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Key Ideas

! Need a mechanism to evaluate (statically) 
statements in a program

" Problem: how do mimic runtime behavior 
statically?

" Approach: Òabstract awayÓ unnecessary or 
statically uncomputable aspects of execution

" Result: an abstract interpretation of the 
program that provides useful dataflow 
information
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Components

! Dataflow analysis via abstract interpretation has 
three main components:

" A transfer function (f(n)) that approximates 
the execution of instruction n based on the 
(approximate) inputs given.

" A join operation that abstracts statically 
uncomputable operations (e.g., conditionals)

" A direction (forward or reverse) describing the 
order in which instructions are interpreted.
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Approach
! After deciding the structure of the transfer 

function, join operation, and analysis direction, 
we run the analysis.

! We continue to iterate until no new information 
is generated.

! Formally:
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In thebackwarddirection,we:

ÐNeedgettheoutputsfrom thesuccessorinstructions.

ÐUsethejoin sincetherearemany successors.

ÐUsethetransferfunctionto gettheinputs.

ÐIteratetheprocess.

ÐFor reverseanalyses:
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Iterati ve Dataßow Analysis
To codeupaparticularanalysiswe needto take thefollowing steps.

First, we decidewhat sort of informationwe are interestedin processing.This is
going to determinethe transferfunctionand the joining operator, as well asany
initial conditionsthatneedto besetup.

Second,we decideon theappropriatedirectionfor theanalysis.

In theforwarddirection,we:

ÐNeedto gettheinputsfrom thepreviousinstructions
ÐSincewedonÕt know exactlywhich instructionpreceededthecurrentone,weuse

thejoin over all possiblepredecessors.
ÐOncewe have theinput,we applythetransferfunction,which generatesanout-

put.
ÐIteratetheprocess.
ÐMathematically:
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Example: Reaching Definitions

! Definition d of variable x reaches statement s if there exists a path 
from d to s with no intervening redefinition of x.

" Assignment to x generates a definition, and kills previous 
definition.

" Equations:

! GEN[n]: the set of definitions that n creates

! KILL[n]: the set of definitions that n kills.

! Transfer function: f(n) = GEN[n] U (IN[n] - KILL[n])

! Join: Union
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ReachingDeÞnition Analysis

Reaching Definition Analysis Equation:

- the set of deÞnitionidÕs that creates.

- the set of deÞnitionidÕs that kills.

Ð - set of all deÞnitionidÕsof register .

Transfer function

Join ( ): Union

Direction: FORWARD

Computer Science 320
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Simple Language
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Example Language

Syntax of While-programs
a ::= x | n | a1 op a a2

b ::= tr ue | fal se | not b | b1 op b b2 | a1 op r a2

S ::= [x := a]! | [ski p]! | S1; S2 |
if [b]! th en S1 el se S2 | whil e [b]! do S

Example: [z:= 1]1; whil e [x>0]2 do ([z: =z*y ]3; [x: =x-1 ]4)

Abstract synt ax – parentheses are inserted to disambiguate the syntax

PPA Section 2.1 c! F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 2

Ex ample Langua ge

Synta x of W hile -programs
a ::= x | n | a1 op a a2

b ::= tr ue | fal se | not b | b1 op b b2 | a1 op r a2

S ::= [x := a]! | [ski p]! | S1; S2 |
if [b]! th en S1 el se S2 | whil e [b]! do S

Ex ample : [z:= 1]1; whil e [x>0]2 do ( [z: =z*y ]3; [x: =x-1 ]4)

Abstract synt ax Ð parent heses are inser t ed to disambiguat e the synt ax

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 2

Example:



Flow Graph
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Building an ÒAbst ract Flo wchartÓ

Ex ample : [z:= 1]1; whil e [x>0]2 do ( [z: =z*y ]3; [x: =x-1 ]4)

init ( ááá) = 1

Þnal ( ááá) = { 2}

lab els( ááá) = { 1, 2, 3, 4}

ßow( ááá) = { (1 , 2) , (2 , 3) ,

(3 , 4) , (4 , 2) }

ßowR( ááá) = { (2 , 1) , (2 , 4) ,

(3 , 2) , (4 , 3) }
[x:= x-1 ]4

[z:= z*y ]3

[x>0]2

[z:= 1]1
!

