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Natural Semantics

[0 The semantics given previously is known as "small-step”

B Evaluation relation shows how each individual step in
the computation takes place

B Closely mirrors how an interpreter might evaluate a
program

B Apply a multi-step evaluation relation on top to talk
about terms evaluating (in many steps) to values.

[0 An alternative style called "natural semantics” directly
formulates the notion of "this term evaluates fo this
value”

B Define = as the smallest binary relation that
satisfies the rules given on the following slides




Natural Semantics for AExp

<n,0> <z h <X,0> = o(x)

<€1,O> = nl, <€2,O> <Z nz

<€1+€2,G> — n1 + nz

Note that evaluation rules do not restrict order of
evaluation, nor does it specify infermediate states

—generated-inthe course of evaluation —




Natural Semantics for BExp

|
<true,0> = true <false,c> = false

<n; = n,0> = true

<n; = n,,0> = false n,=n,

<e;,0> = N, <e,,0> = n,

<e, = e,,0> = <N, = h,,o

<bl, 0> = false <bl, 0> = true

<bl! b2, 0>=+<b2, 0> <bl" b2, 0 >=<b2, 0>




Natural Semantics for Com

<e, 0> =>n

<X:=e,0> = o[x a n]

<skip,0> = O <¢,,0> = a ,<C,,0>= 0"

<€,C,,0> =0

<b,0> = true, <c,,0> =0 <b,0> = false, <c,,0> = ¢

<if b then c, else ¢,,0> = ¢ <if b then c, else ¢,,0> = ¢

<b,0> = false <b,0> = true, <c; while b do c,0> = ¢

<whilebdo c,o0> = o <while b do c,0> = ¢




Evaluation of Commands

Order of evaluation is captured by implicit
“threading” of the store

B Tn asequence operation, o' (produced by evaluating
c,) is heeded to evaluate c,

Rules are not "syntax-directed"”

B Inrule for while, antecedent clause is "bigger” than
consequent

[0 What is the implication? Consider reasoning about
termination.




Issues

Two disadvantages to natural-style
semantics:

B Reasoning about termination
B Exposing infermediate states

[l order of evaluation is implicit in use of store,
not explicit in rules




Evaluation Contexts

[l Both styles of semantics address two concerns:
B order of evaluation
[l explicit in small-step semantics
0 implicit in natural semantics
® meaning of terms
[J Can we separate out these two notions?
B Decompose a term into two parts:
0 the part of the term that is to be evaluated

[l the remaining portion of the term that should be
examined after the subterm evaluates

® call this part of the ferm a "context”




Redex

A redex is a term that can be transformed in a single
step

B A redex has no antecedents

B ri=x|x:=n|x:=n+n skip; c |
if true then c, else c, |
if false then c, else ¢, |

true" b | false! b |




Evaluation Contexts

An evaluation context is a term with a
"hole” in the place of a subterm

B |ocation of the hole points to the next
subexpression that should be evaluated

If E is a context than E[r] is the expression
obtained by replacing redex r for the hole
defined by context E

Now, if <r,0> = <t,0"> then <E[r],0> — <E[t],0">




Contexts

Can define evaluation context via a grammar:
E:x=[]|n+E|n*E|x:=E|

if E then ¢, else ¢, |

E. c | while E do c

The grammar fixes the order of evaluation,
allowing us to simplify the number and
structure of the rules used in the semantics




Evaluation Contexts

L] A context has exactly one hole
[J Redexes that are substituted for a context are never values
[l A context uniquely identifies the next redex to be evaluated

Consider e, + e, and its decomposition as E[r]
If e,=n,and e, is h, thenE = []

If e;=n;and e, = n, then E = n, + E[e,]

If e, = n, then E = E[e;] + e,

Last two cases are evaluated recursively




Evaluation Contexts

0 Consider c = ¢,; ¢,

B Suppose c, = skip. Then, ¢ = E[skip;c,] with E =[]

B Suppose ¢, = skip. Then, ¢, = E[r]and c = E'[r]with E' = E.c,
[0 Consider c = if b then ¢, else c,

