Iterative Dataflow Analysis

CS 502
Lecture 9
10/16/08

Slides adapted from Nielson, Nielson, Hankin
Principles of Program Analysis




Key Ideas

Need a mechanism to evaluate (statically)
statements in a program

Problem: how do mimic runtime behavior
statically?

Approach: Oabstract awayO unnecessary or
statically uncomputable aspects of execution

Result: an abstract interpretation of the
program that provides useful dataflow
Information




Components

Dataflow analysis via abstract interpretation has
three main components:

A transfer function (f(n)) that approximates
the execution of instruction n based on the
(approximate) inputs given.

A join operation that abstracts statically
uncomputable operations (e.g., conditionals)

A direction (forward or reverse) describing the
order in which instructions are interpreted.




Approach

I After deciding the structure of the transfer

function, join operation, and analysis direction,
we run the analysis.

We continue to iterate until no new information
IS generated.

Formally:

IN|n| = VpeprepmOUTp| OUT[n| = VesvccmI N3]
OUT|n| = f(n)
IN[n| = f(n)
forward Backward
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Example: Reaching Definitions

Definition d of variable x reaches statement s if there exists a path
from d to s with no intervening redefinition of x.

Assignment to x generates a definition, and kills previous
definition.

Equations:
I GENIn]: the set of definitions that n creates
I KILL[n]: the set of definitions that n Kills.
I Transfer function: f(n) = GEN[n] U (IN[n] - KILL[n])
Join: Union
]N[n] = UpepRED[n]OUT[p]

OUTI[n] = GEN[n] U (IN[n] — KILL[n))




Simple Language

= x| n|a;opaap
= true | fal se| not b| by opp by | @1 op,; as

[x :=a]' | [skip]' | S1;S2 |
if [b]' then Sy else S, | whl e [b]' do S

Example:

[z:=1]%; whl e [x>0]2 do ([z: =z*y]3; [x: =x-1]%)
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Initial and Final Labels

nit : Stmt ! Lab

nit [x == a]')
init ([skip1")
init (S1;'S)

nit (if [b]' then S; el se Sy)
init (whil e [b]' do S)

bpal : Stmt !

! Pnal([x := a]!)
! pnal ([ ski p]')
nit (Syq) Pnal(Sy; Sp)
! pnal (if [b]' then S; else Sy)
! pnal(whl e [b]' do S)

P(Lab)

= {'}

= {'}

= Pnal(Sy)

= Pnal(S1) " bPnal(S2)

=

nit ([z:= 1]1; whil e [x>O]2 do ([z:= z*y]3; [Xx:= x-1]4)) =1

pnal ([z: =11%; whl e [x>0]? do ([z:=z*y]3; [x: =x-1]%)) = {2}




Capturing Control-Flow

| Represent a programOs control-flow through
relations built using labels:

Row, Row™ : Stmt ! P(Lab " Lab)

Row([x := a]') #
Row([skip]') #
Row(S1;S) Low(S1) $ Row(Sy)
$ {(1,init (Sp)) |! %Pnal(S1)}
cow(if [0]' then Sy else S)) Row(S1) $ Row(S,)
$ {(!,init (S1)), (!, init (S2))}
zow(whl e [b]' do S) Row(S) $ {(!,init (S))}
$ {(1%1) | 1%%pnal (S)}

Row(S) {081 0%1) %RrRow(S)}




Basic Blocks

I Aggregate statements into a set of blocks

blo cks : Stmt |

blocks([x = a]z)

blo cks ([ skip 19)

nlo cks(Sq; S2)

blo cks(if [b]* then Sy else S,)
blo cks(whl e [b]¢ do S)

P (Bl ocks)

{[x = a]}

{[ski p]‘}

blocks(Sq) " Dblocks(Sy)
{[61 " blocks(S1) " blo cks(Sy)
{61 " blocks(S)
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Avallable Expressions

I For each program point, which expressions have
already been computed, and not later modified on
all paths to this point.

point ofI Inter est
[x:= a+b]t: [y:= a*b]2; whil e [y>J@BI3 do ([a:=a+1*: [x: =a+bh]5)
The analysis enables a transfo rmat ion into

[X: = a+b]1; [y:= a*b]z; whl e [y>.]3 do ([ a::a+1]4; [X:= a+b]5)




Available Expressions

N = X1NX»

X:= a _
| kil $
X = (N\{expressions with an x})

L U gsubexpressions %ﬁ a without an x},
: gen
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Specification

kil and gen func tions

kil Ag([x = a]") {a'" AExp « | x " FV (&)}
kill ([ skip 1') #

kill Ae([b]*) #
genag([x := a]') = {a'" AExp (a) | x $"FV (a")}
genag([skip]') = #
genag([b]') = AExp (b)

