Formal Properties of Dataflow

Analzsis

CS 502
Lecture 10
10/23/08

Slides adapted from Nielson, Nielson, Hankin
Principles of Program Analysis




Formalization

Thus far, we have seen several dataflow analyses:

Differ in analysis direction

Structure of transfer function

Information collected at join points (union or
Intersection)

Can we define a theoretical basis that unifies
these different notions.

What algorithmic properties do these different
analyses share?




Basic Structure

| Each of the analyses weOve seen take the form:

Analy sis; (1) ’ : e E
N L Analy sisy(1® | (1#1) " F} otherwise
Analy sisy(!) = fy(Analy sis| (1))

where

DB|ll]isNory (@and $ is %or &),

P F is either Row(S#) or Row™(Sy),

D E is {init (Sy)} or Pnal(Sy),

b " specibes the initial or Pnal analysis info rma tion, and

P f, is the transfer function associated with B'" blo cks(S#).
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Forward and Backward Analyses

¥ The forward analyses have F to be (ow(Si1) and then Analy sis
concerns entry conditions and Analy sisy concerns exit conditions;

e The backw ard analyses have F to be Row™(Si) and then Analy sis,
conc erns exit conditions and Analy sisy conc erns entry conditions;




Combining Dataflow Facts

¥ When || is ) we require the greatest sets that solve the equat ions
and we are able to detect prop ertie s satisbed by all execution pat hs
reaching (or leaving) the entry (or exit) of a label; the analysis is
called a must -analysi s.

¥ When | |is Uwerequire the smallest sets that solve the equations and
we are able to detect properties satisbed by at least one execution
path to (or from) the entry (or exit) of a label; the analysis is called
a may-analysi s.




Lattices

The property space, L, is used |t0 represent the data Row information,
and the combi nation operator, : P(L)! L, is used to combine infor-
mat ion from di! erent paths.

¥ L is a comple te lattice , that is, a partially ordelred set, (L, "), such
that each subset, Y, has a least upper bound, Y.

¥ L satisbes the Ascending Chain Condition ; that is, each ascending
chain eventua lly stabilises (meaning that If (In)n Is such that [ "
> " I3 " @dathen ther e exists n such that In = |41 = 4893.




Monotone Functions

A function f :P(S) — P(S) is a monot one func tion if
VCV = f(Vv)Cfv)

(the larger the argument D the larger the result)




Ascending Chains

A set L equipped with an ordering ! satisbes the Ascending Chain
Condi tion if all chains

Vo! V1! V! V3! &4

stabilise, that is, if ther e exists some n such that Vn = V41 = Vh42

If Sis a bnite set then P(S) equipped with the subset ordering ! satisbes
the Ascending Chain Condition N the chains cannot grow forever since
each element is a subset of a Pnite set.

Fact
For a given program Var" Lab will be a bnite set so P(Var" Lab) with
the subset ordering satisbPes the Ascending Chain Condit ion.




Least Fixed-Points

Let f : P(S)! P(S) be a monot one function. The n
g () # T2 # £3() # 444

Assume that S is a bnite set; then the Ascending Chain Condition is
satisped. This means that the chain cannot be growing inbnite ly so

s 7 7

there exists n such that f"(") = f"*1 (") = a4

fN(") is the least bxed point of f

ifp(f) = (") = f"*1 (") for some n
f3(")
f2(")
f1(")




Reaching Definitions

¥ L =P (Var) x Lab) is partially ordered by subset inclusion so C is C

¥ the least upper bound operation || is |J and the least element L is 0

¥ L satisfies the Ascending Chain Condition because Var: x Labi is
finite (unlike Var x Lab)




Avallable Expressions

¥ L =P (AExp ) is partially ordered by superset inclusion so ! is"

| "
¥ the least upper bound operation = is and the least element # is

AEXp !

¥ L satisfies the Ascending Chain Condition because AEXxp , is finite
(unlike AExp )




Transfer Functions

The set of transfer functions, 7, is a set of monot one func tions over L,
meaning that

11 1" implie s f, (1) ! f,(1)

and furthe rmore they fulbl the foll owing conditions:

e F contains all the transfe r functions f; : L # L in question (for
I'$ Lab~)

e F contains the identity function

e F is closed under comp osition of func tions




Frameworks

A Monotone Framework consists of:

¥ a complete lattice, L, that satisbes the Ascending Chain Condition;
we write || for the least upper bound operator

¥ a set F of monot one functions from L to L that conta ins the identity
func tion and that is closed under func tion comp osition

A Distributiv e Framework is a Monot one Framew ork where additionally
all functions f in F are required to be distributiv e:

F(lat I2) = 1) ! 1(l2)




Bit-Vector Frameworks

A Bit Vector Framework has
¥L =P(D) for D finite

YE ={f [1lg:fMO=0\1)" g

All the analyses we have studied can be represented in this
framework.