If b = true then c = E[r] where r is a redex in ¢, and E defines its
context

If b = false then c = E[r] where r is a redex in ¢, and E defines its
context

Otherwise, b = E[r], so ¢ = E'[r] where E' = if E then ¢, else c,

L1 Decomposition:
B Tf cis not "skip" then there exists a unique E and r such that c is E[r]
[0 Exists means progress
[0 Unique means determinism




Example

Consider the evaluation of:
x:=1; x:=x+1 with o, = [x a 0]

State Context

Redex

«x:=1; xi= x+1, 5> []:x:=x+1
<skip; x:= x+1, [x a 1]| []
«<x:=x+] [xa 1) x:=[]+1
«x:=1+1l,[xa 1] x =[]
<skip, [x a 1+1)>

x:=1
skip; x:= x+1
X

x:i=1+1




Contextual Semantics

Summary

B Think of a hole as representing a program counter

[0 The rules for advancing holes is non-trivial
®  Must decompose the entire expression
® How would you implement this?

Major advantage of contextual semantics is that
allows a mix of global and local reduction rules

[J global rules indicate next redex to be evaluated
[ local rules indicate how to perform the reduction




Syntactic Theories

[0 Provide a reduction relation on expressions by defining
syntax, values, evaluation contexts and redexes.

0 Arithmetic:

Syntax: e::=n | et e

Values: n

Redexes: n+ n'

Evaluation contexts: E ::= [] | E[n+ []] | E[[]+ €]

Plugging an expression e into a context £

plug([],e) e
plug(E[n+ [1],6) plug(E,n+ el)
plug(E[[]+ €], ¢€) plug(E e+ €)




Evaluator

Representing arithmetic expressions:

datatype exp VALUE of value
COMP of comp

and value LIT of 1int

and comp ADD of exp * exp

Literals are the only values and addition
is the only computation




A Reduction Function

(* reducel : comp -> exp *)
fun reducel (ADD (VALUE (LIT nl), VALUE (LIT n2)))
= VALUE (LIT (nl + n2))
| reducel (ADD (VALUE wv1, COMP c2))
= COMP (ADD (VALUE vl, reducel c2))
| reducel (ADD (COMP cl, e2))
= COMP (ADD (reducel cl, e2))

18




Expressing the reduction function
using evaluation contexts

reducelc : comp * (exp -> 'a) -> Ta *)

reducelc (ADD (VALUE (LIT nl), VALUE (LIT n2)), k)

= k (VALUE (LIT (nl + n2)))

reducelc (ADD (VALUE v1, COMP c2), k)

= reducelc (c2, fn e2 => k (COMP (ADD (VALUE vl, e2))))
reducelc (ADD (COMP cl, e2), k)

= reducelc (cl, fn el => k (COMP (ADD (el, e2))))

How do the kOs defined in the reduction function correspond to the evaluation
contexts used by the semantics?




Defunctionalization

datatype cont = CONTO
| CONTDf value * cont
| CONT®f exp * cont

apply : cont * exp -> exp *)

apply (CONTO,e)

=e
| apply (CONTXvl, k), e2)

= apply (k, COMPADD(VALUE/1, e2)))
| apply (CONTZe2, k), el)

= apply (k, COMPRADD(el, e2)))

Three kinds of contexts:
1. base continuation that has
no free variables.

2. The second corresponds to
the context in the second
clause. It has vl and k as free
variables.

3. The third is the context in the
last clause. It has e2 and k
free.




Modified Reduction Operation

(* reducelcd : comp * cont -> exp *)
reducelcd (ADD (VALUE (LIT nl), VALUE (LIT n2)), k)
= apply (k, VALUE (LIT (nl + n2)))
reducelcd (ADD (VALUE v1, COMP c2), k)
= reducelcd (c2, CONT1 (v1, k))
reducelcd (ADD (COMP cl, e2), k)
= reducelcd (cl, CONT2 (e2, k))

The datatype cont is isomorphic to the datatype of evaluation contexts. The
apply function corresponds to the plug function.




