
Introduction to Dataflow 
Analysis

CS 502
Lecture 8
9/30/08

Slides adapted from Nielson, Nielson, Hankin
Principles of Program Analysis



Context

¥ CPS exposes details about a programÕs 
control-flow.What about dataflow?

¥  How do values produced by one expression 
flow to another?

¥ Dataflow analysis is concerned with defining 
relationship among program statements 
based on production and consumption of 
values produced by these statements.
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Example
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An example progr am and it s naive realisation

Al gol-li ke arrays:

i := 0;
while i <= n do

j := 0;
while j <= m do

A[ i,j] := B[i ,j] + C[i,j] ;
j := j +1

od;
i := i +1

od

C- lik e arr ays:

i := 0;
while i <= n do

j := 0;
while j <= m do

te mp : = Base(A) + i * (m+1) + j ;
Cont(t emp) := Cont(B ase( B) + i * (m+1) + j)

+ Cont(B ase( C) + i * (m+1) + j) ;
j := j +1

od;
i := i +1

od
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Analysis and Optimization
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Av ailable Exp ressions analysis
and Common Sub expression Eli m ination

i := 0;
while i <= n do

j := 0;
while j <= m do

temp : = Base(A) + i* (m+1) + j ;
Cont(t emp) := Cont(Base(B) + i*( m+1) + j )

+ Cont(Base(C) + i* (m+1) + j );
j : = j +1

od;
i := i +1

od

!

Þrst comput ation

"
"
"
"
""#

$
$

$$%

re-c om putat ions

t1 := i * (m+1) + j;
te mp : = Base(A) + t1 ;
Cont(t emp):= Cont( Base(B)+ t1)

+ Cont (Base(C) +t1) ;
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Analysis and Optimization
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Detection of Loop Invariants and Invariant Code Motion

i := 0;
while i <= n do

j := 0;
while j <= m do

t1 := i * (m+1) + j ;
temp : = Base(A) + t1;
Cont(t emp) := Cont(Base(B) + t 1)

+ Cont(Base(C) + t 1);
j : = j +1

od;
i := i +1

od

!!!!!"

loop invariant t2 := i * (m+1);
whi le j <= m do

t1 := t2 + j;
temp : = .. .
Cont(t emp) := ...
j : = . ..

od
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Analysis and Optimization
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Equiv alent Ex pressions analy sis and Cop y Propagation

i := 0;
t3 := 0;
while i <= n do

j := 0;
t2 := t3;
while j <= m do

t1 := t2 + j;
te mp : = Base(A) + t1;
Cont(t emp) := Cont(Base(B) + t 1)

+ Cont(Base(C) + t 1);
j := j +1

od;
i := i +1;
t3 := t3 + (m+1)

od

! ! ! ! !"
t2 = t 3

#
#

#
##$

whi le j <= m do
t1 := t 3 + j;
temp := ... ;
Cont(te mp) := . ..;
j : = .. .

od
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Analysis and Optimization
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Live Variable s ana lysis and De ad Co de Eliminat ion
i := 0;
t3 := 0;
while i <= n do

j := 0;
t2 := t3;
while j <= m do

t1 := t3 + j;
temp := Base(A) + t1;
Cont(temp) := Cont(Base(B) + t1)

+ Cont(Base(C) + t1);
j := j+1

od;
i := i+1;
t3 := t3 + (m+1)

od

dead variable
!!!!!!!!!!!"

i := 0;
t3 := 0;
while i <= n do

j := 0;
while j <= m do

t1 := t3 + j;
temp := Base(A) + t1;
Cont(temp) := Cont(Base(B) + t1)

+ Cont(Base(C) + t1);
j := j+1

od;
i := i+1;
t3 := t3 + (m+1)

od
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Analysis and Optimization
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Sum mary of analyse s and t ransfo rmations

Analy sis T ransfo rmation

Av ailable expressions analysi s Common sub expression elimina tion

De t ection of lo op inva riants Invari ant code mot ion

De t ection of induction variables Stre ngt h reduc tion

Equiv alent expression ana lysis Cop y propa gation

Live vari ables analysis Dead code eliminat ion
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Program Analysis

! Predict program behavior statically (at compile-
time)

! Goals:

" Safe: results of an analysis should be a 
conservative approximation of a programÕs 
dynamic behavior

" Efficient: cost to compute this approximation 
should not be prohibitive
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Techniques and Approaches

! Dataflow analysis

! Control-flow analysis

" interprocedural analysis

! Type systems

! Abstract interpretation
Different approaches to implementing these techniques 
(algorithmic, semantic, etc.)

Language paradigms
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Reaching Definition
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Ex ample progr am

Pr ogram wit h lab els fo r

elementa ry blo cks:

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ∗ y]4;

[y := y− 1]5

od;

[y := 0]6

Flo w
graph:

!

