Analytic Information Theory:
Analysis, Algorithms, and Beyond*

W. Szpankowski
Department of Computer Science
Purdue University
W. Lafayette, IN 47907

June 25, 2010

AofA and IT logos

AofA School, Vienna, 2010

*Research supported by NSF Science & Technology Center, and Humboldt Foundation.



Outline

1. Shannon Information Theory: Three Theorems of Shannon

2. Glance at Channel Coding Theorem

e Asymptotic Equipartition Theorem
e Jointly typical Sequences
e Capacity

3. Source Coding

4. Redundancy: Known Sources

e Shannon and Huffman Coding (sequences modulo 1)
e Non-Prefix Codes (saddle point method)
e Tunstall Code (Mellin transform)

5. Minimax Redundancy: Universal (unknown) Sources

(a) Universal Memoryless Sources (Iree-like gen. func.)
(b) Universal Markov Sources (Balance matrices)
(c) Universal Renewal Sources (Combinatorial calculus)

6. Appendix A: Mellin Transform
/. Appendix B: Saddle Point Method



Outline Update

. Shannon Information Theory: Three Theorems of Shannon

. Glance at Channel Coding Theorem

e Asymptoftic Equipartition Theorem
e Jointly typical Sequences
e Capacity

. Source Coding
. Redundancy: Known Sources
. Minimax Redundancy: Universal (unknown) Sources



Three Jewels of Shannon

Theorem 1 & 3. (Shannon 1948; Lossless & Lossy Data Compression)
Lossless Compression: compression bit rate > source entfropy H (X);

Lossy Compression: For distorfion level D:
lossy bit rate > rate distortion function R(D)

Theorem 2. (Shannon 1948; Channel Coding )
In Shannon’s words:

By It is possible to send information at the capacity through the channel
with as small a frequency of errors as desired by proper (long) encoding.
This statement is not true for any rate greater than the capacity.
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Theorem 1: AEP and Typical Sequences

Shannon-McMilan-Breiman:
—+log P(X]) — H(X) (pr.)

H(X) is the entropy rate.

Asymptotic Equipartition Property:

Sequences of length n can be
partitioned into
good set G5 P(w) ~27"N e af
bad set B, P(B)) <e.

Also, |G| ~ 2mHX),



Theorem 2: Shannon Random Decoding Rule

Xn 2nH0{}
\ 4l IR
....... g
_‘_‘.m*..__*m..lt-. TLH(X) _ 1
b | T Sy S There are 2 X-typical sequences
There are 27 (Y) Y-typical sequences
R R N There are 2"7X5Y) jointly X, Y-typical

pair of sequences

Decoding Rule: Declare that sequence sent X is the one that is jointly
typical with the received sequence Y provided there is unique X satisfying
this property!




Sketch of Proof: Channel Capacity Theorem

1. With high probability (whp), there is a jointly fypical pair (X, Y).

2. The probability that there is another jointly typical pair is 27 ™/(%Y),
Indeed:

o there are 2"7X) and 2" (V) typical sequences X" and Y™, respectively.
o there are 2" XY) jointly typical pairs (X, Y).

The probability of error (more than one typical pair is):

onH(X,Y)

— 2—71,](X,Y)
onH(X)+H(Y) '

3. Probability of error when 2% messages are sent is approximately

min P (error) ~ o PPy [(XY)=R) _ g=n(C=F)

4. In conclusion:

R < C P(error) ~ 27"
rR > C P(error) — 1.



Capacity of BSC

Binary Symmetric Channel (BSC)

Y
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1 1
1-p
Capacity:
I(X;Y) = H(Y)-H(Y|X)

The capacity is achieved for the uniform input distribution. Thus

<

H(Y) — H(p)
1 — H(p).

C =1-— H(p).
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Temporal Capacity for BSC (Exercise)

1. Each bit incurs a delay, T with known probability distribution: F'(t)
P(T < t). If abit arrives after a given deadline 7, it is dropped.

2. The longer it takes to send a bit, the lower the probability of success,
which we denote by ®(e,t) fort < 7 (e.g.. ®(e,t) = (1 — €)").

3. Define P(z|z) = [, ®(e,t)dF(t): prob. of asuccessfully fransmission:

P(x|x) ifx =y

a:=1— F(r) y=erasure
P(ylz) = {
l—a— P(zxlx) Iif z#y.

0.45—

4. Define: a = 1 — F(r) and p := =,

H(Y|X) = H(a) + (1 — a)H(p) and |
H(Y)= H(a) + (1 — a)H(pp + pp).

C(r) = [(1 = P(T > 7)][1 — H(p)].



Noisy Constrained Channel

Constrained BSC

1-&
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e

01101011 (& 00100000

Let S denote the set of binary constrained sequences of length n. Here:
Sar = {(d.k) sequences},

l.e., N0 sequence contains a run of zeros shorter than d or longer than k.
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Noisy Constrained Channel

Constrained BSC

1-&

X €Sd,k & Y
e

01101011 (& 00100000

Let S denote the set of binary consfrained sequences of length n. Here;
Sar = {(d.k) sequences},

l.e., N0 sequence contains a run of zeros shorter than d or longer than k.

Sequence X ¢ S5, ;) can be represented as a Markov process.

C'(S, e) — noisy constrained capacity defined as

1
C(S,e) =sup I(X;Y) = lim — sup I(X|,Y]").

Xes n—oon X{LESn

This is/was an open problem since Shannon.



Entropy of HMM

1. Mutual informmation
I(X;Y)=H(Y)— H(Y|X).

where
Y. =X, ® FE,, k>1, (b is exclusive-or),
E = {E;}r>1is abinary i.i.d. representing noise such that P(E; = 1) = €.