Transfer Functions, data Row equat ions: AE

oy if 1= init (Sv)
ABentry(!) = [AE.i:(") | (15, 1) " Row(S+)} otherwise

AEeyit(!) =  (ABentry(D\Kill AH(B")) %genax(B’)
where B'" blo cks(S+)
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Example

[x:= a+b]1; [y:= a*b]%; whl e [y>a+b]® do ([a:=a+1]%; [x:= a+h]°)

kil and gen func tions:

! Kill Ag(!) gen ag(!)
1 ! { a+b}
2 ! {a*b}
3 ! { a+b}
4 |{a+b, a*b, a+1} !

5 ! {a+b}
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Example (cont)

[x:= a+b]L: [y:= a*b]%; whl e [y>a+b]® do ([a:=a+1]%; [x:= a+h]°)

Equations:

AEentry 1 = 0

AEentry (2) = Akgit(1)

ABeniry(3) = AEeyit(2) N AEeit(5)
AEentry (4) = AEi(3)

AEentry 5) = AEi(4)

ABexit(1) = AEentry(1) U{a+h}
AEeyxit(2) = AFentry(2) U{a*b}
AEeyit(3) =  AEeniry(3) U{ath}
AEeyit(4) = AEentry(4) { atb,a*b,a+l}

AEexit(d) = AEentry(5) U{a+h}
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Solutions

I Avallable expressions is an example of a forward
analysis:

We are interested in the largest solution that
satisfies the equations.

[x:=a+b]1; [y:=a*b]%; whl e [y>a+b]3 do ([a:=a+1]?; [x: =a+H°)

AEentry( 1) | AEexit(!)

! {atb}
{a+b} {atb, a*b}
{a+b} {a+b}

{ a+b} !
! {atb}




Largest Solutions

Equations:

AEeniry (1)
AEeniry (1)
AEeniry (")

AEeyit(1)
AEeyit (1)
AEeyit (1)

After some simplibc ation: AEeniry (1) = {X+y} # ABenuy(!")

Tw 0 solutions to this equation:

[z:=x+y]'; whi e [tr ue]" do [skip]"'

ABeyit(!) # ABsyit(!")
AEeyit (1)
ABentry (1) $ {x+y}

AEeniry (1)
AEeniry (")

[488'
! ! |

no

(488"

yes

[aad’
|

{x+y} and "
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Live Variable Analysis

A variable is live at the exit from a label if there is a path from the label
to a use of the variable that does not re-debne the variable.

The aim of the Live Variable s Analy sis is to determine

For each program point, which variable s may be live at the exit
from the point.

Example :

point of inter est
|

[ X = 2% [y:=41%; = 113; (if [y>x]* then [z: =y]° el se [z:=y*y]®); [x: =2]”
The analysis enables a transfo rmat ion into

[y:i=4]1%; [x:= 11%; (if [y>x]* then [z: =y]° el se [z: =y*y]°); [x: =z]’
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Live Variable Analysis
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Specification

ki and gen fUNC tions

kil \w(x = al') = {x}
kill y([skip]') = !
kill ([ 0])) = !
genpy([x = al') = FV(a)
gen ([ ski pp¥ = !
gen([bl') = FV (b

Transfer functions  dat a Row equat ions: LV~

| } ! if 1" bnal(S)
Wexit(!) = {Wenwy (" | (1% 1) " Bow™(S")} otherwise

WVentry () = (Vexit(!) \ Kill LV(B!)) $ genLV(B!)
where B'" blocks(S")
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Example

[x: =2]1: [y: =41%; [x: =113; (if [y>Xx]* then [z=y]° el se [z:=y*y]®); [x:=2]’

kil and gen func tions:

¢ kil () | geny(4)
1 {x} !

2| A{y} !

3 {x} !

4 ! {x,y}
5| {z} {y}

6 {z} {y}

7 {x} {z}
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Example

[x: =2]1: [y: =4]2; [x: =1]3; (if [y>X]* then [z:=V]° else [z:=y*y]®); [x:=2z]"

Equations:
I—Ventry (1) = LVeyit(LY x} Wexit(1) = I—Ventry (2)
I—Ventry (2) = LVeyit(2Y v} Vexit(2) = I—Ventry (3)
I—Ventry (3) = LVeyit(3Y x} WVexit(3) = I—Ventry (4)
LVentry(4) = LWVexit(4)! {x,y} Vexit(4) = LVentry(5) ! LVentry(6)
I—Ventry (5) — (l—Vexit (5)\{ Z} ) ! {y} LVexit(5) — I—Ventry (7)
Wentry(6) = (WVexit(6)Y z}) ! {y} LVeyit(6) = WVentry (7)

Ventry (7) {z} Vexit (7)

22




Solutions

I Live variable analysis is an example of a backwards
analysis:

" We are interested in the smallest solution that
satisfies the equations.

