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Natural Semantics
 The semantics given previously is known as “small-step”

 Evaluation relation shows how each individual step in 
the computation takes place

 Closely mirrors how an interpreter might evaluate a 
program

 Apply a multi-step evaluation relation on top to talk 
about terms evaluating (in many steps) to values.

 An alternative style called “natural semantics” directly 
formulates the notion of “this term evaluates to this 
value”
 Define  ⇒    as the smallest binary relation that 

satisfies the rules given on the following slides



Natural Semantics for AExp
<n,σ> <z�� n                      <x,σ> ⇒ σ(x)

<e1,σ> ⇒ n1, <e2,σ> <z��n2

    <e1+e2,σ> ⇒   n1 + n2

Note that evaluation rules do not restrict order of 
evaluation, nor does it specify intermediate states 
generated in the course of evaluation



Natural Semantics for BExp
<true,σ>   ⇒  true          <false,σ>  ⇒  false

<n1 = n1,σ>   ⇒ true
<n1 = n2,σ> ⇒  false   n1 ≠ n2

<e1,σ> ⇒ n1, <e2,σ> ⇒  n2                                        

<e1 = e2,σ>  ⇒ <n1 = n2,σ>

<b1,σ> ⇒ false                                      <b1,σ> ⇒ true

<b1 !  b2, σ> ⇒ <b2, σ>                   <b1 "  b2, σ > ⇒ <b2, σ>



Natural Semantics for Com
<e,σ>  ⇒ n
<x:=e,σ> ⇒ σ[x a  n]

<skip,σ> ⇒ σ       <c1,σ> ⇒ σ’ , <c2,σ’> ⇒ σ’’

                               <c1;c2,σ> ⇒ σ’’

  <b,σ> ⇒ true,  <c1,σ> ⇒ σ’                         <b,σ> ⇒ false, <c2,σ> ⇒ σ’

<if b then c1 else c2,σ> ⇒ σ’                    <if b then c1 else c2,σ> ⇒ σ’

  <b,σ> ⇒ false                        <b,σ> ⇒ true,  <c; while b do c,σ> ⇒ σ’
<while b do c,σ> ⇒ σ                        <while b do c,σ> ⇒ σ’



Evaluation of Commands
 Order of evaluation is captured by implicit 

“threading” of the store
 In a sequence operation, σ’ (produced by evaluating 

c1) is needed to evaluate c2

 Rules are not “syntax-directed”
 In rule for while, antecedent clause is “bigger” than 

consequent
 What is the implication?  Consider reasoning about 

termination.



Issues

 Two disadvantages to natural-style 
semantics:
 Reasoning about termination
 Exposing intermediate states

 order of evaluation is implicit in use of store, 
not explicit in rules



Evaluation Contexts
 Both styles of semantics address two concerns:

 order of evaluation
 explicit in small-step semantics
 implicit in natural semantics

 meaning of terms
 Can we separate out these two notions?

 Decompose a term into two parts:
 the part of the term that is to be evaluated
 the remaining portion of the term that should be 

examined after the subterm evaluates
 call this part of the term a “context”



Redex
A redex is a term that can be transformed in a single 

step
 A redex has no antecedents
 r ::= x | x := n | x := n + n| skip; c | 
            if true then c1 else c2 |

            if false then c1 else c2 |
            true "  b | false !  b |
            ....



Evaluation Contexts

 An evaluation context is a term with a 
“hole” in the place of a subterm
 Location of the hole points to the next 

subexpression that should be evaluated
 If E is a context than E[r] is the expression 

obtained by replacing redex r for the hole 
defined by context E

 Now, if <r,σ> → <t,σ’> then <E[r],σ> → <E[t],σ’>



Contexts

 Can define evaluation context via a grammar:

E ::= [ ] | n + E | n * E | x := E | 
        if E then c1 else c2 |

        E; c | while E do c

The grammar fixes the order of evaluation, 
allowing us to simplify the number and 
structure of the rules used in the semantics



Evaluation Contexts
 A context has exactly one hole

 Redexes that are substituted for a context are never values
 A context uniquely identifies the next redex to be evaluated

 Consider e1 + e2 and its decomposition as E[r]

 If e1 = n1 and e2 is n2 then E = []

 If e1 = n1 and e2 ≠ n2 then E = n1 + E[e2]

 If e1 ≠ n1 then E = E[e1] + e2

 Last two cases are evaluated recursively



Evaluation Contexts
 Consider c = c1; c2

 Suppose c1 = skip.  Then, c = E[skip;c2] with E = []

