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Abstract

We study the entropy rate of a hidden Markov process (HMP) defined by observing the output of a binary symmetric channel
whose input is a first-order binary Markov process. Despite the simplicity of the models involved, the characterization of this
entropy is a long standing open problem. By presenting the probability of a sequence under the model as a product of random
matrices, one can see that the entropy rate sought is equal to a top Lyapunov exponent of the product. This offers an explanation
for the elusiveness of explicit expressions for the HMP entropy rate, as Lyapunov exponents are notoriously difficult to compute.
Consequently, we focus on asymptotic estimates, and apply the same product of random matrices to derive an explicit expression
for a Taylor approximation of the entropy rate with respect to the parameter of the binary symmetric channel. The accuracy of the
approximation is validated against empirical simulation results. We also extend our results to higher-order Markov processes and
to Rényi entropies of any order.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Let X = {Xi}x>1 be a first-order stationary Markov process over a binary alphabet, with transition matrix
P = {pgp} such that p,p, = Px(Xr=b|Xr—1=a), a, b € {0, 1}. Consider also a Bernoulli (binary i.i.d.) noise process
E = {Et}ik>1, independent of X, such that P(E; = 1) = ¢. Finally, define the process Z = {Z;}x>1, with

Zy =X  ®Er, k=1, (D

where @ denotes addition modulo 2 (exclusive-or). One can view Z as the output of a binary symmetric channel with
noise E, whose input is X. Notice that the process Z is completely characterized by the parameters po1, p1o, and €.
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The process Z is one of the simplest examples of a hidden Markov process (HMP). More generally, a HMP can
be seen as a process resulting from observing any discrete-time, finite state homogeneous Markov chain through
a discrete-time memoryless channel [6,7,2,30]. The chain and the channel can be defined over arbitrary alphabets,
discrete or continuous. HMPs have been studied extensively, and few other statistical tools have had such a wide
range of applications in so many domains of science and technology. The applications, to cite just a few, include
automatic character recognition [32], speech recognition [18,11,31], statistics [24], communications and information
theory [1], DNA sequencing [4,25], and others, with just a small sample of references given for each application. A
comprehensive survey of HMP research and applications can be found in [9], including an extensive bibliography.
HMPs are also referred to in the literature as hidden Markov models (HMM) (cf. [11,31]).

The simplicity of the definition of HMPs is misleading, and despite the extensive research on their properties
and applications, some questions on fundamental properties of the processes remain open, even for the “simple”
case defined in (1). Some of these questions concern the performance of filtering [22,29], denoising [8,29], and
compression [9] on hidden Markov sources. In all these cases, algorithms exist that achieve optimal performance (e.g.,
minimal residual noise or code length), even universally (without knowledge of the process parameters). However, in
general, the optimal value of the performance of interest for each of the problems has not been explicitly characterized.
In the case of compression, the problem of interest is the determination of the Shannon entropy rate H(Z) of the
process Z in terms of the parameters of the process [9]. This is the main problem addressed in this paper, where we
also consider the case of the more general Rényi entropies [33].

The Shannon entropy is obviously relevant in data compression, but both Shannon and Rényi entropies arise
also in other contexts, such as searching, sorting, and pattern matching [36]. For example, consider a sequence
Z1,2Z,...,2Zy,...generated by a strong mixing source. Define L} as the length of the longest substring of Z; ... Z,
that has s copies inside Zy, ..., Z,, s > 1. Itis known (cf. [35]) that almost surely1

N

lim —" = ° .
n—oo logn (s — 1DHH(Z)

where H(Z) is the sth-order Rényi entropy rate of Z, as defined later on in (35). As s — 1 the Rényi entropy
approaches the Shannon entropy, and the above holds once L,ll is interpreted as the length of the longest prefix of
Zn+1, Zy42 . .. that occurs at least once inside the sequence Zi, Z, ..., Z, [35]. Furthermore, L; can be viewed
as the height of the so-called s-suffix trie in which an s-trie is built from suffixes of the sequence Zi, ..., Z,, as
explained in [36]. In many applications, data modeled by Markov processes is affected by noise, and thus, the above
mentioned asymptotic behaviors are governed by the corresponding HMP entropies.