!

!

"

!

!

yes

no

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 3



Initial and Final Labels
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Init ial lab els

init ( S) is t he lab el of t he Þrst elementa ry blo ck of S:

init : Stmt ! Lab

init ([ x := a]! ) = !

init ([ skip ]! ) = !

init ( S1; S2) = init ( S1)

init ( if [b]! th en S1 el se S2) = !

init ( whil e [b]! do S) = !

Ex ample :

init ([ z:= 1]1; whil e [x>0]2 do ( [z:= z*y ]3; [x:= x-1 ]4) ) = 1

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 4

Init ial lab els

init ( S) is t he lab el of t he Þrst elementa ry blo ck of S:

init : Stmt ! Lab

init ([ x := a]! ) = !

init ([ skip ]! ) = !

init ( S1; S2) = init ( S1)

init ( if [b]! th en S1 el se S2) = !

init ( whil e [b]! do S) = !

Ex ample :

init ([ z:= 1]1; whil e [x>0]2 do ( [z:= z*y ]3; [x:= x-1 ]4) ) = 1

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 4

Final labels

Þnal ( S) is t he set of lab els of the last elem ent ary blo cks of S:

Þnal : Stmt ! P( Lab )

Þnal ([ x := a]! ) = {!}
Þnal ([ ski p]! ) = {!}
Þnal ( S1; S2) = Þnal ( S2)

Þnal ( if [b]! th en S1 el se S2) = Þnal ( S1) " Þnal ( S2)

Þnal ( whil e [b]! do S) = {!}

Ex ample :

Þnal ([ z: =1]1; whil e [x>0]2 do ( [z:= z*y ]3; [x: =x-1 ]4) ) = {2}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 5

Final labels

Þnal ( S) is t he set of lab els of the last elem ent ary blo cks of S:

Þnal : Stmt ! P ( Lab )

Þnal ([ x := a]! ) = { ! }

Þnal ([ ski p]! ) = { ! }

Þnal ( S1; S2) = Þnal ( S2)

Þnal ( if [b]! th en S1 el se S2) = Þnal ( S1) " Þnal ( S2)

Þnal ( whil e [b]! do S) = { ! }

Ex ample :

Þnal ([ z: =1]1; whil e [x>0]2 do ( [z:= z*y ]3; [x: =x-1 ]4) ) = { 2}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 5



Capturing Control-Flow
! Represent a programÕs control-flow through 

relations built using labels:
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Flo ws and reverse ßows

ßow( S) and ßowR( S) are representat ions of how control ßows in S:

ßow, ßowR : Stmt ! P ( Lab " Lab )

ßow([ x := a]! ) = #

ßow([ skip ]! ) = #

ßow( S1; S2) = ßow( S1) $ ßow( S2)

$ { ( ! , init ( S2)) | ! %Þnal ( S1) }

ßow( if [b]! th en S1 el se S2) = ßow( S1) $ ßow( S2)

$ { ( ! , init ( S1)) , ( ! , init ( S2)) }

ßow( whil e [b]! do S) = ßow( S) $ { ( ! , init ( S)) }

$ { ( ! &, ! ) | ! &%Þnal ( S) }

ßowR( S) = { ( ! , ! &) | ( ! &, ! ) %ßow( S) }

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 7



Basic Blocks

! Aggregate statements into a set of blocks

10

Ele menta ry blo cks

A st atement consist s of a set of elementa ry blo cks

blo cks : Stmt ! P ( Bl ocks)

blo cks ([ x := a]!) = { [x := a]!}

blo cks ([ skip ]!) = { [ski p]!}

blo cks ( S1; S2) = blo cks ( S1) " blo cks ( S2)

blo cks ( if [b]! th en S1 el se S2) = { [b]!} " blo cks ( S1) " blo cks ( S2)

blo cks( whil e [b]! do S) = { [b]!} " blo cks ( S)

A stat ement S is lab el consistent if and only if any t wo elem ent ary
st ateme nt s [S1]! and [S2]! with t he same label in S are equal: S1 = S2

A sta te m ent where all lab els are unique is aut omat ically label consisten t

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 8



Available Expressions

! For each program point, which expressions have 
already been computed, and not later modified on 
all paths to this point.
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Av ailable Exp ressions Analy sis

The aim of the Av ailable Ex pressions Analysis is to det ermine

For each program point, which expressions must have already
been comput ed, and not lat er m odiÞed, on all paths to t he pro-
gram point .