2. Observe that
H(Y|X)= H(FE) = H(e)
hence we must find the entropy of H(Y"), that is, the entropy of a hidden

Markov process since a (d, k) sequence can be generated as an output
of a kth order Markov process.

xk Yk: Ek | Xk
. O NG

How to compute the entropy H(Y)?



o~ DN =

Outline Update

Shannon Information Theory: Three Theorems of Shannon
Glance at Channel Coding Theorem

Source Coding

Redundancy: Known Sources

Minimax Redundancy: Universal (unknown) Sources



Source Coding

A source code is a bijective mapping
C: A" — {0,1}"
from sequences over the alphabet A to set {0, 1}* of binary sequences.

The basic problem of source coding (i.e., data compression) is to
find codes with shortest descriptions (lengths) either on average or for
individual sequences.

Three Basic Types of Source Coding:
e Fixed-to-Variable (FV) length codes (e.g., Huffman and Shannon codes).
e \Variable-to-Fixed (VF) length codes (e.g., Tunstall and Khnodak codes).

e \ariable-to-Variable (VV) length codes (e.g., Khodak VV code).




Preliminary Results

Prefix code is such that no codeword is a prefix of another codeword.

Tree and latftice representations:

Notation: For a source model S and a code C we let:

e P(x) be the probability of z € A”;

e L(C,x) be the code length for the source sequence = € A*;
o Entropy H(P) = — > ..+ P(z)lg P(x).

Quantities are expressed in binary logarithms written lg := log,.



Prefix Codes

Kraft’s Inequality
A binary code is a prefix code iff the code lengths ¢4, /5, . . ., £ satisfy

Sy 27k <,

Barron’s lemma
For any sequence a,, of positive constants satisfying > 27" < oo

Pr{L(X) < —log P(X) —a,} <27,

and therefore
L(X)>—logP(X)—a, (a.s).
Proof: We argue as follows:

PHL(X) < —lomP(X)—a)= S P
x:P(x)<2_L(x)_an

Z 2—L(a:)—an

$:P($)<2_L($)_an

< 27y ot < gmen,

IA



Shannon Lower Bound

Shannon First Theorem
For any prefix code the average code length E[L(C, X)] cannot be
smaller than the entropy of the source H(P), that s,

E[L(Cn, X)] > H(P).

Proof: Let K = > 275 < 1,and L(C, z) := L(C). Then

E[L(C, X)] — H(P)=
= Y P(z)L(z)+ > _ P(z)log P(x)
reA* e A*
P(x)
= mg* P(x) log L0 /K — log K
> 0

sincelogx < x — 1for0 < x < 1 orthe divergence is nonnegative, while
K < 1 by Kraft’'s inequality.

Exercise: There exists at least one sequence z7 such that L(z}]) >
— log, P (7).



Redundancy

Known Source P.

The pointwise redundancy R(z) and the average redundancy R:

R(zx) = L(C,x)+1gP(x)
R = E[L(C,X)]—H(P)>0

Optimal Code:

. . —L(x) <
min zx: L(x)P(xz) subject to zx: 2 < 1.

Solution: By Lagrangian multipliers we find L (x) = — lg P(x).

The smaller the redundancy is, the better (closer to the optimal) the code is.




A W N —

Outline Update

Shannon Information Theory: Three Theorems of Shannon
Glance at Channel Coding Theorem
Source Coding

Redundancy: Known Sources

e Shannon and Huffman Coding
e Non-Prefix Codes
e Tunstall Code

Minimnax Redundancy: Universal (unknown) Sources



Redundancy for Huffman’s Code

We consider fixed-to-variable length codes; in particular, Huffman’s code.
For a known source P, we consider fixed length sequences z] = x; ... z,.

Huffrnan Code: The following optimization problem

R, = mink, o [L(Cry zy) + logy P(xy)].

is solved by Huffman’s code.

We study the average redundancy for a binary memoryless sources with p
denoting the probability of generating "0” and g = 1 — p.

In 1994 Stubley proposed the following for Huffrnan’s average redundancy

Rf:z—zn:(n) kg k(ak+ﬁn>—2z< ) kgt R lektin) 451,

k=0 k

1—0p 1
a=logy, | —— |, B =logy, | ——
p 1—p

and (x) = x — | =] is the fractional part of x.

where



Main Result

Theorem 1 (W.S., 2000). Consider the Huffman block code of length n over
a binary memoryless source with p < % Then asn — oo

% — ﬁ +0(1) = 0.057304 « irrational
R =

n

b= ((BMn) =) - 20BNy O

Q
I
SE

M(1— 2—1/M)

where N, M are infegers such that gcd(N, M) = 1 and p < 1.
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Figure 1: The average redundancy of Huffrnan codes versus block size n for: (a) irrational
a = logo (1 — p)/p with p = 1/7; () rational o = logy (1 — p)/p with p = 1/9.



Why Two Modes: Shannon Code

Consider the Shannon code that assigns the length
L(Cy,a}) = [~ 1g P(a])]
to the source sequence z}. Observe that

P(z}) =p"(1—p)" "
where p is known probability of generating 0 and k& is the numlber of 0s.

The Shannon code redundancy is

R, = i(’;‘)pk(l—p)"k((—log2<pk<1—p>”k>1

+ logy(p"(1 — p)”_k))

= 1= ()t - o ek + )

k=0 k

where (z) = = — |z | is the fractional part of =, and

1—0p 1
a=log, | —— |, B=logy, | — |-
p I—p



Sketch of Proof

We need to understand asymptotic behavior of the following sum (cf.
Bernoulli distributed sequences modulo 1)

zzj ()P = 9" ((ak + )

for fixed p and some Riemann infegrable function f : [0, 1] — R.

Lemma 1. [ef 0 < p < 1 be a fixed real number and « be an irrafional
number. Then for every Riemann infegrable function f : [0, 1] — R

- YW )" _ !
Jim 3= ()@= "Gk + ) | s,

where the convergence is uniform for all shiffs y € R.
Lemma 2. Let o = & be a rational number with gcd(N, M) = 1. Then for
bounded function f : [0,1] — R

i (Z)pk(l _p)n_kf(<o¢k +y)) = %Mz_lf (ﬁ + <]]\\44y>> +0(p")

k=0 [=0

uniformly for ally € R and some p < 1.