The question of computing the Shannon entropy (or, simply, entropy) of a HMP was studied as early as [3],
where the analysis suggests the intrinsic complexity of expressing the HMP entropy as a function of the process
parameters. The reference shows an expression of the entropy in terms of a measure Q, which solves an integral
equation dependent on the parameters of the process. The measure is hard to extract from the equation in any explicit
way. More recently, the problem of determining the residual noise of the best filter for a HMP was studied in [22],
and explicit asymptotic formulas for the regime where p,, — 0, a # b were obtained. Furthermore, there has
been a flurry of activity on the subject of asymptotic estimates of the HMP entropy rate since (and partly stimulated
by) the preliminary publication of the results of this paper in [20]. In particular, Ordentlich and Weissman [28,29]
present a different methodology for analyzing the HMP entropy rate, from which the first derivative can be obtained
in various regimes of the parameters po, p1o, and €. Zuk et al. [38] present formulas for higher-order coefficients of
the Taylor expansion in the symmetric case (pg1=p10), obtained using mathematical tools from statistical physics.
Han and Marcus [15,16] characterize the analyticity of the HMP entropy rate, and obtain a broad generalization of
the results of [38]. As this paper is going to press, insights gained from the study of the HMP entropy rate are being
applied to another long standing open problem, namely, the capacity of a noisy constrained channel [17,21] (see also
the remarks following Theorem 2 in Section 2.1 of this paper).

Our study will focus on the estimation of the HMP entropy rate in the regime where the channel parameter (noise)
¢ is small. The paper is organized as follows: In Section 2 we outline the analysis and our main results. In particular,

Lan logarithms are natural, and entropies are measured in nats. Unnormalized entropies will be denoted by H (-), and normalized (per symbol)
entropy rates by H(-).
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we derive the probability of a HMP sequence Z} as a product of random matrices. Relying on classical results on
products of random matrices, in Theorem 1 we show that the entropy we seek is a top Lyapunov exponent of a well-
defined matrix process. Lyapunov exponents are notoriously difficult, or even infeasible to compute, as argued in [37].
This provides additional supporting evidence to the elusiveness of the HMP entropy. In Theorem 2 we present an
explicit first-order Taylor expansion of H(Z) near ¢ = 0, as a function of the parameters p,,. We show that the
linear term of the expansion has a pleasant information-theoretic flavor, and can be expressed as a Kullback-Liebler
divergence between distributions of triplets related to the underlying Markov process. We also give an estimate of the
quadratic term of the expansion, and extend our analysis to higher-order HMPs and to Rényi’s entropies. The section
also includes results of empirical simulations of HMPs, which validate the entropy rate approximation. Most proofs
are deferred to Section 3 where we use spectral representation of positive matrices to derive our main results.

2. Main results

We denote by Y the Boolean complement of a binary variable Y, and, for any sequence {Y}};>1, we denote by
Yij the (sub-)sequence Y;, Y;y1...Y;, j > i. Recalling the definition of the HMP in (1), we observe that Z; = X; if
E; = 0and Z; = X; if E; = 1. We next derive an expression for the probability distribution> P (Z7) of a sequence
Z'! emitted by the HMP, for some n > 1. First, using elementary properties of probabilities, and our assumptions on
the processes X and E, we have

P(Z},E,) = P(Z},En_1 =0, Ey) + P(Z}, Exo1 = 1, Ey)
= P(Z' Y Zy, Enot = 0, Ep) + P(Z0Y, Zyy Enc = 1, Ey)
= P(Zu, E)|Z} " Eney = O)P(Z} 7 Epey = 0) +
P(Zy, Eq|Z/ 7 Eyoy = DP(ZY L Eyor = 1)
= P(E))Px(Zy ® Eg|Zy—1)P(Z!"!, Eqmy = 0)
+P(E,)Px(Zy ® Eg|Zy—1)P(Z} " Eyey = D). )

Next, we recast this expression in matrix form. Denote row vectors by bold lowercase letters, matrices by bold
uppercase letters, and let 1 = [1, 1]; superscript ¢ will denote transposition. Let

pn =[P(Z], E, =0), P(Z}, E, = D] 3)

and

(1—&) Px(Zn| Zp-1) er(Zn|Zn1)]
M. (Z,_1,Z,) = - =S , 4
«(Znt, Z0) [(1—8>Px<zn|zn_1> & Px(Zal Zn-1) @
where the expressions Px(Z;|Z;_1) are the Markov transition probabilities computed on the components of the HMP
Z, and ¢ is the parameter of the Bernoulli noise process.