 Suppose c1 ≠ skip.  Then, c1 = E[r] and c = E’[r] with E’ = E;c2

 Consider c = if b then c1 else c2

 If b = true then c = E[r] where r is a redex in c1 and E defines its 
context

 If b = false then c = E[r] where r is a redex in c2 and E defines its 
context

 Otherwise, b = E[r], so c = E’[r] where E’ = if E then c1 else c2 

 Decomposition:
 If c is not “skip” then there exists a unique E and r such that c is E[r]

 Exists means progress
 Unique means determinism



Example
Consider the evaluation of:
 x:=1; x:=x+1 with σ0 = [x a  0]

State                     Context  Redex

<x:=1; x:= x+1, σ0>            [];x:=x+1                             x:=1

<skip; x:= x+1, [x a  1]>    []                                        skip; x:= x+1
<x:= x+1,[x a  1]>             x := [] + 1                            x

<x:= 1+1,[x a  1]>             x := []                            x := 1 + 1
<skip, [x a  1+1]>



Contextual Semantics
 Summary

 Think of a hole as representing a program counter
 The rules for advancing holes is non-trivial

 Must decompose the entire expression
 How would you implement this?

 Major advantage of contextual semantics is that 
allows a mix of global and local reduction rules
 global rules indicate next redex to be evaluated
 local rules indicate how to perform the reduction



Syntactic Theories
 Provide a reduction relation on expressions by defining 

syntax, values, evaluation contexts and redexes.
 Arithmetic:
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1.3 Prerequisites

We expect a passing familiarity with functional programming (ML),
and we build on the notions of evaluators, abstract machines, CPS
transformation, defunctionalization, and syntactic theories:

Evaluation functions: An evaluator is a compositional function
mapping an abstract-syntax tree to an expressible value, if
there is one; it implements a denotational semantics [58].

Abstract machines: An abstract machine is a transition function
over computational states; it implements an operational se-
mantics [52].

CPS transformation: A program is transformed into
continuation-passing style (CPS) by naming all of its
intermediate results, sequentializing their computation, and
introducing continuations. Each CPS transformation encodes
an evaluation order [20, 41, 51, 57, 62].

Defunctionalization: A program is defunctionalized by replacing
each of its function spaces by a first-order data type and a first-
order apply function [56]. Each data type enumerates all the
function abstractions that may give rise to inhabitants of the
corresponding function space [7, 8, 13, 21, 49, 56, 65].

A particular case of defunctionalization is closure conversion:
in an evaluator, closure conversion amounts to replacing each
of the function spaces in expressible and denotable values by a
tuple, and inlining the corresponding apply function [46, 56].
(Other styles of closure conversion exist, though [6].)

Syntactic theories: A syntactic theory provides a reduction re-
lation on expressions by defining syntax, values, evaluation
contexts, and redexes [26, 28, 70]. For example, a syntactic
theory for arithmetic expressions is specified as follows.

Syntax: e ::= n | e+ e

Values: n

Redexes: n+ n!

Evaluation contexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugging an expression e into a context E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reduction relation: E[n+ n!] " E[n!!], where n!! is the sum of
n and n!.

These definitions satisfy a “unique decomposition” lemma
[70]: any expression e that is not a value can be uniquely de-
composed into an evaluation context E and a redex n+ n! such
that e = plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsen and the au-
thor have established the conditions under which one can de-
forest an evaluation function when it is defined as the transi-
tive closure of one-step reduction in a syntactic theory [22].
At each step, a term is decomposed into an evaluation con-
text and a redex, the redex is contracted, and the contractum
is plugged into the evaluation context. Deforesting such an
evaluation function makes it possible to avoid the construc-
tion of intermediate expressions. Our key point is to con-
struct a “refocus” function that makes it possible to replace the
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decomposition followed by a contract-refocus-
contract-refocus-... loop. The result is an abstract machine.

For example, here is the refocus function corresponding to the
syntactic theory just above:

refocus([ ],n) = n

refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

where decompose decomposes a computation into an evalua-
tion context and a redex.

1.4 Overview

The rest of this article is organized as follows. We first investigate
continuations as evaluation contexts and continuations as the rest
of the computation; to this end, we revisit the simple example of
arithmetic expressions above (Section 2). We then consider the ! -
calculus (Section 3) and analyze further consequences (Section 4).

2 A simple example: arithmetic expressions

To investigate continuations as evaluation contexts and continua-
tions as the rest of the computation, we go through the simple exer-
cise of writing a one-step reduction function and then an evaluator
for arithmetic expressions. We write each of them in direct style,
and we successively CPS-transform them and then defunctionalize
their continuations.

Our arithmetic expressions are minimal: they consist of literals
and additions.

datatype exp = VALUE of value
| COMP of comp

and value = LIT of int
and comp = ADD of exp * exp

Literals are the only values and additions are the only computations.

