]).
Thesemodern methods, however, are products of the 20th certury.
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