One concludes from (2) that

Pr =Pn-1Me(Zn—1, Zy), n>1. (5)
Since P(Z}) = pa1' = P(Z}, E, = 0) + P(Z}, E, = 1), after iterating (5), we obtain
P(Z}) =piMe(Z1, Z2) - Me(Zp—1, Zp)Y'. (6)

The joint distribution P (Z') of the HMP, as presented in (6), has the form of a product of random matrices, since the
conditionals Px(Z;|Z;—1) are random variables. Notice that the components of the process {M(Z;, Z;+1)}i>1 take
values from a set of four different matrices. Applying a subadditive ergodic theorem, it is possible to show that the
normalized expectation (1/n)E[log P(Z)] must converge to a constant known as the top Lyapunov exponent of the
matrix process [12,27,37]). We will rely on the following result by Furstenberg and Kesten [12] (see also [27]), which
formally establishes this fact.

21 general, the measures governing probability expressions will be clear from the context. In cases when confusion is possible, we will explicitly
indicate the measure, e.g., Px(Z,|Z,_1)-
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Proposition 1 (Furstenberg and Kesten [12]). Let {M,};>1, be a stationary ergodic process, where the M; are square
matrices such that E[log™ ||[M;||] < oo for some matrix norm || - || (where log™ x = max{0, log x}). Then there exists
a real constant . such that

.1 .1
lim —E[log||M;---M,||]]= lim —log||M;---M,||=n as. (7)
n—oon n—oon

The constant u of Proposition 1 is known as the top Lyapunov exponent of the process {M.(Z;, Z;+1)}i>1. An
immediate consequence of this result and (6) is that the entropy of the HMP is equal to a top Lyapunov exponent.

Theorem 1. Consider the HMP Z defined in (1). The entropy rate

H(Z) = lim E[—%log P(Z'f)}

n—oo

. 1
= lim —E[—log (p1M:(Z1, Zo)M:(Z2, Z3) - - Me(Zy—1, Zy)1')]

n—oon

is the top Lyapunov exponent of the process {M¢(Z;, Zi1+1)}i>1.

Proof. Consider a 2 x 2 nonnegative matrix A. It is readily verified that p; A1” is a norm of A (cf. [26]). Clearly, in the
case of the nonnegative matrices M (Z;, Z;+1), the norm is upper bounded. The theorem follows by direct application
of Proposition 1, using this norm. [J

We note that the connection between discrete-time, finite state Markov chains and Lyapunov exponents, based
also on the Furstenberg and Kesten theorem, is studied in [14], where the dual problem of a memoryless signal
going through a Markov channel is considered. The results in [14] also link other interesting parameters like mutual
information and channel capacity to Lyapunov exponents.

Although some upper and lower bounds for top Lyapunov exponents are available (cf. [13]), it is, in general,
notoriously difficult (if not computationally infeasible) to compute them precisely [37]. Therefore, it is of interest to
study asymptotic approximations of the HMP entropy rate. Next, we derive an explicit asymptotic expansion of the
Shannon entropy rate H(Z), which does not depend on direct computation of Lyapunov exponents.

2.1. Shannon entropy

From now on we deal with the entropy rate H(Z) for the HMP Z of (1) as a function of ¢, when ¢ is small. The
following formal definition will be useful in computing the Shannon entropy (and later Rényi entropies of any order)
of Z

Ra(s,8) = Y _ Py}, ®)

where the exponent s of Pz is a complex variable, and the summation is over all binary n-tuples. (The function
R, (s, €) was also used in entropy calculations in [19].) It is readily verified, using the chain rule for derivatives, that

0
H(Z}) =E[-log P(Z])] = — aRn(s, )| . )

s=1

The entropy of the underlying Markov sequence is

0
H(X})=— aRn(s, 0) (10)

s=1

Let = (1)=[Px(0), Px(1)] denote the stationary distribution of the binary Markov process X. Define the matrix

P P ]
P(s) = | Poo Por | 11
) [Pio Pi ()
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and the vector 7 (s)= [P)s( (0, P)s((l)]. It is readily verified, again by direct computation, that the entries of the mth
power, P (s), of P(s), m > 2, are given by

P ($))ap = Z Py (zila) Py (z21z1) ... Py (blzm-1), a,b €{0,1} 12)
7!
the case m = 1 being trivially covered by the definition p,, = Px(b|a). It follows that
Ra(s.0) = Y Py(eh) = m(s)P" " (s)1". (13)
Zﬂ