2.1 A one-step reduction function

We write the one-step reduction function by recursive descent, us-
ing the recursive calls to reach the left-most-innermost redex, and
constructing the reduced expression at return time:

(* reduce1 : comp -> exp *)
fun reduce1 (ADD (VALUE (LIT n1), VALUE (LIT n2)))

= VALUE (LIT (n1 + n2))
| reduce1 (ADD (VALUE v1, COMP c2))

= COMP (ADD (VALUE v1, reduce1 c2))
| reduce1 (ADD (COMP c1, e2))

= COMP (ADD (reduce1 c1, e2))

We then CPS-transform reduce1:

(* reduce1c : comp * (exp -> ’a) -> ’a *)
fun reduce1c (ADD (VALUE (LIT n1), VALUE (LIT n2)), k)

= k (VALUE (LIT (n1 + n2)))
| reduce1c (ADD (VALUE v1, COMP c2), k)

= reduce1c (c2, fn e2 => k (COMP (ADD (VALUE v1, e2))))
| reduce1c (ADD (COMP c1, e2), k)

= reduce1c (c1, fn e1 => k (COMP (ADD (e1, e2))))

Finally, we defunctionalize the continuations in reduce1c. We as-
sume an initial continuation that is the identity function, and there-
fore the polymorphic type variable in the type of reduce1c is spe-
cialized to exp. Three functional abstractions can build inhabitants
in the function space exp -> exp. The first is the initial continua-
tion and it has no free variables. The second is the continuation in
the second clause, and it has v1 and k as free variables. The third
is the continuation in the third clause, and it has e2 and k as free
variables. The data type of defunctionalized continuations has thus
three constructors.



Evaluator

 Representing arithmetic expressions:

 Literals are the only values and addition 
is the only computation
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1.3 Prerequisites

We expect a passing familiarity with functional programming (ML),
and we build on the notions of evaluators, abstract machines, CPS
transformation, defunctionalization, and syntactic theories:

Evaluation functions: An evaluator is a compositional function
mapping an abstract-syntax tree to an expressible value, if
there is one; it implements a denotational semantics [58].

Abstract machines: An abstract machine is a transition function
over computational states; it implements an operational se-
mantics [52].

CPS transformation: A program is transformed into
continuation-passing style (CPS) by naming all of its
intermediate results, sequentializing their computation, and
introducing continuations. Each CPS transformation encodes
an evaluation order [20, 41, 51, 57, 62].

Defunctionalization: A program is defunctionalized by replacing
each of its function spaces by a first-order data type and a first-
order apply function [56]. Each data type enumerates all the
function abstractions that may give rise to inhabitants of the
corresponding function space [7, 8, 13, 21, 49, 56, 65].

A particular case of defunctionalization is closure conversion:
in an evaluator, closure conversion amounts to replacing each
of the function spaces in expressible and denotable values by a
tuple, and inlining the corresponding apply function [46, 56].
(Other styles of closure conversion exist, though [6].)

Syntactic theories: A syntactic theory provides a reduction re-
lation on expressions by defining syntax, values, evaluation
contexts, and redexes [26, 28, 70]. For example, a syntactic
theory for arithmetic expressions is specified as follows.

Syntax: e ::= n | e+ e

Values: n

Redexes: n+ n!

Evaluation contexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugging an expression e into a context E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reduction relation: E[n+ n!] " E[n!!], where n!! is the sum of
n and n!.

These definitions satisfy a “unique decomposition” lemma
[70]: any expression e that is not a value can be uniquely de-
composed into an evaluation context E and a redex n+ n! such
that e= plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsen and the au-
thor have established the conditions under which one can de-
forest an evaluation function when it is defined as the transi-
tive closure of one-step reduction in a syntactic theory [22].
At each step, a term is decomposed into an evaluation con-
text and a redex, the redex is contracted, and the contractum
is plugged into the evaluation context. Deforesting such an
evaluation function makes it possible to avoid the construc-
tion of intermediate expressions. Our key point is to con-
struct a “refocus” function that makes it possible to replace the
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decomposition followed by a contract-refocus-
contract-refocus-... loop. The result is an abstract machine.

For example, here is the refocus function corresponding to the
syntactic theory just above:

refocus([ ],n) = n
refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

where decomposedecomposes a computation into an evalua-
tion context and a redex.

1.4 Overview

The rest of this article is organized as follows. We first investigate
continuations as evaluation contexts and continuations as the rest
of the computation; to this end, we revisit the simple example of
arithmetic expressions above (Section 2). We then consider the !-
calculus (Section 3) and analyze further consequences (Section 4).