Ex ample : point of inter est
!

[x:= a+b ]1; [y:= a*b]2; whil e [y> a+b ]3 do ([ a:= a+1]4; [x: = a+b ]5)

The ana lysis enables a t ransfo rmat ion into

[x: = a+b]1; [y:= a*b]2; whil e [y> x ]3 do ([ a:= a+1]4; [x:= a+b]5)

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 10

Av ailable Exp ressions Analy sis

The aim of the Av ailable Ex pressions Analysis is to det ermine

For each program point, which expressions must have already
been comput ed, and not lat er m odiÞed, on all paths to t he pro-
gram point .

Ex ample : point of inter est
!

[x:= a+b ]1; [y:= a*b]2; whil e [y> a+b ]3 do ([ a:= a+1]4; [x: = a+b ]5)

The ana lysis enables a t ransfo rmat ion into

[x: = a+b]1; [y:= a*b]2; whil e [y> x ]3 do ([ a:= a+1]4; [x:= a+b]5)

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 10



Available Expressions
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Av ailable Exp ressions Analy sis Ð the basic idea

X 1 X 2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

################$

N = X 1 ∩ X 2

x := a

X = ( N \
kill! "# $

{ expressions with an x} )

∪ { sub expressions of a without an x}
# $! "

gen%

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 11



Specification

13

Av ailable Exp ressions Analy sis

kill and gen func t ions

kill AE([ x := a]! ) = { a! " AExp " | x " FV ( a!) }
kill AE([ skip ]! ) = #

kill AE([ b]! ) = #

gen AE([ x := a]! ) = { a! " AExp ( a) | x $"FV ( a!) }
gen AE([ skip ]! ) = #

gen AE([ b]! ) = AExp ( b)

dat a ßow equat ions : AE=

AEentry( ! ) =

!
# if ! = init ( S" )
"

{ AEexit( ! !) | ( ! !, ! ) " ßow( S" ) } otherwise

AEexit( ! ) = ( AEentry( ! ) \ kill AE( B ! )) %gen AE( B ! )
where B ! " blo cks ( S" )

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 12
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Example
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Ex ample :

[x:= a+b]1; [y:= a*b]2; whil e [y>a+b]3 do ([ a:= a+1]4; [x:= a+b]5)

kill and gen func t ions:

! kill AE( ! ) gen AE( ! )
1 ! { a+b}
2 ! { a*b}
3 ! { a+b}
4 { a+b, a*b, a+1} !
5 ! { a+b}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 13



Example (cont)
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Ex ample (cont.):

[x:= a+b]1; [y:= a*b]2; whil e [y>a+b]3 do ([ a:= a+1]4; [x:= a+b]5)

Equations:

AEentry(1) = ∅
AEentry(2) = AEexit(1)

AEentry(3) = AEexit(2) ∩ AEexit(5)

AEentry(4) = AEexit(3)

AEentry(5) = AEexit(4)

AEexit(1) = AEentry(1) ∪ { a+b}

AEexit(2) = AEentry(2) ∪ { a*b}

AEexit(3) = AEentry(3) ∪ { a+b}

AEexit(4) = AEentry(4) \{ a+b, a*b , a+1}

AEexit(5) = AEentry(5) ∪ { a+b}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 14



Solutions
! Available expressions is an example of a forward 

analysis: 

" We are interested in the largest solution that 
satisfies the equations. 
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Ex ample (cont.):

[x:= a+b]1; [y:= a*b]2; whil e [y> a+b ]3 do ([ a:= a+1]4; [x: =a+b]5)

La rge st solut ion:

! AEentry( ! ) AEexit( ! )
1 ! { a+b}
2 { a+b} { a+b, a*b}
3 { a+b} { a+b}
4 { a+b} !
5 ! { a+b}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 15

Ex ample (cont.):

[x:= a+b]1; [y:= a*b]2; whil e [y> a+b ]3 do ([ a:= a+1]4; [x: =a+b]5)

La rge st solut ion:

! AEentry( ! ) AEexit( ! )
1 ! { a+b}
2 { a+b} { a+b, a*b}
3 { a+b} { a+b}
4 { a+b} !
5 ! { a+b}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 15



Largest Solutions
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Why largest solution?
[z:= x+y]! ; whil e [tr ue]!