!

!

!

!

" "

!

[y := x]1

[z := 1]2

[y > 0]3

[z := z ∗ y]4

[y := y− 1]5

[y := 0]6
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Reaching Definitions
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Ex ample : Reaching De Þnitions

The assignm ent [x := a]! reaches ! ! if
there is an execution where x was last
assigned at !

!

!

!

!

!

" "

!

[y := x]1

[z := 1]2

[y > 0]3

[z := z " y]4

[y := y # 1]5

[y := 0]6
!

"

"

#

$

#

" $

%# &

$
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Reaching Definitions
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Reac hing De Þnitions analysi s (1)

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ∗ y]4;

[y := y − 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

{( x, ?) , ( y, ?) , ( z, ?) }

{( x, ?) , ( y, 1) , ( z, ?) }

{( x, ?) , ( y, 1) , ( z, 2) }

{( x, ?) , ( y, 1) , ( z, 2) }

{( x, ?) , ( y, 1) , ( z, 2) }
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Reaching Definitions (refinement)
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Reac hing De Þnitions analysi s (2)

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ! y]4;

[y := y " 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

{ ( x, ?) , ( y, ?) , ( z, ?) }

{ ( x, ?) , ( y, 1) , ( z, ?) }

{ ( x, ?) , ( y, 1) , ( z, 2) } # { ( y, 5) , ( z, 4) }

{ ( x, ?) , ( y, 1) , ( z, 2) }

{ ( x, ?) , ( y, 1) , ( z, 4) }

{ ( x, ?) , ( y, 5) , ( z, 4) }

{ ( x, ?) , ( y, 1) , ( z, 2) }
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Reaching Definitions (optimal)
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Reac hing De Þnitions analysi s (3)

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ∗ y]4;

[y := y− 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

{ (x, ?) , (y, ?) , (z, ?) }

{ (x, ?) , (y, 1) , (z, ?) }

{ (x, ?) , (y, 1) , (y, 5) , (z, 2) , (z, 4) } ∪ { (y, 5) , (z, 4) }

{ (x, ?) , (y, 1) , (y, 5) , (z, 2) , (z, 4) }

{ (x, ?) , (y, 1) , (y, 5) , (z, 4) }

{ (x, ?) , (y, 5) , (z, 4) }

{ (x, ?) , (y, 1) , (y, 5) , (z, 2) , (z, 4) }
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Reaching Definitions (safe, not 
optimal)
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A safe solution — but not the best

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ! y]4;

[y := y " 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

{ (x, ?), (y, ?), (z, ?)}

{ (x, ?), (y, 1), (z, ?)}

{ (x, ?), (y, 1), (y, 5), (z, 2), (z, 4)}

{ (x, ?), (y, 1), (y, 5), (z, 2), (z, 4)}

{ (x, ?), (y, 1), (y, 5), (z,2) , (z, 4)}

{ (x, ?), (y,1) , (y, 5), (z,2) , (z, 4)}

{ (x, ?), (y, 1), (y, 5), (z, 2), (z, 4)}

{ (x, ?), (y, 6), (z, 2), (z, 4)}
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Reaching Definitions (unsafe)
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An unsafe solution

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ∗ y]4;

[y := y − 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

{ (x, ?), (y, ?), (z, ?)}

{ (x, ?), (y, 1), (z, ?)}

{ (x, ?), (y, 1), (z, 2), (y, 5), (z, 4)}

{ (x, ?), (y,1) , (y, 5), (z,2) , (z, 4)}

{ (x, ?), (y,1) , (y, 5), (z, 4)}

{ (x, ?), (y, 5), (z, 4)}

{ (x, ?), (y,1) , (y, 5), (z,2) , (z, 4)}

{ (x, ?), (y, 6), (z, 2), (z, 4)}
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Approach

! Automate the analysis

" Define a set of dataflow equations

" Solve the equations using an iterative fixpoint 
algorithm

" Solution is guaranteed to be the ÒsmallestÓ 
solution that is safe:
! No unnecessary overapproximation
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Equations
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Tw o kinds of equat ions

[x := a]!
!

!

RD! ( ! )

RD•( ! )

[...]! 1 [...]! 2

[...]!