2 A simple example: arithmetic expressions

To investigate continuations as evaluation contexts and continua-
tions as the rest of the computation, we go through the simple exer-
cise of writing a one-step reduction function and then an evaluator
for arithmetic expressions. We write each of them in direct style,
and we successively CPS-transform them and then defunctionalize
their continuations.

Our arithmetic expressions are minimal: they consist of literals
and additions.

datatype exp = VALUE of value
| COMP of comp

and value = LIT of int
and comp = ADD of exp * exp

Literals are the only values and additions are the only computations.

2.1 A one-step reduction function

We write the one-step reduction function by recursive descent, us-
ing the recursive calls to reach the left-most-innermost redex, and
constructing the reduced expression at return time:

(* reduce1 : comp -> exp *)
fun reduce1 (ADD (VALUE (LIT n1), VALUE (LIT n2)))

= VALUE (LIT (n1 + n2))
| reduce1 (ADD (VALUE v1, COMP c2))

= COMP (ADD (VALUE v1, reduce1 c2))
| reduce1 (ADD (COMP c1, e2))

= COMP (ADD (reduce1 c1, e2))

We then CPS-transform reduce1:

(* reduce1c : comp * (exp -> ’a) -> ’a *)
fun reduce1c (ADD (VALUE (LIT n1), VALUE (LIT n2)), k)

= k (VALUE (LIT (n1 + n2)))
| reduce1c (ADD (VALUE v1, COMP c2), k)

= reduce1c (c2, fn e2 => k (COMP (ADD (VALUE v1, e2))))
| reduce1c (ADD (COMP c1, e2), k)

= reduce1c (c1, fn e1 => k (COMP (ADD (e1, e2))))

Finally, we defunctionalize the continuations in reduce1c. We as-
sume an initial continuation that is the identity function, and there-
fore the polymorphic type variable in the type of reduce1c is spe-
cialized to exp. Three functional abstractions can build inhabitants
in the function space exp -> exp. The first is the initial continua-
tion and it has no free variables. The second is the continuation in
the second clause, and it has v1 and k as free variables. The third
is the continuation in the third clause, and it has e2 and k as free
variables. The data type of defunctionalized continuations has thus
three constructors.



A Reduction Function
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1.3 Prerequisites

We expect a passing familiarity with functional programming (ML),
and we build on the notions of evaluators, abstract machines, CPS
transformation, defunctionalization, and syntactic theories:

Evaluation functions: An evaluator is a compositional function
mapping an abstract-syntax tree to an expressible value, if
there is one; it implements a denotational semantics [58].

Abstract machines: An abstract machine is a transition function
over computational states; it implements an operational se-
mantics [52].

CPS transformation: A program is transformed into
continuation-passing style (CPS) by naming all of its
intermediate results, sequentializing their computation, and
introducing continuations. Each CPS transformation encodes
an evaluation order [20, 41, 51, 57, 62].

Defunctionalization: A program is defunctionalized by replacing
each of its function spaces by a first-order data type and a first-
order apply function [56]. Each data type enumerates all the
function abstractions that may give rise to inhabitants of the
corresponding function space [7, 8, 13, 21, 49, 56, 65].

A particular case of defunctionalization is closure conversion:
in an evaluator, closure conversion amounts to replacing each
of the function spaces in expressible and denotable values by a
tuple, and inlining the corresponding apply function [46, 56].
(Other styles of closure conversion exist, though [6].)

Syntactic theories: A syntactic theory provides a reduction re-
lation on expressions by defining syntax, values, evaluation
contexts, and redexes [26, 28, 70]. For example, a syntactic
theory for arithmetic expressions is specified as follows.

Syntax: e ::= n | e+e

Values: n

Redexes: n+n′

Evaluation contexts: E ::= [ ] | E[n+[ ]] | E[[ ]+e]

Plugging an expression e into a context E:

plug([ ],e) = e
plug(E[n+[ ]],e) = plug(E,n+e)
plug(E[[ ]+e′],e) = plug(E,e+e′)

Reduction relation: E[n+n′]→ E[n′′], where n′′ is the sum of
n and n′.

These definitions satisfy a “unique decomposition” lemma
[70]: any expression e that is not a value can be uniquely de-
composed into an evaluation context E and a redex n+n′ such
that e= plug(E,n+n′).

From syntactic theory to abstract machine: Nielsen and the au-
thor have established the conditions under which one can de-
forest an evaluation function when it is defined as the transi-
tive closure of one-step reduction in a syntactic theory [22].
At each step, a term is decomposed into an evaluation con-
text and a redex, the redex is contracted, and the contractum
is plugged into the evaluation context. Deforesting such an
evaluation function makes it possible to avoid the construc-
tion of intermediate expressions. Our key point is to con-
struct a “refocus” function that makes it possible to replace the
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decomposition followed by a contract-refocus-
contract-refocus-... loop. The result is an abstract machine.