Uniformly Distributed Sequences Mod 1

1. Uniformly Distributed Sequences Mod 1: A sequence z,, € R is said to
e Bernoulli uniformly distributed modulo 1 (in short: B-u.d. mod 1) if for
O<p<l1

1im 3 ()P (= )" xa(@n) = A0
k=0

holds for every interval I C R, where x;(x,) is the characteristic function
of I (i.e.,itequalsfto 1if z,, € I and 0 otherwise) and A(I) is the Lebesgue
measure of I.

2. Weyl's Criterion:
A sequence x,, is B-u.d. mod I if and only if

n

k=0

holds for all non-zerom € Z — {0}.

Proof. The proof is standard. Basically, it is based on the fact that by
Weierstrass’s approximation theorem every Riemann integrable function f
of period 1 can be uniformly approximated by a trigonometric polynomial
(i.e., afinite combination of functions of the type e*™™%),



Shannon Code: The Irrational Case

3. Let us return to the Shannon code redundancy. Two cases: « irrational
and « rational.

4. We first consider « irrational.
To apply our previous results, we must show that (ak) is B-u.d. mod 1. By
Weyl’s criterion

n
. NN\ k n—k 2rim(ka) . 2mimao "
fim 3~ () =l ( )
k=0
= 0

provided « is irrafional. Hence, by the previous theorem, with f(t) = ¢ and
y = pBn, we immediately obtain

. NN ke ek ! 1
T}l_)f{;}ﬂZ()(}{)pq (ak—i—ﬁn)z/o tdtzi.

This proves that for « irrational



Shannon Redundancy - Rational Case

Assume o = N/M where ged(N, M) = 1. Denote p,, = (7)p"q" "

n M-—-1
Sp = Z (Z)pkq” : <k— + ﬁn> — Z Z D,k <€% + N + ﬁn>

=0 m: k=f4+mM<n

k=0
M-—1
= Y (5+n) X e
£=0 m: k=f+mM<n
Lemma 3. For fixed ¢ < M and M, there exist p < 1 such that

S (Drta -t =t o6n),

m: k=f+mM<n

Proof. Let w, = e¥™*/M fork = 0,1,...,M — 1 be the Mth root of
unity.
— 1 if M|n
M { 0 otherwise.

k=0
where M |n means that M divides n. Then

5 n) gk = LT (pwi+@)" "+ .. + (pwy—1 + q)" "

-1 ropm
k M M P

m: k=l+mM<n

since |(pw, + q)| = p* + ¢° + 2pq cos(2mr /M) < 1 forr # 0.



Finishing the Rational Case

We shall use the following Fourier series; for real x

O . .
sin 2mwmex 1 i )
— g - - — E Cm€ y Cm — — )
m 2 2mTm

m=1 meZ—{0}

N | -

(z) =

Continuing the derivation and using the above lemma we obtain

1 M1 1 : 1 . 1 M—1 .y
S, = — - Cm€27mm(£/]\/[—|—6n) _ Cm€27mmnﬁ_ 627mmﬁ
M 2 Z 2 Z M Z
=0 m7#0 m7#£0 £=0
1 1 : 1 1 /1
m=kM#0

Now, having the above two results we easily establish that

n

. { s+ o(1) o irrational
R —

5— a7 ((MnB) —3) +0(p") a=1;

Exercise. Using Stubley’s formula and fools discussed above, derive the
redundancy of the Huffmman code.
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Do We Redlly Need Prefix FV Codes?

As argued in the XXVIII Shannon Lecture, it is possible to aftain average
compression for FV codes lower than Huffman’s code (P and n are known):;

1. Avoiding symbol-by-symbol compression, we design fixed-to-variable
code for the whole file, hence eliminating the need for prefix codes.

2. Applying prefix condition to symbol-by-symbol or n-block supersymbol
is only optimal for the linear term but not for the sublinear term.

3. The optimal FV code performs no blocking but encodes a table that
listing sequences in decreasing probabilities:

Define: nx(x) = ¢ if x is the ¢-th most probable element according fo
distribution Px. The the minimum average code length is

L(X) = E[[log, mx (X)]].



Do We Redlly Need Prefix FV Codes?

As argued in the XXVIII Shannon Lecture, it is possible to aftain average
compression for FV codes lower than Huffman’s code (P and n are known):;

1. Avoiding symbol-by-symbol compression, we design fixed-to-variable
code for the whole file, hence eliminating the need for prefix codes.

2. Applying prefix condition to symbol-by-symbol or n-block supersymbol
is only optimal for the linear term but not for the sublinear term.

3. The optimal FV code performs no blocking but encodes a table that

listing sequences in decreasing probabilities:

Define: nx(x) = £ if x is the ¢-th most probable element according o
distribution Px. The the minimum average code length is

L(X) = E[[log, mx (X)]].

Example: Binary source with p < 1 — p := g; sequence =] = x; ... z,!

n 0
q (%) >

[1og,(1)]

n 1
7" ()
00---1

[log,(2)]

>

>

[logy(2") ]



Bounds on the Average Rate of Fixed-to-Variable Codes

Upper Bound: E[L(X)] < H(X) (Wyner).
Lower Bounds:

Theorem 2 (W.S., Verdu, 2009). Define the monotonically increasing
function by:
Y(x) =z + (1 + x)logy,(1 + x) — xlog, x. Then

¢ (H(X)) < L(X).
Looser Bounds: Notice that: Y(x) < x4+ logy(e + ex),
then Alon & Orlitsky bound follows:
H(X) —log,(H(X)+ 1) —logye < L(X)
By monotonic increasing: h(x) = (1+x) log(14+x) —x log x, we conclude
L(X) > H(X) — (1+ H(X))logy(1 + H(X)) — H(X)log, H(X)

This can be also found in Blundo & de Prisco.