!
do [skip ]!

!!

Equations:

AEentry( ! ) = "

AEentry( ! !) = AEexit( ! ) # AEexit( ! !!)

AEentry( ! !!) = AEexit( ! !)

AEexit( ! ) = AEentry( ! ) $ { x+y}

AEexit( ! !) = AEentry( ! !)

AEexit( ! !!) = AEentry( ! !!) [ááá]!
!!

[ááá]!
!

[ááá]!
!

!

!

!

"

yes

no

Af t er some simpliÞc ation: AEentry( ! !) = { x+y} # AEentry( ! !)

Tw o solutions to this equa tion: { x+y} and "

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 16



Live Variable Analysis

18

Live Variable s Analy sis

A variable is liv e at the exit from a lab el if there is a path from the lab el
to a use of the variable t hat do es not re-de Þne t he vari able.

The aim of the Live Variable s Analy sis is to det ermine

For each program point, which variable s may be liv e at the exit
from t he point.

Ex ample :
point of inter est
!

[ x := 2]1; [y:= 4]2; [x:= 1]3; ( if [y>x]4 th en [z: =y]5 el se [z:= y*y ]6); [x: =z]7

The ana lysis enables a t ransfo rmat ion into

[y:= 4]2; [x:= 1]3; ( if [y>x]4 th en [z: =y]5 el se [z: =y*y ]6); [x: =z]7

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 31



Live Variable Analysis

19

Live Variable s Analy sis Ð the basic idea

N1 N2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

################$

X = N1 ! N2

x := a

N = ( X \
kill! "#$
{ x} )

! { all variables of a}
# $! "

gen

%

PPA Section 2.1 c© F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 32



Specification
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Live Variable s Analy sis

kill and gen func t ions

kill LV([ x := a]! ) = { x}
kill LV([ ski p]! ) = !

kill LV([ b]! ) = !

gen LV([ x := a]! ) = FV ( a)
gen LV([ ski p]! ) = !

gen LV([ b]! ) = FV ( b)

dat a ßow equat ion s: LV=

LVexit( ! ) =

!
! if ! " Þnal ( S" )
"

{ LVentry( ! #) | ( ! #, ! ) " ßowR( S" ) } otherwise

LVentry( ! ) = ( LVexit( ! ) \ kill LV( B ! )) $ gen LV( B ! )
where B ! " blo cks ( S" )

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 33
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Example
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Ex ample :

[x: =2]1; [y: =4]2; [x: =1]3; ( if [y>x]4 th en [z:= y]5 el se [z:= y*y ]6); [x:= z]7

kill and gen func t ions:

! kill LV( !) gen LV( !)
1 { x} !
2 { y} !
3 { x} !
4 ! { x, y}
5 { z} { y}
6 { z} { y}
7 { x} { z}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 34



Example
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Example (cont.):

[x: =2]1; [y: =4]2; [x: =1]3; (if [y>x]4 then [z:= y]5 else [z:= y*y ]6); [x:= z]7

Equations:

LVentry(1) = LVexit(1)\{ x}

LVentry(2) = LVexit(2)\{ y}

LVentry(3) = LVexit(3)\{ x}

LVentry(4) = LVexit(4) ! { x, y}

LVentry(5) = (LVexit(5)\{ z} ) ! { y}

LVentry(6) = (LVexit(6)\{ z} ) ! { y}

LVentry(7) = { z}

LVexit(1) = LVentry(2)

LVexit(2) = LVentry(3)

LVexit(3) = LVentry(4)

LVexit(4) = LVentry(5) ! LVentry(6)

LVexit(5) = LVentry(7)

LVexit(6) = LVentry(7)

LVexit(7) = "

PPA Section 2.1 c! F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 35



Solutions
! Live variable analysis is an example of a backwards 

analysis:

" We are interested in the smallest solution that 
satisfies the equations.
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Ex ample (cont.):

[x: =2]1; [y: =4]2; [x: =1]3; (if [y>x]4 then [z:= y]5 else [z:= y*y ]6); [x:= z]7

Sm all est solution:

! LVentry( ! ) LVexit( ! )
1 ! !
2 ! { y}
3 { y} { x, y}
4 { x, y} { y}
5 { y} { z}
6 { y} { z}
7 { z} !