For example, here is the refocus function corresponding to the
syntactic theory just above:

refocus([ ],n) = n
refocus(E[n′+[ ]],n) = refocus(E,n′+n)
refocus(E[[ ]+e],n) = decompose(e,E[n+[ ]])

where decomposedecomposes a computation into an evalua-
tion context and a redex.

1.4 Overview

The rest of this article is organized as follows. We first investigate
continuations as evaluation contexts and continuations as the rest
of the computation; to this end, we revisit the simple example of
arithmetic expressions above (Section 2). We then consider the !-
calculus (Section 3) and analyze further consequences (Section 4).

2 A simple example: arithmetic expressions

To investigate continuations as evaluation contexts and continua-
tions as the rest of the computation, we go through the simple exer-
cise of writing a one-step reduction function and then an evaluator
for arithmetic expressions. We write each of them in direct style,
and we successively CPS-transform them and then defunctionalize
their continuations.

Our arithmetic expressions are minimal: they consist of literals
and additions.

datatype exp = VALUE of value
| COMP of comp

and value = LIT of int
and comp = ADD of exp * exp

Literals are the only values and additions are the only computations.

2.1 A one-step reduction function

We write the one-step reduction function by recursive descent, us-
ing the recursive calls to reach the left-most-innermost redex, and
constructing the reduced expression at return time:

(* reduce1 : comp -> exp *)
fun reduce1 (ADD (VALUE (LIT n1), VALUE (LIT n2)))

= VALUE (LIT (n1 + n2))
| reduce1 (ADD (VALUE v1, COMP c2))

= COMP (ADD (VALUE v1, reduce1 c2))
| reduce1 (ADD (COMP c1, e2))

= COMP (ADD (reduce1 c1, e2))

We then CPS-transform reduce1:

(* reduce1c : comp * (exp -> ’a) -> ’a *)
fun reduce1c (ADD (VALUE (LIT n1), VALUE (LIT n2)), k)

= k (VALUE (LIT (n1 + n2)))
| reduce1c (ADD (VALUE v1, COMP c2), k)

= reduce1c (c2, fn e2 => k (COMP (ADD (VALUE v1, e2))))
| reduce1c (ADD (COMP c1, e2), k)

= reduce1c (c1, fn e1 => k (COMP (ADD (e1, e2))))

Finally, we defunctionalize the continuations in reduce1c. We as-
sume an initial continuation that is the identity function, and there-
fore the polymorphic type variable in the type of reduce1c is spe-
cialized to exp. Three functional abstractions can build inhabitants
in the function space exp -> exp. The first is the initial continua-
tion and it has no free variables. The second is the continuation in
the second clause, and it has v1 and k as free variables. The third
is the continuation in the third clause, and it has e2 and k as free
variables. The data type of defunctionalized continuations has thus
three constructors.



Expressing the reduction function
using evaluation contexts
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1.3 Prerequisites

Weexpectapassingfamiliaritywith functionalprogramming(ML),
andwe build on thenotionsof evaluators,abstractmachines,CPS
transformation,defunctionalization,andsyntactic theories:

Evaluation functions: An evaluator is a compositionalfunction
mappingan abstract-syntaxtree to an expressiblevalue, if
thereis one;it implementsadenotationalsemantics[58].

Abstract machines: An abstractmachineis a transitionfunction
over computational states;it implementsan operationalse-
mantics[52].

CPS transformation: A program is transformed into
continuation-passingstyle (CPS) by naming all of its
intermediateresults,sequentializingtheir computation,and
introducingcontinuations.EachCPStransformationencodes
anevaluationorder[20, 41,51,57, 62].

Defunctionalization: A programis defunctionalizedby replacing
eachof its functionspacesby aÞrst-orderdatatypeandaÞrst-
orderapply function [56]. Eachdatatypeenumeratesall the
function abstractionsthat may give rise to inhabitantsof the
correspondingfunctionspace[7, 8, 13, 21,49,56,65].

A particularcaseof defunctionalizationis closureconversion:
in anevaluator, closureconversionamounts to replacingeach
of thefunctionspacesin expressibleanddenotablevaluesby a
tuple,andinlining thecorrespondingapplyfunction[46, 56].
(Otherstylesof closureconversionexist, though[6].)

Syntactic theories: A syntactic theory provides a reductionre-
lation on expressionsby deÞningsyntax,values,evaluation
contexts, andredexes[26, 28, 70]. For example,a syntactic
theoryfor arithmeticexpressionsis speciÞedasfollows.

Syntax:e::= n | e+e

Values:n

Redexes:n+n!