"
"

"
"#

$
$

$
$%

RD•( ! 1) RD•( ! 2)
RD! ( ! )

RD! ( ! ) \ {( x, ! ") | ! " # Lab } $ {( x, ! )} RD•( ! 1) $ RD•( ! 2) = RD! ( ! )
= RD•( ! )
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Dataflow Equations
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Flow through assignments and tests

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ! y]4;

[y := y " 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

RD•(1) = RD#(1) \ {(y, ! ) | ! $ Lab } %{(y, 1)}

RD•(2) = RD#(2) \ {(z, ! ) | ! $ Lab } %{(z, 2)}

RD•(3) = RD#(3)

RD•(4) = RD#(4) \ {(z, ! ) | ! $ Lab } %{(z, 4)}

RD•(5) = RD#(5) \ {(y, ! ) | ! $ Lab } %{(y, 5)}

RD•(6) = RD#(6) \ {(y, ! ) | ! $ Lab } %{(y, 6)}

Lab = {1,2,3,4,5,6} 6 equations in
RD#(1), · · · , RD•(6)
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Control-flow Considerations
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Flow along the control

[y := x]1;

[z := 1]2;

while [y > 0]3 do

[z := z ∗ y]4;

[y := y− 1]5

od;

[y := 0]6

!

!

!

!

!

!

!

!

RD◦(1) = {(x, ?), (y, ?), (z, ?)}

RD◦(2) = RD•(1)

RD◦(3) = RD•(2) ∪ RD•(5)

RD◦(4) = RD•(3)

RD◦(5) = RD•(4)

RD◦(6) = RD•(3)

Lab = {1,2,3,4,5,6} 6 equations in
RD◦(1), · · · , RD•(6)
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Summary of Equations
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Sum mary of equa tion syst em

RD¥(1) = RD◦(1) \ { (y, ! ) | ! ∈ Lab } ∪ { (y, 1) }

RD¥(2) = RD◦(2) \ { (z, ! ) | ! ∈ Lab } ∪ { (z, 2) }

RD¥(3) = RD◦(3)

RD¥(4) = RD◦(4) \ { (z, ! ) | ! ∈ Lab } ∪ { (z, 4) }

RD¥(5) = RD◦(5) \ { (y, ! ) | ! ∈ Lab } ∪ { (y, 5) }

RD¥(6) = RD◦(6) \ { (y, ! ) | ! ∈ Lab } ∪ { (y, 6) }

RD◦(1) = { (x, ?) , (y, ?) , (z, ?) }

RD◦(2) = RD¥(1)

RD◦(3) = RD¥(2) ∪ RD¥(5)

RD◦(4) = RD¥(3)

RD◦(5) = RD¥(4)

RD◦(6) = RD¥(3)

¥ 12 set s: RD◦(1) , ááá, RD¥(6)

all being subset s of Var × Lab

¥ 12 equat ions:
RDj = Fj( RD◦(1) , ááá, RD¥(6))

¥ one function:
F : P ( Var × Lab ) 12 →

P ( Var × Lab ) 12

¥ we want the least Þxed point of
F Ñ t his is the best solut ion to
the equat ion system
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Solving the Equations
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How to solve the equations

A simple iterative algorithm

¥ Initialisation
RD1 := ! ; ááá; RD12 := ! ;

¥ Iteration
while RDj "= Fj (RD1, ááá, RD12) for some j
do

RDj := Fj (RD1, ááá, RD12)

The algorithm terminates and computes the least fixed point of F.
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Iterative Process
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The example equations

RD! 1 2 3 4 5 6
0 " " " " " "
1 x?, y?, z? " " " " "
2 x?, y?, z? " " " " "
3 x?, y?, z? x?, y1, z? " " " "
4 x?, y?, z? x?, y1, z? " " " "
5 x?, y?, z? x?, y1, z? x?, y1, z2 " " "
6 x?, y?, z? x?, y1, z? x?, y1, z2 " " "
...

...
...

...
...

...
...

RD¥ 1 2 3 4 5 6
0 " " " " " "
1 " " " " " "
2 x?, y1, z? " " " " "
3 x?, y1, z? " " " " "
4 x?, y1, z? x?, y1, z2 " " " "
5 x?, y1, z? x?, y1, z2 " " " "
6 x?, y1, z? x?, y1, z2 x?, y1, z2 " " "
...

...
...

...
...

...
...

The equations:

RD¥(1) = RD! (1) \ { (y, !) | ááá} # { (y, 1)}

RD¥(2) = RD! (2) \ { (z, !) | ááá} # { (z, 2)}

RD¥(3) = RD! (3)

RD¥(4) = RD! (4) \ { (z, !) | ááá} # { (z, 4)}

RD¥(5) = RD! (5) \ { (y, !) | ááá} # { (y, 5)}

RD¥(6) = RD! (6) \ { (y, !) | ááá} # { (y, 6)}

RD! (1) = { (x, ?), (y, ?), (z, ?)}

RD! (2) = RD¥(1)

RD! (3) = RD¥(2) # RD¥(5)

RD! (4) = RD¥(3)

RD! (5) = RD¥(4)

RD! (6) = RD¥(3)
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