Congruences

A congruence is a statement about divisibility.
It is a notation that simplifies reasoning about
divisibility. It suggests proofs by its analogy to
equations. Congruences are familiar to us as
“clock arithmetic.” Four hours after 10 AM
it will be 2 PM. How do we get the 2 from
the 10 and the 47 We add four to ten and
then subtract 12. We have used a congruence
modulo 12.



Definition: Suppose a and b are integers and
m IS a positive integer. If m divides a — b, then
we say a IS congruent to b» modulo m and
write ¢« = b (mod m). If m does not divide
a — b, we say a IS not congruent to b mod-
ulo m and write a Z b (mod m). The formula
a = b (mod m) is called a congruence. The in-
teger m is called the modulus (plural moduli)
of the congruence.

Do not confuse the binary operator “mod’ in
a mod b, which means the remainder when a
is divided by b, with the “mod’ enclosed in
parentheses together with the modulus of a
congruence. These concepts are related as fol-
lows. If m is a positive integer and a and b are
integers, then a = b (mod m) if and only if
(a mod m) = (b mod m).

We will often use the fact that a =b (mod m)
if and only if there is an integer k so that a =
b+ km. This fact follows immediately from the
definitions of congruence and divide.



The congruence relation has many similarities
to equality. The following theorem says that
congruence, like equality, is an equivalence re-
lation.

THEOREM: Let m be a positive integer. Let
a, b and ¢ be integers. Then:

1. a=a (mod m).
2. If a=b (mod m), then b =a (mod m).

3. If a=b (mod m)and b = ¢ (mod m), then
a=c (mod m).



Let m > O be fixed. For each integer a, the
set of all integers b = a (mod m) is called the
congruence class or residue class of a mod-
ulo m. The congruence class of a modulo m
consists of all integers in the arithmetic pro-
gression a + dm, where d runs through all in-
tegers. Each integer in a congruence class is
a representative of it. If the modulus m is
understood and a and b are in the same con-
gruence class, then each is called a residue
of the other. The smallest nonnegative repre-
sentative of a congruence class is often used as
the standard representative of it. For example,
the standard representative of the congruence
class of 27 (mod 5) is 2.



THEOREM: Let a, b, ¢ and d be integers.
Let m be a positive integer. Suppose a =
b (mod m) and c=d (mod m). Then

1. a+c=b+d (mod m).

2. a—c=b—d (mod m).

3. ac=bd (mod m).

Let a and b be integers. Let m be a positive
integer. Let f be a polynomial with integer

coefficients. If a = b (mod m), then f(a) =
f(b) (mod m).

Let a and b be integers. Let m and d be positive
integers with dim. If a = b (mod m), then
a=b (mod d).



Although the arithmetic operations of addi-
tion, subtraction and multiplication for con-
gruences obey the usual rules for the same op-
erations with integers, division does not always
work as for integers. For example, 2-3 =6 =
18 =2-9 (mod 12), but 39 (mod 12).

In general ac = be (mod m) does not always
imply ¢« = b (mod m). We now investigate
when this implication will be true.
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THEOREM: If gcd(a,m) = 1, then there |
a unique = iIn 0 < x < m such that ax
1 (mod m).

Proof: The function f(i) = (ai mod m) for 1 <
1 <m — 1 is one-to-one, and so the set

{aimodm;i=1,...,m—1}

is a permutation of {1,...,m — 1}. Therefore
1 appears exactly once in the first set, that is,
there is exactly one z in O < x < m such that
ax =1 (mod m).

Note that the z in this theorem is like “a—1"
the reciprocal of a modulo m. Sometimes we
even use the notation “a~1 (mod m)” to mean
the x of this theorem.



THEOREM: If m > 1, a, b, ¢ are integers,
(¢ %= 0), gcd(e,m) = 1, then ac = be (mod m)
implies a=b (mod m).

Proof: BYy the previous theorem, there is an
x such that cx = 1 (mod m). Then ac =
be (mod m) implies acx = becx (mod m), which
implies al = b1l (mod m), which implies a =
b (mod m).

Definition: A set of m integers rq,...,rm IS
a complete set of residues (CSR) modulo
m if every integer is congruent modulo m to
exactly one of the r;’'s.

The set {1,...,m} is called the standard CSR
modulo m.



Linear Congruences

We now tell how to solve congruences like ax =
b (mod m), where a, b and m > 1 are given
integers and x is an unknown integer. The
solution to an equation axz = b, where a # 0, is
the single number z = a/b. In contrast, if the
congruence ax = b (mod m) has any solution,
then infinitely many integers x satisfy it.

For example, the solution to the congruence
2r = 1 (mod 5) is all integers of the form
xr = 5k 4+ 3, where k may be any integer, that
IS, x lies in the arithmetic progression

...,—12,-7,-2.3.8,13,18,....

This set of integers may be described com-
pactly as x = 3 (mod 5). We could have writ-
ten this solution as x = 28 (mod 5), but we
generally use the least nonnegative residue as
the standard representative of its congruence
class.



THEOREM: Let m > 1, a and b be integers.
Then axr = b (mod m) has a solution if and
only if gcd(a, m) divides b.

THEOREM: Let m > 1, a and b be integers.
Let g = gcd(a,m). If g|b, then ax = b (mod m)
has g solutions. They are

b
acz—:r:O—I—tm (mod m), t=0,1,...,9—1,
g g

where xg is any solution of %wo =1 (mod %).
This means that

b m
rxr=-x9+t—, t=0,1,...,
g g

are all integer solutions =x.
Example: Solve 72 = 3 (mod 12).

We find g = gcd(7,12) = 1 and glb since 1|3,
so there is one solution. Since 7.7 =1 (mod 12),
we have xzg = 7, and the solution to 7x
3 (mod 12)isz=3-7+t-12 =21+ 12¢
9 (mod 12).
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Example: Solve 1652z = 100 (mod 285).

In an earlier example, we calculated that
gcd(165,285) = 15. Since 15 does not divide
100, the congruence has no solution.

Example: Solve 165z = 105 (mod 285).

As above, we have gcd(165,285) = 15. Since
15|105, the congruence has fifteen solutions
modulo 285. To find them, we first solve the
congruence (165/15)xg = 1 (mod (285/15)),
or 11zg = 1 (mod 19). The extended Eu-
clidean algorithm gives 11(7) 4+ 19(—4) = 1,
SO xg = 7. Then z = (105/15)(7) 4+ t(19) =
7-7+ 19t. The fifteen solutions are

r=7,7+19,7+2-19,....7 4 14- 19,

thatis, x =7,26,45,64,..., or 273 (mod 285).
These solutions are the same numbers as = =
7 (mod 19).
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