Evaluationcontexts: E ::= [ ] | E[n+[ ]] | E[[ ]+e]

Plugginganexpressione into acontext E:

plug([ ],e) = e
plug(E[n+[ ]],e) = plug(E,n+e)
plug(E[[ ]+e!],e) = plug(E,e+e!)

Reductionrelation:E[n+n!] " E[n!!], wheren!! is thesumof
n andn!.

ThesedeÞnitionssatisfy a ÒuniquedecompositionÓlemma
[70]: any expressione that is not a valuecanbe uniquelyde-
composedinto anevaluationcontext E andaredex n+n! such
thate= plug(E,n+n!).

From syntactic theory to abstract machine: Nielsenandtheau-
thor have establishedtheconditionsunderwhich onecande-
forestanevaluationfunctionwhenit is deÞnedasthe transi-
tive closureof one-stepreductionin a syntactictheory[22].
At eachstep,a term is decomposedinto an evaluationcon-
text anda redex, the redex is contracted,andthecontractum
is pluggedinto the evaluationcontext. Deforestingsuchan
evaluationfunction makes it possibleto avoid the construc-
tion of intermediateexpressions. Our key point is to con-
structaÒrefocusÓfunctionthatmakesit possibleto replacethe
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decompositionfollowed by a contract-refocus-
contract-refocus-...loop. Theresultis anabstractmachine.

For example,hereis therefocusfunctioncorrespondingto the
syntactictheoryjust above:

refocus([ ],n) = n
refocus(E[n! +[ ]],n) = refocus(E,n! +n)
refocus(E[[ ]+e],n) = decompose(e,E[n+[ ]])

wheredecomposedecomposesa computationinto anevalua-
tion context anda redex.

1.4 Overview

Therestof this article is organizedasfollows. We Þrstinvestigate
continuationsasevaluationcontexts andcontinuationsas the rest
of the computation;to this end,we revisit the simpleexampleof
arithmeticexpressionsabove (Section2). We thenconsiderthe!-
calculus(Section3) andanalyzefurtherconsequences(Section4).

2 A simple example: arithmetic expressions

To investigate continuationsas evaluationcontexts and continua-
tionsastherestof thecomputation,wego throughthesimpleexer-
ciseof writing a one-stepreduction functionandthenanevaluator
for arithmeticexpressions.We write eachof themin direct style,
andwe successively CPS-transformthemandthendefunctionalize
their continuations.

Our arithmeticexpressionsareminimal: they consistof literals
andadditions.

datatype exp = VALUE of value
| COMP of comp

and value = LIT of int
and comp = ADD of exp * exp

Literalsaretheonly valuesandadditionsaretheonly computations.

2.1 A one-step reduction function

We write theone-stepreductionfunctionby recursive descent,us-
ing the recursive calls to reachthe left-most-innermostredex, and
constructingthereducedexpressionat returntime:

(* reduce1 : comp -> exp *)
fun reduce1 (ADD (VALUE (LIT n1), VALUE (LIT n2)))

= VALUE (LIT (n1 + n2))
| reduce1 (ADD (VALUE v1, COMP c2))

= COMP (ADD (VALUE v1, reduce1 c2))
| reduce1 (ADD (COMP c1, e2))

= COMP (ADD (reduce1 c1, e2))

WethenCPS-transformreduce1:

(* reduce1c : comp * (exp -> ’a) -> ’a *)
fun reduce1c (ADD (VALUE (LIT n1), VALUE (LIT n2)), k)

= k (VALUE (LIT (n1 + n2)))
| reduce1c (ADD (VALUE v1, COMP c2), k)

= reduce1c (c2, fn e2 => k (COMP (ADD (VALUE v1, e2))))
| reduce1c (ADD (COMP c1, e2), k)

= reduce1c (c1, fn e1 => k (COMP (ADD (e1, e2))))

Finally, we defunctionalizethe continuationsin reduce1c. We as-
sumeaninitial continuationthatis the identity function,andthere-
fore the polymorphictype variablein the type of reduce1c is spe-
cializedto exp. Threefunctionalabstractionscanbuild inhabitants
in the function spaceexp -> exp. The Þrst is the initial continua-
tion andit hasno freevariables.Thesecondis thecontinuationin
the secondclause,andit hasv1 andk asfree variables.The third
is the continuationin the third clause,andit hase2 andk asfree
variables.Thedatatypeof defunctionalizedcontinuationshasthus
threeconstructors.