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 36

Ex ample (cont.):

[x: =2]1; [y: =4]2; [x: =1]3; ( if [y>x]4 th en [z:= y]5 el se [z:= y*y ]6); [x:= z]7

Sm all est solution:

! LVentry ( ! ) LVexit ( ! )
1 ! !
2 ! { y}
3 { y} { x, y}
4 { x, y} { y}
5 { y} { z}
6 { y} { z}
7 { z} !

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 36



Smallest Solutions
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Why sma llest solution?

( whil e [x>1]! do [ski p]!
!
); [x:= x+1]!

!!

Equations:

LVentry( ! ) = LVexit( ! ) " { x}

LVentry( ! !) = LVexit( ! !)

LVentry( ! !!) = { x}

LVexit( ! ) = LVentry( ! !) " LVentry( ! !!)

LVexit( ! !) = LVentry( ! )

LVexit( ! !!) = #

[ááá]!
!!

[ááá]!
!

[ááá]!
!

!

!

"

!

yes

no

Af t er some calc ulat ions: LVexit( ! ) = LVexit( ! ) " { x}

Many solut ions t o t his equation: any sup erset of { x}

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 37



Reaching Definitions

! Recall that a reaching definitions analysis 
determines:

" For each program point, the set of assignments 
made, but not overwritten, when execution 
reaches this point along some path.

25



Reaching Definitions

26

Reac hing De Þnitions Analysis Ð t he basic idea

X 1 X 2
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !"

################$

N = X 1 ! X 2

[x := a]!

X = ( N \
kill! "# $

{ ( x, ?) , ( x, 1) , ááá} )

! { ( x, ! ) }
# $! "

gen%

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 18



Analysis

27

Reac hing De Þnitions Analysis

kill and gen func t ions

killRD([ x := a]! ) = { ( x, ?) }
! { ( x, ! ") | B ! "

is an assignment to x in S" }
killRD([ skip ]! ) = #

killRD([ b]! ) = #

genRD([ x := a]! ) = { ( x, ! ) }
genRD([ skip ]! ) = #

genRD([ b]! ) = #

dat a ßow equat ions : RD=

RDentry( ! ) =

!
{ ( x, ?) | x $ FV( S" ) } if ! = init( S" )
"

{ RDexit( ! ") | ( ! ", ! ) $ flow( S" ) } otherwise

RDexit( ! ) = ( RDentry( ! ) \ killRD( B ! )) ! genRD( B ! )
where B ! $ blocks( S" )

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 19
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Example
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Ex ample :

[x:= 5]1; [y: =1]2; whil e [x>1]3 do ([ y:= x*y ]4; [x: =x-1 ]5)

kill and gen func t ions:

! kill RD( ! ) gen RD( ! )
1 {( x, ?) , ( x, 1) , ( x, 5) } {( x, 1) }
2 {( y, ?) , ( y, 2) , ( y, 4) } {( y, 2) }
3 ! !
4 {( y, ?) , ( y, 2) , ( y, 4) } {( y, 4) }
5 {( x, ?) , ( x, 1) , ( x, 5) } {( x, 5) }

PPA Section 2.1 c! F.N ielson & H.Rii s Nielson & C.H ankin ( M ay 2005) 20

Example:

[x:= 5]1; [y: =1]2; while [x>1]3 do ([y:= x*y ]4; [x: =x-1 ]5)

kill and gen functions:

! killRD(! ) genRD(! )
1 { (x, ?), (x,1), (x,5)} { (x,1)}
2 { (y, ?), (y,2), (y,4)} { (y,2)}
3 ! !
4 { (y, ?), (y,2), (y,4)} { (y,4)}
5 { (x, ?), (x,1), (x,5)} { (x,5)}

PPA Section 2.1 c© F.Nielson & H.Riis Nielson & C.Hankin (May 2005) 20



Equations
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Ex ample (cont.):

[x:= 5]1; [y: =1]2; whil e [x>1]3 do ([ y:= x*y ]4; [x: =x-1 ]5)