[X: =2]1; ly: =4]2; [X: =1]3; (if [y>x]4 then [z:= y]5 else [z:= y*y]6); [X:= z]7

Lventry( ! ) LVe:m't( ! )
I |
! {y}
{y} {x,y}
{X,y} 1y}
{y} {z}
{y} {z}
{z} !

No b wN R -




Smallest Solutions

(whl e [x>1]' do [ski p]'); x:=x+1""

Equations:

Wentry (1) = LWVexit(1) " {x} ]
LVentry(!!) = LVexit(!!) (444" no
I—Ventry(!”) = {x} yes
WVexit(1) = Wentry(!) " WVentry(!") —
Wexit(!) = Wentry(1) [523

Weyit(1") = #

After some calculations: LVeayit(!) = WVeyit(!) " {x}

Many solut ions to this equation: any superset of {x}

24




Reaching Definitions

I Recall that a reaching definitions analysis
determines:

For each program point, the set of assignments
made, but not overwritten, when execution
reaches this point along some path.




Reaching Definitions

Xl_ #X2
N = X1! Xo
e | ki $
X = (N\{(x,?),(x,1),aa3 )
L0}
% gen
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Analysis

kill and gen func tions

Killop([x = a]')
Killop([ skip 1')
Killxp([ B]')

gengp([x = a]')
gengp([skip I')
gengp([ ')

Transfer functions,

{(x,?)} )

1 {(x,!) | B! is an assignment to x in S}
#

#

1(x, 1)}
#

#

dat a Bow equat ions: RD™

RDentry(!) =

{(%,?) | x$ FUS)) if 1= init(S)

{RDayit(!) | (17, 1) $ flon(S*)} otherwise

RDexit(!) = (RDeniry(!)\ killrp(B')) ! gengp(B')
where B'$ blocks(S)
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Example

[x:=5]1; [y: =11%; whil e [x>1]2 do ([y:=x*y]%; [x: =x-1]°)

K///RD(l) genRD(!)
{(y,?),(y,2),(y, D)} | {(y,2)}
| |

(. 7), (v,2), (v, D} | {(y.4)}
{(x,7), (%, 1),(x,5)} | {(x,5)}

OO WN = —

28




Equations

[x:=5]1; [y: =11%; whil e [x>1]2 do ([y:=x*y]%; [x: =x-1]°)

RDentry(1) = {(x,?),(y,?)}
RDentry (2) = RDyit(2)

RDentry(3) =  RDexit(2) U RDexit(5)
RDentry(4) = RDeit(3)

RDentry (5) = RDuit(4)

RDexit(1) = (RDentry(1) { (x,?),(x,1),(x,5)}) U{(x,1)}
RDexit(2) = (RDentry(2) { (y,?).(y,2),(y.4)}) U{(y,2)}
RD:it(3) = RDentry(3)

RDexit(4) = (RDentry(@) { (v, 7). (v, 2),(y.4)}) U{(y.4)}
RDexit(®) = (RDentry(®) Y{ (x,?),(x,1),(x,5)}) U{(X,5)}
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Solutions

[X: :5]1; [y:= 1]2; whl e [x>1]3 do ([y:= x*y ]4; [X: :x-1]5)

RDentry (1)

RDsyit(!)

{(x,?),(y,?)}
{(y,?),(x,1)}
1(x,1),(y,2),(y.4).(X,5) }
{(x,1),(y,2),(y.4).,(x,5)}
1(x,1),(y,4).(X,5)}

{(y,?),(x,1)}
{(x,1),(y,2)}
1(x,1),(y,2),(y.4).(X,5)}
{(x,1),(y,4).(x,5)}
1(y,4).(X,95) }




Solutions

[z:=x+y]'; whl e [tr ue]!’ do [skip ]!//

Equations: |
RDentry (1) = {(X,?), (v, 7). (z,7)} 484’
RDentry(!/) = RDayit (! )URDeyit (1) —

RDentry(!”) — RDexit(!/) [!éé!éi!l no
RDeyit(!) = (RDentry (D {(z, D}U{ (2.1} Jes
RDexit(!,) — RDentry(!/) Y

RDexit (! ”) — RDentry (! ”) [aad"

After some simplification: RDeniry (1) ={(x,7), (v,7?), (z,1)} URDentry (1)

Many solutions to this equation: any superset of {(x,?), (y,?),(z,!)}
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