Binary Memoryless Source (WS, 2005)

Consider again a binary memoryless source with p probability of
transmitfinga 1. Let 7 = =1 . . . x,.
There are (1) equal probabilities P(x}) = p*q"~*, k number of 1’s. Define

= () ()t () Ao

Starting from A,_; the next () probabilities P(z}) are the same.
The average code length is

n Ag (Z)

Ly = > p'¢"" Y loga(i)] = p'¢" ") logy(Ar1 +14)].
k=0 1=1

k=0 j=Ap_1+1

In 2005 we proved the following asymptotic results:

e p=1
Lo=n—2+2""(n+2).
o p <

N |—

1
L, = nh(p) — 5 logn 4+ O(1).



Binary Case: More Precise Main Result

Theorem 3 (W.S., 2005). For a binary memoryless source, letf p < % Then

3+ In(2) 1 1—p

1

1
L, = nH(p)—§10g2n—

-+ ; _pr log, (W) + F(n) + o(1)

where H(p) = —plog, p — (1 — p) log,(1 — p), and

e F(n)=0If 1og2 L js irrational;

e F(n) is an oscillating function if log., + —F = N/M is rationdl,

— 2(1 - 3p) —x
F(n) = [513]—1 — 2pHM(nﬁ—a)[—:1:]—1_—2pHM(nﬁ)[2 I+
where
Hy()lf] = — \/_ <<M (y ~ log (11—_2])19\/%1%)

for some Riemann function f and g = — log,(1 — p).

4+ lo
21n(2) %21 = 2p/2mp(1l — p)

1

— 2p

Hpp(nf—a)[2

5132 1
) - [ o)

“]



Some Oscillations
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Figure 2: Plots of L,, — nh(p) + 0.5 log(n) (y-axis) versus n (x-axis) for: (Q)
irrational a = log,(1 — p)/p with p = 1/7; (b) rafional o = log,(1 — p)/p
withp =1/9.



Sketch of Proof

1. Using the following identity o handle floor functions (partfial summation;
cf. Knuth)

N N—-1
> aj=Na, — > (aj11— aj)
j=1 j=1

we can reduce L,, to the sums of the following form

Sn = i(nﬁkqn_ktlongkJ

k=0 k

— i (Z) " logy A — i (Z) pkqn—k<log2 Ag)

k=0 k=0
= an+ bn
where

n n .

an = <k>pkq : logQ Ak7

k=0

mn n .

b, = (k>pkq k<10g2 Ap).



Asymptotics of A,,: Saddle point Method

Lemma 5. Forlargen andp < 1/2

_1-p 1
1 —2p/27np(1 — p)

o (®) (1 n O(n_1/2)> .

np

More precisely, forane > 0 and k = np + ©(n'/?*¢) we have (Exercise)

1-p 1 1—p\" 1 eX ~ (k—np)’ -
Ak_1—2p\/27rnp(1—p)< p ) (1 —p)» p< 2p(1—p)n> (1+O( )>'

Proof. Notice that A,(z) = S0 Agzk = L 2""T0 Apg)y the

1—=z

saddle point method o the Cauchy formula A = [2"]A,(2).

n n _n+1
A, = 1 %(1 +Z) — 27z dz o 1 % 1 2n10g(1—|—z)—(k—|—1)10gzdz.

i 1 — 2 2kl o2mi 1 — 2

The saddle point zp = (k+1)/(n—k+1) = p/(1 —p) and H"(z)) = ¢°/p.

1 1
1 — 2z0/2mnH"(20)

Ay

2TLH(20)(1 _|_ O(n_1/2)).

Heuristic: Note that (") = (p/q)"(}).



Returning to b,

3. We also need asymptotics of

by, = kz_; (Z) p"q" " (log, Ar).

From previous lemma we conclude that

(k — np)”
2pgn In 2

log Ay, = ak + nB — log, wyv/n — 4 O(n_a)

forsome w > 0and o = logp/(1 — p).

Thus we need asymptotics of the following sum

i (n)qun_k <ak + nB — logy wv/n — o np)2> |

P k 2pgn In 2

We must now resort to theory of Bernoulli sequences modulo 1.



Final Lemma

Lemma 6 (Drmota, Hwang, W.S., 2004). [ef 0 < p < 1 be a fixed readl
number and f : [0, 1] — R be a Riemann integrable function.

(i) If « is irrafional, then

T}Lrgozn: (Z)pk(l—p)”_kf (<ka +y — (k—np)*/(2pgn In 2)>) = /01 f(t) dt,

where the convergence is uniform for all shiffs y € R.

(i) If o« = £ (rational) (ged(N, M) = 1), then uniformly y € R

Zn: (’Z)pk(l )Ry (<ka +y — (k—np)?/(2pgnIn 2)>) = /01 f(t)dt + Hu(y)

where

2i2>> _ /Olf(t)dt> dit

is a periodic function with period ;.



General Memoryless Source: Main Results

We consider m-ary alphabet A with probabilities of symbols:

P <p2 =< < Pm—1 < Pme
Enfropy: H(X) = —>_.pilogp; Define also B; = log p./pi.
Our main results are:

Theorem 4. For a memoryless source with finite alohabet A, the minimum
expected length of a lossless binary encoding is

L, = |nlog,y|A|] 4+ o(1).

if the source is equiprobable, and
1
L,=nH(X) — Eloan + O(1)

if the source is not equiprobable.



Sketch of the Proof

1. Type: Type 7 ,,.m
Tn,m:{(kl,...,km) ENm,k1+---+km:n}.

such that k; is the number of symbols 7 in a sequence and probabilities are

the same
P =pit-ptm k€ T
2. Order among types:
1<k iff p' > p"

sort from the smallest index to the largest; or equivalently
hWBi+ -+ lp1Bp1 SkiBi+ -+ kpn_1B,1
where B; = log p../pi.

3. There are

(D - <k1nkm>

sequences of type k. Define

ac=3(7)-

1<k

Starting from position A, the next (.",) sequences have the same

k+1
probability p**!, where k + 1 is the “next” type.