How do the kÕs defined in the reduction function correspond to the evaluation 
contexts used by the semantics?
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datatype cont = CONT0
| CONT1of value * cont
| CONT2of exp * cont

(* apply : cont * exp -> exp *)
fun apply (CONT0,e)

= e
| apply (CONT1(v1, k), e2)

= apply (k, COMP(ADD(VALUEv1, e2)))
| apply (CONT2(e2, k), e1)

= apply (k, COMP(ADD(e1, e2)))

(* reduce1cd : comp* cont -> exp *)
fun reduce1cd (ADD(VALUE(LIT n1), VALUE(LIT n2)), k)

= apply (k, VALUE(LIT (n1 + n2)))
| reduce1cd (ADD(VALUEv1, COMPc2), k)

= reduce1cd (c2, CONT1(v1, k))
| reduce1cd (ADD(COMPc1, e2), k)

= reduce1cd (c1, CONT2(e2, k))

We observe that the data type cont is isomorphic to the data type
of evaluation contexts for arithmetic expressions, and that its apply
function coincides with the corresponding plug function. Evalu-
ation contexts, together with their plug function, are therefore a
representationof thecontinuationof a one-stepreductionfunction.
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We write an evaluation function by recursive descent:

(* eval : exp -> int *)
fun eval (VALUE(LIT n))

= n
| eval (COMP(ADD(e1, e2)))

= (eval e1) + (eval e2)

(* main : exp -> int *)
fun main e

= eval e

We then CPS-transform eval :

(* evalc : exp * (int -> Õa) -> Õa *)
fun evalc (VALUE(LIT n), k)

= k n
| evalc (COMP(ADD(e1, e2)), k)

= evalc (e1,
fn n1 => evalc (e2,

fn n2 => k (n1 + n2)))

(* main : exp -> int *)
fun main e

= eval (e, fn n => n)

Finally, we defunctionalize the continuations in evalc . The initial
continuation is the identity function and therefore the polymorphic
type variable in the type of evalc is specialized to int . Three func-
tional abstractions can build inhabitants in the function space int
-> int . The first is the initial continuation and it has no free vari-
ables. The second is the inner continuation in the ADDclause, and it
has n1 and k as free variables. The third is the outer continuation in
the ADDclause, and it has e2 and k as free variables. The data type
of defunctionalized continuations thus has three constructors. Due
to the recursive call to evalc in the outer continuation, the apply
function of defunctionalized continuations and the defunctionalized
version of evalc are mutually recursive:

datatype cont = CONT0
| CONT1of int * cont
| CONT2of exp * cont

(* apply : cont * int -> int *)
fun apply (CONT0,n)

= n
| apply (CONT1(n1, k), n2)

= apply (k, n1 + n2)
| apply (CONT2(e2, k), n1)

= evalcd (e2, CONT1(n1, k))

(* evalcd : exp * cont -> int *)
and evalcd (VALUE(LIT n), k)

= apply (k, n)
| evalcd (COMP(ADD(e1, e2)), k)

= evalcd (e1, CONT2(e2, k))

(* main : exp -> int *)
fun main e

= eval (e, CONT0)

We observe that the data type cont is isomorphic to the data type
of evaluation contexts for arithmetic expressions, and that its apply
function coincides with the corresponding refocus function. Evalu-
ation contexts,togetherwith their refocusfunction,are therefore a
representationof thecontinuationof anevaluation function.
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Continuations have two sides: they can represent the context for
one-step reduction and they can represent the rest of the computa-
tion for evaluation. Common to both sides is the notion of evalua-
tion context:

evaluation
contexts

plug

!!!!
!!

!!
!!

!!
refocus

"""
""

""
""

""
"

one-step
reduction

evaluation

• Evaluation contexts, together with the plug interpretation, are
the defunctionalized representation of the continuation of a
one-step reducer.

• Evaluation contexts, together with the refocus interpretation,
are the defunctionalized representation of the continuation of
an evaluator.

Identifying these two representations of evaluation contexts makes
it possible to reconcile the two common—but contradictory—
understandings of continuations as representations of the current
context and as representations of the rest of the computation.

Evaluation contexts were first proposed in Felleisen’s PhD the-
sis [26] and since then they have had a clear impact in the formal
study of programming languages. Yet they have never before been
formally connected with the continuation of a one-step reduction
function or with the continuation of an evaluation function.

It takes some skill to define evaluation contexts. Until the
unique-decomposition lemma is proven, one is never sure whether
the enumeration is complete and whether it is not somehow redun-
dant. In contrast, the characterization of evaluation contexts as a de-
functionalized continuation in a recursive descent to locate the next
redex provides both a guideline and a security. Also, the unique-
decomposition lemma holds as a corollary when one starts from a
compositional recursive descent.

Three kinds of contexts:
1. base continuation that has 
no free variables.