Equations:

RDentry(1) = { ( x, ?) , ( y, ?) }

RDentry(2) = RDexit(1)

RDentry(3) = RDexit(2) ! RDexit(5)

RDentry(4) = RDexit(3)

RDentry(5) = RDexit(4)

RDexit(1) = ( RDentry(1) \{ ( x, ?) , ( x, 1) , ( x, 5) } ) ! { ( x, 1) }

RDexit(2) = ( RDentry(2) \{ ( y, ?) , ( y, 2) , ( y, 4) } ) ! { ( y, 2) }

RDexit(3) = RDentry(3)

RDexit(4) = ( RDentry(4) \{ ( y, ?) , ( y, 2) , ( y, 4) } ) ! { ( y, 4) }

RDexit(5) = ( RDentry(5) \{ ( x, ?) , ( x, 1) , ( x, 5) } ) ! { ( x, 5) }
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Ex ample (cont.):

[x:= 5]1; [y: =1]2; while [x>1]3 do ([ y:= x*y ]4; [x: =x-1 ]5)

Equations:

RDentry(1) = { ( x, ?) , ( y, ?) }

RDentry(2) = RDexit(1)

RDentry(3) = RDexit(2) ∪ RDexit(5)

RDentry(4) = RDexit(3)

RDentry(5) = RDexit(4)

RDexit(1) = ( RDentry(1) \{ ( x, ?) , ( x, 1) , ( x, 5) } ) ∪ { ( x, 1) }

RDexit(2) = ( RDentry(2) \{ ( y, ?) , ( y, 2) , ( y, 4) } ) ∪ { ( y, 2) }

RDexit(3) = RDentry(3)

RDexit(4) = ( RDentry(4) \{ ( y, ?) , ( y, 2) , ( y, 4) } ) ∪ { ( y, 4) }

RDexit(5) = ( RDentry(5) \{ ( x, ?) , ( x, 1) , ( x, 5) } ) ∪ { ( x, 5) }
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Solutions

30

Ex ample (cont.):

[x: =5]1; [y:= 1]2; whil e [x>1]3 do ([ y:= x*y ]4; [x: =x-1 ]5)

Sm all est solution:

! RDentry ( ! ) RDexit ( ! )
1 { ( x, ?) , ( y, ?) } { ( y, ?) , ( x, 1) }
2 { ( y, ?) , ( x, 1) } { ( x, 1) , ( y, 2) }
3 { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) } { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) }
4 { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) } { ( x, 1) , ( y, 4) , ( x, 5) }
5 { ( x, 1) , ( y, 4) , ( x, 5) } { ( y, 4) , ( x, 5) }
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Ex ample (cont.):

[x: =5]1; [y:= 1]2; whil e [x>1]3 do ([ y:= x*y ]4; [x: =x-1 ]5)

Sm all est solution:

! RDentry( ! ) RDexit( ! )
1 { ( x, ?) , ( y, ?) } { ( y, ?) , ( x, 1) }
2 { ( y, ?) , ( x, 1) } { ( x, 1) , ( y, 2) }
3 { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) } { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) }
4 { ( x, 1) , ( y, 2) , ( y, 4) , ( x, 5) } { ( x, 1) , ( y, 4) , ( x, 5) }
5 { ( x, 1) , ( y, 4) , ( x, 5) } { ( y, 4) , ( x, 5) }
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Solutions

31

Why smallest solution?
[z:= x+y]! ; whil e [tr ue]!

′
do [skip ]!

′′

Equations:

RDentry(! ) = { (x, ?), (y, ?), (z, ?)}

RDentry(! ′) = RDexit(! )∪RDexit(! ′′)

RDentry(! ′′) = RDexit(! ′)

RDexit(! ) = (RDentry(! ) \ { (z, ?)} )∪{ (z, ! )}

RDexit(! ′) = RDentry(! ′)

RDexit(! ′′) = RDentry(! ′′) [ááá]!
′′

[ááá]!
′

[ááá]!
!

!

!

!

"

yes

no

After some simplification: RDentry(! ′) = { (x, ?), (y, ?), (z, ! )} ∪ RDentry(! ′)

Many solutions to this equation: any superset of { (x, ?), (y, ?), (z, ! )}
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