Sketch of Proof

4. The average code lengthis

Ay (k)
Ln = >, p° > logiJ= > p"> llog(Ax—1)

_ Z (Z)pk log Ak 4+ O(l) binomi:al sum log A'np + 0(1)

k€Tn,m

5. We need to estimate

Forl, = np; + T;



Sketch of the Proof

6. By Stirling

(") ~ (+oa/vm)c

exp (Bixi+ -+ Bn-1Tm—1)
np + X

n(m—1)/2

1
exp (——XT21X>
2n

where X is an invertible covariance matrix (m — 1) x (m — 1).
7. Observe that (b = (By, ... By-1))
CQ”H(X) 1 T —1 T 1 Taw—1
Anp:m Z exp <—%X 3 X)—I— Z exp (b X—%X 3 x) :
bL x=0 bT'x<0

which leads to

log A,p = log Cmn + O —T72 = nH(X)_E logn+0O(1)

1
/ exp (——XTE_l)c) — onm=2/2,
pm—2 2n

since



Example for m = 3

Assume now m = 3. Then

LD DI (R

i S oo <_ 2P _(a:+y)2>

nN2TP1P2Ps T 2np1  2np; 2nps

— O —C :
(vVn)— NG
k2A

normal

npo

geometric

np4q ky

Figure 3: lllustration for m = 3
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Variable-to-Fixed Codes

A VF coder consists of a parser and a dictionary.

1. A variable-to-fixed length

Parsing Tree Dictionary  sncoder partitions the source
1 0 1 string into a concatenation of
variable-length phrases.
= 01
001 2. Each phrase belongs to a
given dictionary D of source
. 000 sfrings.

3. A dictionary can be represented
by a complete parsing tree 7.
The dictionary entries d € D correspond to the leaves of the parsing tree.

4. The encoder represents phrases by the fixed length binary codewords.
l.e., a dictionary D of M enfries requires [log, M| bits o represent entries.

Average Redundancy Rate:

T Z|:B|:n Ps(z)(L(z) + log Ps(x)) _ log M
e n ~ E[D]

where h is the enfropy rate of the source.



Tunstall and Khodak Codes

=0.6 =04
P g Tunstall Code:

1. Start with a root and leaves.

Tunstall’s construction
M=5

Khodak’s construction

2. In the J’s iteration select a leaf
with the highest probability
and grow children out it.

r=0.25

3. At Jth step, the parsing free has
J internal nodes and

M=J + 1 leaves
corresponding to dictionary entries.

Khodak Construction:
1. Pick a real number » and grow a complete parsing free satisfying

min{p,1 —p}-r < P(d) <r, deD.

2. The resulting parsing tree is exactly the same as the Tunstall tree.

3. If y is a proper prefix of entries of D,., i.e., y is an infernal node of 7,., then

P(y) > r.



Phrase Length

We study the phrase length D = |d|. i.e., path length in the parsing tree.

Moment Generating Functions: Define

D(r,z) :=E[z"] = Y P(d)z".

deDy

and ifs corresponding infernal nodes generating function

S(r,z) = Z P(y)z""

y: P(y)>r

Simple Fact on Trees: Let D be a dictionary (leaves of 7) and Y be the
collection of proper prefixes of dictionary entries (internal nodes of 7).

dl _q
Z P(d) Zz = Z P(y)z|y|, Exercise.
deD yey

Thus
D(r,z) =1+ (2 —1)S(r, z),
and

E[D] = 5(v,1) = S_P(y), E[DD-1)]=35(,1) =23 Pyl

yeﬁ yE?



Recurrences

Define v = 1/r, z complex, and S(v, z) = S(v !, 2).

Let
Aw)y= > 1
y:P(y)>1/v
be the # of strings of probab. > v~ ! or the # of internal nodes. In fact:

M, = A(v)+ 1.

We have
0 v <1,

Al) = { I A(p) + A(wg) v > 1
and
0 v <1,

1+ 2pS(vp, 2) + 2qS(vg, z) v > 1,

(v, 2) = {

since every binary string either is:

e — empty string,

e — string starting with the first symbol
e — string starting with second symbol.



Mellin Transform

The Mellin tfransform F*(s) of a function F'(v) is

F*(s) = /OOO F(v)v* Ldo.

From the recurrence on S (v, z) we find

- 11—z 1
D*(s, z) = — —, R(s) < sp(z),
() = sy — o B8 < ()

where sy(z) denotes the real solution of: zp' ™ + z¢' ™ = 1.

To find the asymptofics of D(v,z) as v — oo we compute the inverse
transform of D*(s, z)):

5 1 o-+T N
D(v,z) = — lim D" (s, z)v °ds,

271 T—o0 o—1T
where o < so(2).

T9 determine the polar singularities of the meromorphic continuation of
D™ (s, z), we have to analyze the set

Z(z) ={s €C:zp' * +2¢" ° =1}.



s Im(z)
X
From
X ~
R . D (v,
X T \
\
X : FT(’U,
\
X \
— N
| — Tz
X \
\
\
1
X I > S
Y sO ‘T RG(Z) _|_27T’Lu
X \
\
\
X | S
\
x l
| 1
X T ‘ _|_27TZ [y
e _I
X
\J

provided that the series of residues converges
the last integral exists. But they don’tl.



Tauberian Rescue

Therefore, we analyze (as in analyftic number theory; cf. also Vallee)

Dl(v,z):/ D(w, z) dw.
0

whose Mellin fransform is

—D*(s + 1, 2)

S

Di(s,z) = = 0(1/s%).

Lemma 7 (Tauberian). Lef f(v, \) be a non-negative increasing function
such that )
F(v,\) = / f(w, \) dw
0

and has the asymptofic expansion

A+1
F(v,\) =

(A o)

asv — oo and uniformly in A. Then as v — oo uniformly in \

F(0,2) = o1+ A2 - 0(1)),



Main Results

Theorem 5 (Central Limit Theorem). For large M.,

DT—%lnMr
H
\/(H—g—%> In M,

where H is natural entropy and Hy = p1n® +¢q1n®q.