2. The second corresponds to 
the context in the second 
clause.  It has v1 and k as free 
variables.

3. The third is the context in the 
last clause.  It has e2 and k 
free. 
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datatype cont = CONT0
| CONT1 of value * cont
| CONT2 of exp * cont

(* apply : cont * exp -> exp *)
fun apply (CONT0, e)

= e
| apply (CONT1 (v1, k), e2)

= apply (k, COMP (ADD (VALUE v1, e2)))
| apply (CONT2 (e2, k), e1)

= apply (k, COMP (ADD (e1, e2)))

(* reduce1cd : comp * cont -> exp *)
fun reduce1cd (ADD (VALUE (LIT n1), VALUE (LIT n2)), k)

= apply (k, VALUE (LIT (n1 + n2)))
| reduce1cd (ADD (VALUE v1, COMP c2), k)

= reduce1cd (c2, CONT1 (v1, k))
| reduce1cd (ADD (COMP c1, e2), k)

= reduce1cd (c1, CONT2 (e2, k))

We observe that the data type cont is isomorphic to the data type
of evaluation contexts for arithmetic expressions, and that its apply
function coincides with the corresponding plug function. Evalu-
ation contexts, together with their plug function, are therefore a
representation of the continuation of a one-step reduction function.

2.2 An evaluation function

We write an evaluation function by recursive descent:

(* eval : exp -> int *)
fun eval (VALUE (LIT n))

= n
| eval (COMP (ADD (e1, e2)))

= (eval e1) + (eval e2)

(* main : exp -> int *)
fun main e

= eval e

We then CPS-transform eval:

(* evalc : exp * (int -> ’a) -> ’a *)
fun evalc (VALUE (LIT n), k)

= k n
| evalc (COMP (ADD (e1, e2)), k)

= evalc (e1,
fn n1 => evalc (e2,

fn n2 => k (n1 + n2)))

(* main : exp -> int *)
fun main e

= eval (e, fn n => n)

Finally, we defunctionalize the continuations in evalc. The initial
continuation is the identity function and therefore the polymorphic
type variable in the type of evalc is specialized to int. Three func-
tional abstractions can build inhabitants in the function space int
-> int. The first is the initial continuation and it has no free vari-
ables. The second is the inner continuation in the ADD clause, and it
has n1 and k as free variables. The third is the outer continuation in
the ADD clause, and it has e2 and k as free variables. The data type
of defunctionalized continuations thus has three constructors. Due
to the recursive call to evalc in the outer continuation, the apply
function of defunctionalized continuations and the defunctionalized
version of evalc are mutually recursive:

datatype cont = CONT0
| CONT1 of int * cont
| CONT2 of exp * cont

(* apply : cont * int -> int *)
fun apply (CONT0, n)

= n
| apply (CONT1 (n1, k), n2)

= apply (k, n1 + n2)
| apply (CONT2 (e2, k), n1)

= evalcd (e2, CONT1 (n1, k))

(* evalcd : exp * cont -> int *)
and evalcd (VALUE (LIT n), k)

= apply (k, n)
| evalcd (COMP (ADD (e1, e2)), k)

= evalcd (e1, CONT2 (e2, k))

(* main : exp -> int *)
fun main e

= eval (e, CONT0)

We observe that the data type cont is isomorphic to the data type
of evaluation contexts for arithmetic expressions, and that its apply
function coincides with the corresponding refocus function. Evalu-
ation contexts, together with their refocus function, are therefore a
representation of the continuation of an evaluation function.

2.3 Conclusion

Continuations have two sides: they can represent the context for
one-step reduction and they can represent the rest of the computa-
tion for evaluation. Common to both sides is the notion of evalua-
tion context:

evaluation
contexts

plug

!!!!
!!

!!
!!

!!
refocus

"""
""

""
""

""
"

one-step
reduction

evaluation

• Evaluation contexts, together with the plug interpretation, are
the defunctionalized representation of the continuation of a
one-step reducer.

• Evaluation contexts, together with the refocus interpretation,
are the defunctionalized representation of the continuation of
an evaluator.

Identifying these two representations of evaluation contexts makes
it possible to reconcile the two common—but contradictory—
understandings of continuations as representations of the current
context and as representations of the rest of the computation.

Evaluation contexts were first proposed in Felleisen’s PhD the-
sis [26] and since then they have had a clear impact in the formal
study of programming languages. Yet they have never before been
formally connected with the continuation of a one-step reduction
function or with the continuation of an evaluation function.

It takes some skill to define evaluation contexts. Until the
unique-decomposition lemma is proven, one is never sure whether
the enumeration is complete and whether it is not somehow redun-
dant. In contrast, the characterization of evaluation contexts as a de-
functionalized continuation in a recursive descent to locate the next
redex provides both a guideline and a security. Also, the unique-
decomposition lemma holds as a corollary when one starts from a
compositional recursive descent.

The datatype cont is isomorphic to the datatype of evaluation contexts.  The 
apply function corresponds to the plug function.  