Bit-vector frameworks are distributive.
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Instances

An insta nce of a Framew ork consi sts of:

b the comple te latt ice, L, of the framew ork

b the space of functions, F, of the framew ork

P a bnite Row, F (typically Row(Si) or Row™(Si))

b a bnite set of extremal labels, E (typically {init (S1)} or bnal(Sr))
b an extremal value, "! L, for the extremal labels

b a mapping, fa from the labels Lab: to trans fer functions in F




Specifications

Analy sisi (1) = {Analy sisy(1") | (1",1) # F} $ "
where = Ti# b
E= o ifl#E

Analy sisy(!) = fi(Analy sis; (1))
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Examples

Av ailable Reac hing Live
Ex pressions De Pnitions Variable s
L | P(AEXp ) P(Var; ! Labr) P(Var)
§ # $ $
! " # #
% AEXp | & &
" & {(x,?) [x" FV(S1)} &
E | {int(S)} {init (S1) } pnal (Si)
Row(Sr) Row(Sr) RowR(S))
F {FL( L|)llg:f() = (1N 1g) * lg}
f#

fll) = (I\ kil B%) * gen(B" where B*' blocks(S))
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Constant Propagation

An example of a Monot one Framew ork that is not a Distribut ive Frame-
work

The aim of the Constant Propagat ion Analy sis is to determine

For each program point, whether or not a variable has a const ant
value whene ver execution reaches that point.

Example :
[x:=6]1; [y:=3]%;whHle [x> y]3 do ([x:=x! 1]%[z=y"y]®)
The analysis enables a transfo rmat ion into

[x: =6]1: [y: =3]%; while [x > 3]% do ([x:=x! 1]%:[z:=9]°)

18




Lattice Structure

State cp=( (Var1 — 2") |,C)

¥ | Is the least element: no information is available

¥ ecVar, -2 specibes for each variable whether it is constant:
b "(x) € Z: x is constant and the value is " (x)

b "(x) = T: x might not be constant




Partial Ordering

The partial ordering ' on ( Var; " Z#)$ IS dePned by
% & (Var1 " Z#)g: $ ! ©
%1, & Var1 " Z# : "1 "o il %k m(X) ! "(X)

where Z# = Z' {#} is partially ordered as follows:

Vg & Z" 1z ! #
W1,22 & Z: (21! 2z2) ( (z1 = 29)




Instance

Constant Propagat ion is a forward analysis, so for the program Si:

¥ the RBow, F, is [Low(S),

¥ the extre mal labels, F, is {init (S1)},

¥ the extre mal value, "cp, is #z.! , and

¥ the mapping, aCF’, of labels to transfer func tions is as shown next
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Analysis

Acp : AExp ! #(Statecp! Z,)

" 4 ife=#
Acplx]lE &(x) otherwise

#
" #o ife=#
Acplnle n otherwise

Acpla; opa as]® Acplai]ls 8p, Acplazlle

transfer functions: f "

 — all: fCPsy — P T o =#
x =al": 1,7(5) o[x $! Acplallé] otherwise
f ()

i =P(8)




Proof: Non-Distributive

Consider the transfer function  f &P for [ y:=x*x 1¢
Let &¢ and &2 be such that &1(x)=1and &(x)= —1

Then &1 Ué&, maps xto T N ffp(bl LI&o) maps yto T

Both fCF(#1) and fCR(6) map yto 1N fSF(6q) Uf (&) maps y to 1
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Implementation: Worklist
Algorithm

Input : An instance (L, F,F,E,!,f9 of a Monotone Framew ork
Out put: The MFP Solution: MFP, MFPy

Dat a struc tures:
¥ Analy sis: the curr ent analysis result for block entri es (or exits)

¥ The worklist W: a list of pairs (",") indicating that the current
analysis result has changed at the entry (or exit) to the block " and
hence the entry (or exit) information must be recomput ed for "

Ilterate until stabilization




Algorithm

Step 1 Init ialisation (of W and Analysi s)
W := nil
for all (I,!") in F do W := cons(( !,!"),W);
forall ! in F or E do
if 1" E then Analysis[!] := " else Analysis[!] = #;

Step 2 Iterat ion (up dating W and Analy sis)
while W & nil do
| .= fst(head(W)); !' = snd(head(W)); W := tail(W );
if f,(Analy sis[!]) $%Analy sis[!'] then
Analy sis[!'] := Analy sis[!'] & f(Analy sis[!]):
for all " with (!',!") in F do W := cons(( !',!"),W);

Step 3 Presenting the result (MFP + and MFP y)
forall ! in F or E do
MFEP (1) = Analysis[!];
MEP ¥(!) = f,(Analy sis[!])
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