— N(0,1) standard normal distribution

IfIn q/ lg p is irrational, then

M, = Aw)+1= % + o(v)
E[D,] — In M, N In H + H, + o(1);
T TH H oz TV

ifIn q/ lg p is rational, then

] L .
MT. — Ql(_;g v)’l} + O(’Ul_n), Ql(x) — 1_—€_L€_L<E>7
Bp,) — oM IWH | H  —hlil(-e D4 g, o
=t H ' 2H? H Y

L largest real number s.t. In(1/p) and In(1/q) are infeger mulfiples of L.



Redundancy Rate

The average redundancy rate of Tunstall/Khodak’s VF code is defined as

B In M,

r = — h.
"M T RD]

Case 1: In p/ In g is irrational:

e () e )
™e = \ 2 T “\lnn, )"

Case 2: In p/ In g is rational:

M, =

H Hy L L .
1Il]Wr(—E—lnH—klnL—ln(e —1)—|—5) —i—O(Mr ),
forsome n > 0, where L > 0 is the largest real number for which In(1/p)
and In(1/q) are integer multiples of L. (No oscillation!)



—logg = b

Random Walk

Consider a random walk
that corresponds to a path in
the associated parsing tree.

For Khodak's code we studied

Aw)y= > [f(v)

y:P(y)=>1/v
for some function f(v).

But P(y) = p"¢' (k,1 > 0),
and set v = 2V so that

log P(v) = klg(1/p)+sllg(l/q) < V.

This corresponds to a random walk in the first guadrant with the linear

boundary condition

ar + by =V

where a = log(1/p) and b = log(1/q).

The phrase length coincides with the exit fime of such a random walk.
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Minimax Redundancy

Unknown Source P

In practice, one can only hope to have some knowledge about a family
of sources S that generates real data.

Following Davisson we define the average minimax redundancy R, (S)
and the worst case (maximal) minimax redundancy R (S) for a family of
sources S as

R,.(S) = minsupE[L(C,,z!) + lg P(z])]
Cn pes
R'(S) = minsup max[L(Cy, z}) + 1g P(z})].

Cn PeS L1

In the minimax scenario we look for the best code for the the worst source.

Source Coding Goal:
Find data compression algorithms that match optimal redundancy rates

either on average or for individual sequences.




Maximal Minimax Redundancy

We consider the following classes of sources S:

e Memoryless sources M over an m-ary (finite) alphabet, that is,

k k
P(a:?) — pll C Dy

with k1 + - - - + k,, = n, where p,; are unknown!

e Markov sources M, over a binary alphabet of order ». Observe that
forr =1

n k k
P(x)) = psy poo po(l)lpul)opﬁlv
where k;; is such that (zy, z141) = (4,5) € {0,1}* and
koo + ko1 + k1o + ki1 =n — 1,

and that ko1 = kio if 1 = x, and ko = k1o £ 1 if 1 # Ly

e Renewal Sources R, where an 1 is infroduced after a run of 0s
distributed according fo some distribution.



Improved Shtarkov Bounds

For the maximal minimax redundancy define

suppesP(z7)
2_ynean SUPpesP (Y1

Q () =

the maximum likelihood distribution. Observe that

R'(S) = minsupmax(L(C,,z}) + lg P(x}))
n CneC PceS :IZ?

= min max (L(Cn, zy) + suplg P@”D)
CnecC ZC? PeS

= min max[L(C,, z]) +1g Q" (z]) + 1g Z SugP(y?)]
c

CneC 113711 y?EAn P
GS * n
= R7(Q) +1g E supP(y;)
n n PES
Yy eA

where RS°(Q*) is the maximal redundancy of a generalized Shannon
code built for the (known) distribution Q*. We also write

D,(S) = 1g Z sup P(z7) | :=lgd,.(S).
.’E?EA” pPesS
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Maximal Minimax for Memoryless Sources

We first consider the maximal minimax redundancy R (M) for a class of
memoryless sources over a finite m-ary alphabet. Observe that

kl 15
dn(My) = E sup pytcpat
LEn pl aaaa bpm
1
mn
_ 1 km
s ) sup gt
ki+-+km=n 1, s vm” p1,--+, Pm

1
>
3
va?‘
3
N—"
R
3|
N———"
ka
7~ N\
|
N——"
5
3

ki+-+km=n
The summation set is

I(kv, ..., km) ={(k1,... . km): ki1 + -+ km = n}.
The number Ny of types k = (k1, ..., kn) IS

M= (klnk )

m

The (unnormalized) likelihood distribution is

k1 km
k k k1 k
Sup pll . e e pmm — (—) e e e <_m>
P1y---5Pm n n



Generating Function for d,,(M,)

We write . .
n! k! krm
dn(Mp) = — Z 1. Im
n k4t km=n k‘l' km'
Let us introduce a tree-generating function
< kM, 1
B(Z) = Z — 2 = )
— k! 1 —T(z)
where T'(z) safisfies T'(z) = zeT®) (= —W (—=z), Lambert’s W-function)
and also
oo kk—l "
T(z) = kz_l I

enumerates all rooted labeled frees. Let now

0

Dp(z) = > Z—Tdn(./\/lo)z".

n=0

Then by the convolution formula

D (2) = [B(2)]™.



Asymptotics

The function B(z) has an algebraic singularity at z = ¢! and

L 1—|—O( (1 —ez).

Ble) = V2(1 — ez) " 3

The singularity analysis yields

1 (rm) - - droun).

2 (VT—ez) = — (1+i>

7T’n,3 2 16m

n ]' n
[z = e,
1 —ez

! 1
2 - "2 (1 kT O(l/n2)> .
n

which leads to (cf. Clarke & Barron, 1990, W.S., 1998)

dn(Mo) = m; 110g <2> + log ( v ) + L(E)m V2

2 rz ) "3rz-1 va

3+ m(m—2)2m + 1) I (Z)ym? 1
i < 36 _91“2(%—%))'_+m

n
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Maximal Minimax for Markov Sources

(i) My is a Markov source of order r = 1,
(i) the transition matrix P = {pi;};";_;
(iDcircular sequences (the first symbols follows the last).

E kll kmm
Sup pll o pmm
P

d, (M)

||
<
£
N\
=|F
N
>
N\
el E
N
=
3
3

ki; is the number of pairs ij € A% ina}, ki = 37" kij,
k = {ki;};’,—; is an infeger matrix such that

fn . i kij —n, and Z kz'j = ka',
1,7=1 '

Matrix k satisfying the above conditions is called the frequency matrix or
Markov type.

My represents the numbers of strings «; of type k.

We come back to Markov types soon.



Main Technical Tool

Let g be a sequence of scalars indexed by matrices k and
9(z) =  quz"
k

e its regular generating function, and

Fg(z) = ngzk = Z Z gkzk

ke F TLZO kEfn

the F-generating function of gy for which k € F.
Lemma 8. Let g(z) = >, gkz®. Then

Fo) =3 St = (5) § e f (s

with the ij-th coefficient of [z;;-L ] is 252 mj

Proof. It suffices to observe
Lj KT i ki3 ki
g([zijw—‘y_]) => gz [V T
v k i=1

Thus Fg(z) is the coefficient of g([zi;-L ]) at zzf - - - 2 .



Main Results

Theorem 6. Let M be a Markov source over an m-ry alphabet. Then

- (2 a0 )
= [ ) TT L2

K(1) PRV

where (1) = {vi; + >_;;vi; = 1} and Fy,(+) is a polynomial expression
of degree m — 1.

with

d[yi;]

In particular, for m = 2 A, = 16 x Catalan where Catalan is Catalan’s

constant 3, (5;_11);2 ~ 0.915965594.

Theorem 7. Let M, be a Markov source of order r. Then

m" (m—1)/2 1
T n

where A’ is a constant defined in a similar fashion as A,,, above.
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Renewal Sources

The renewal process defined as follows:

o LetT),Ty... be asequence of i.i.d. positive-valued random variables
with distribufion Q(j5) = Pr{T; = j}.
e The process Ty, Ty + 11,1y + 11 + Ts, . . . is called the renewal process.

e With a renewal process we associate a binary renewal sequence in
which the positions of the 1’s are at the renewal epochs (runs of zeros)
Ty, To + T4, . . ..

e We starf with zop = 1.

Csiszar and Shields (1996) proved that R, (Ro) = ©(y/n).

We prove the following result.
Theorem 8 (Flajolet and WS, 1998). Consider the class of renewal processes

as defined above. Then

) 2
R (Ro) = @\/cn + O(logn).

where c = == — 1 ~ 0.645,



Maximal Minimax Redundancy

For a sequence

zp = 1011021 ---10°"1Q- - - Q
k*

k., is the number of ¢ such that a; = m. Then
P(z}) = Q"(0)Q" (1) -+ - Q"™ 1(n — 1)Pr{T| > k'}.

It can be proved that

rnp1 — 1 < dp(Ro) <> r

m=0

where

Tn = i’r’n,k
k=0
_ k ko %o k1 "1 Kn—1 -
Tnk = Z (ko-“kn—l) (E) (E) < k )

P(n,k)

where P(n, k) is the summation set which happens to be the partition of
n info k tferms, i.e.,

n = ko+2ki+ -+ nk,_1,
E = ko+ - 4+ Ekn.



Main Results

Theorem 9 (Flajolet and WS, 1998). Consider the class of renewal processes
as defined above. The quantity r,, attains the following asymptotics

2 5} 1
ven — glgn+§lglogn+0(1)

Tn

B log 2
where c = %2 — 1 =~ 0.645.

Asymptotic analysis is sophisticated and follows these steps:

e first, we fransform r,, into another quantity s,, that we know how to
handle and (using a probabilistic fechnique) we know how to read
back results for r,, from s,,;

e uUse combinatforial calculus to find the generating function of s,,, which
turns out to be an infinite product of free-functions B(z) defined above;

e fransform this product into a harmonic sum that can be analyzed
asymptotically by the Mellin tfransform;

e Obtain an asymptotic expansion of the generating function around
z = 1 which is the starting point for extracting the asymptotics of the
coefficients;

e finally, estimate R’ (Ro) by the saddle point method.



Asymptotics: The Main Idea

The quantity r,, is o hard to analyze due to the factor k!/k"“, hence we
define a new quantity s,, defined as

{ Sn = ZZZO Sn,k

k Ky —
_ —k k™0 L'n—1
Snk = € ZP(n,k) kol Tk '

n—l!

To analyze it, we introduce the random variable K,, as follows

Pr{K, = k} = 2

Sn

Stirling’s formula yields

Tn i Tn.kSn _ _

Sn k=0 Sn,k Sn

—  E[V27K,] + O(E[K, ?2]).



Fundamental Lemmas

Lemma 9. Let i, = E[K,] and o> = Var(K,).
7
Spn ~  exp (2\/6 — glogn + d+ 0(1))

1 /n n
o = —\Flog— + o(v/n)
4\ c C

oo = O(nlogn) = o(u),

where ¢ = 7T2/6 —1,d= —log2 — %logc — %logw.
Lemmma 10. For large n

E[VE, = u/*(1+o0(1))
E[K, 2] = o(l).
where u,, = E[K,].

Thus

rn = s$,B[V27K,|(1 + o(1))
= a/Zr(l + o(1)).



Sketch of a Proof: Generating Functions

1. Define the function 3(z) as

One has (e.g., by Lagrange inversion or otherwise)

8(2) :
Z) = .
1 —T(ze 1)
2. Define - .
Sn(u) = Z St S(z,u) = Z Sn(u)z".
k=0 n=0
Since s, 1, involves convolutions of sequences of the form k* /k!, we have
ko+-+kp—1 kko kkn—l
_ lkg+2ky+-- (Y - ...
S(Z’ ’U,) o 7)2 o (6) ko' kn—l!
n,k
= H B(zzu)
=1
We need fo compute s, = [2"]S(z,1) where [z"]F(z) denotes the

coefficient at z" of F(z).



Mellin Asymptotics

3. Let L(2) = log S(z,1) and z = e~ *, so that
L(e™) =) logBe™™).
k=1

Mellin fransform techniques provide an expansion of L(e™*) around t = 0
(or equivalently z = 1) since the sum falls under the harmonic sum
paradigm.

4. The Mellin transform L*(s) = M(L(e™"); s) of L(e™") is computed by the
harmonic sum property (M3). For R(s) € (1, co), the transform evaluates
to

L7(s) = ¢(s)A(s)

where ((s) = >_ -, n~ " is the Riemann zeta function, and

As) :/0 log (e~ " dt.

This leads to

. A(1) 1 log 7r>
L = | — — — .
(S) (S T 1>s:1 - ( 452 4s s=0



What’s Nexi?

5. An application of the converse mapping property (M4) allows us to
come back to the original function,

L(e™) —&-i——logt—ilogw—k()(\/_)

which translates in

L(z) = i\(—l) - —log(l —z) — —log7r — —A(l) + O(V1 — 2).

c— A1) = —/0 log(1 — T(a:/e))d?x

7T
- — 1.
6

6. In summary, we just proved that,as z — 17,
_ L(2) _ 1 ¢
S(z,1) =ce = a(l — z)%exp (1—> (14 0(1)),
— Z

where a = exp(—3 log ™ — 3¢).

/. To extract asymptotic we need to apply the saddle point method.



Saddile Point Method

Lemma 11. For positive A > 0, andreals B and C, define f(z) = fa.p.c(2)
as

A 1 1 1
f(z) = exp <—+Blog + C'log (—log )) :
1 —=z 1 —=z z 11—z
Then,

1 3
(2" faBc(z) = exp (2\/ An + 2 (B — 5) logn 4+ Cloglog \/%

_%log (47re_A/\/Z> + 0(1)) :

Proof: We start with Cauchy’s formula

2"1£(2) = 5— $ea

where h(z) = log fap.c(2) — (n + 1) log z. The saddle point » defined by
h'(r) = 0is asymptotically equal to

A B — A 1
r=1—1/—+ +o(n ),
n 2n
and

) =2, 4 1o (/) + Cromton (/) + 4 400,
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Appendix A: Mellin Properties

(M1) DIRECT AND INVERSE MELLIN TRANSFORMS.  Let ¢ belong to the
fundamental strip defined below.

f%@::wmﬂww>zﬂff@nsux

then

ct+100

1
flz)=5— fr(s)z "ds.

c—100

(M2) FUNDAMENTAL STRIP.  The Mellin transform of f(x) exists in the
fundamental strip R(s) € (—a, —3). where

f(x) =0(z%)  (z —0), f(@) =0(=") (z — o0).
(M3) HARMONIC SUM PROPERTY. By linearity and the scale rule
M(f(ax); s) = a " M(f(x);s),

f(z) = Z kg (prx)

k>0

then

F(s)=g"(8) > Appy,”

k>0



(M4) MAPPING PROPERTIES (Asymptotic expansion of f(x) and singularifies
of f*(s)).

fz)= > cepa(loga)’ + O(z™)
(&,k)eEA

sy =< > L) K

Cg,k .
Emea (S _|_ g)kJrl

then

(i) Direct Mapping. Assume that f(x) admits as x — 07 the asymptotic
expansion of the above for some —M < —a and k > 0. Then for R(s) €
(—M, —p), the transform f*(s) satisfies the singular expansion of above.

(i) Converse Mapping. Assume that f*(s) = O(|s|™") with r > 1, as
|s| — oo and that f*(s) admits the singular expansion above for R(s) €

(—M, —a). Then f(x) satisfies the asymptotic expansion of above at x =
0.
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Appendix B: Saddle Point Method

Input: A function g(z) analytic in |z] < R (0 < R < +4o0) with
nonnegative Taylor coefficients and “fast growth” as z — R™. Let h(z) :=
logg(z) — (n 4+ 1) log z.

Output: The asympftotic formula for g, := [2"]g(z) derived from the
Cauchy coefficient integral

1 1 h(z)
n — d
9 Y / ( ) +1 2z7r Le c

where ~ is a loop around z = 0.

(S1). SADDLE POINT CONTOUR. Require that ¢'(2)/g(z) — +occ asz — R™.
Let » = r(n) be the unique positive root of the saddle point equation

/
h'(r)=0 or rg (r) =n+1,

g(r)

sothat»r — R asn — oo. The integral above is evaluated on ~v =

1z ||zl =7}




(S2). BASIC sPLIT. Require that k" (r)Y3h"(r)~Y? — 0. Define ¢ = ¢(n)
called the "range” of the saddle point by

o = h///(T‘)_l/Gh//(T)_l/4 ,

so that ¢ — 0, A" (r)p? — oo, and k" (r)¢® — 0. Split v = ~o U 41, where
Yo ={z €v[larg(z)| < ¢}, m={z¢€~]||arg(z)| > ¢}

(S3) ELIMINATION OF TAILS. Require that |g(re'®)| < |g(re’?)| on~i. Then, the
tail intfegral satisfies the tfrivial bound,

/ ) g — o <|€—h(7~61§0)|> |
gl




(S4) LOCAL APPROXIMATION. Require that h(re’) — h(r) — 3r?0°h"(r) =
O(|n" (r)¢?|) on~y. Then, the central integral is asymptotic to a complete
Gaussian integral, and

1 —n
L ) g, — g(r)r

211 J g \/2mh' (r)

(1+03r"()e")) .

(S5) COLLECTION. Requirements (S1), (52), (S3), (S4), imply the estimate:

g(r)r™"

V2R (r)

g(r)r™"

\/2mh' (1)

[2"]g(2) =

(1+03r"(1$’])) ~