Using a formal Taylor expansion near ¢ = 0, we write
0
Ry (s, &) = Ry(s,0) + ga_ERn(S, €)|e=0 + O(Rs,s(s» 8/)52)a (14)

where R; (s, ¢’) is the second derivative with respect to ¢ computed at some &', provided these derivatives exist. In
fact, it is easy to verify that one needs additional assumptions for this to happen. For example, for a HMP with an
underlying Markov process defined by the following transition matrix

0 1
PZ[; 1]’
2 2

the derivatives of the entropy rate with respect to & do not exist, and the above Taylor expansion does not hold. In fact,
it was shown in [29] that the main error term, corresponding to R, (s, €) — R, (s, 0) in our notation, is O (e log(1/¢))
in this case (cf. also the remark following Theorem 2). However, we will prove the two lemmas below, where we write
P > 0 to denote a transition matrix all of whose entries are positive.

Lemma 1. Assume P > 0, and define w(s) = [P;((l), Py (0)] (the reverse of &),
s—1 s—1 s—1 s—1
Ql(s) — |:p00[991_1 P01p991:| ’ and QZ(S) — |:pOOP;(11 pOIP;Ll] . (15)
pPioP1y P11Pg P10Pyo P11 Py
Then,

= 5 (T (5)Qa(s) — m()P(s)) P""2(s)1'

e=0

0
%Rn(sv 8)

n—3
+57() )P (9) (Qi(9)Qa(s) — P(5) ) P2 )1
i=1
+57(5)P"2(5) (Q1(5) — P6) 1, (16)

The first and third terms in (16) reflect border conditions at the beginning and end of the sequence, respectively,
and their contribution will be asymptotically negligible. The second, and main, term will determine the asymptotic
behavior of the entropy. Lemma 1 will be useful to derive the linear term in the asymptotic expansion of the Shannon,
and later the Rényi, entropy rate. This requires, however, bounding the growth of the quadratic term in the expansion,
which is accomplished in the next lemma, proved in Section 3.

Lemma 2. Let P > 0. Then for all ¢ € [0, %) we have,

3 92
a@ Ry (s, 8)|e=0,s=1 = 0(n). (17)
With the lemmas established, it follows from (9), (10), (14), and (17) that
n n 82 2
H(Z}) = H(X}) — 8mRn(s,8) + O(ne?). (18)

e=0,s=1
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To find the linear term in the Taylor expansion (18), we need to differentiate (16) with respect to s, and evaluate at
s = 1. To facilitate this computation, we use the spectral representation [23,34,36] of the matrix P(s). Let A(s) be the
main eigenvalue of P(s) with r{ (s) and £, (s) being the corresponding right and left main eigenvectors, respectively,
normalized so that £, (s)r’1 (s) = 1. Let also u(s) be the second eigenvalue, with r’2 (s) and £>(s) the respective right
and left eigenvectors. Since P > 0, the Perron—-Frobenius theorem [23,36] applies, and we know that A(s) > |u(s)]
and ry and £ are real-valued nonnegative vectors. The matrix spectral representation yields

Ph(s) = 2K(s) (K () 1(5)) + i (s) (rh(s) £a(s))
= 2K (s) (K} () €1()) (1 4+ 0 (")), (19)

where p = |[i(s)|/A(s) < 1. Note that (r’(s) £;(s)) is an outer product resulting in a 2 x 2 matrix of rank one.

Define Q(s) = Qq(5)Qx(s). It follows immediately from (11) and (15) that Q(1) = P?(1). Therefore, when
differentiating (16) with respect to s and evaluating at s = 1, the only terms that do not vanish in the derivative of the
middle term of (16) are those involving the derivative of Q(s) — P2(s). Also, since P(1) is a positive stochastic matrix,
we have A(1) = 1. Now, substituting the spectral representation for powers of P(s) from (19) in (16), differentiating
with respect to s and evaluating at s = 1, and simplifying power sums, we obtain

2

—R
888S n(svg)

0
oo, = (D) (K (D &a(D) - (Q)-P*))

s=1

(i) &) 1" + on). (20)
s=1
The o(n) term in (20) is contributed by the summation of powers of p originating in the approximation (19), the first
and last terms in (16), and the adjustment needed to make n (rather than n—2) the multiplier in (20).
For the transition probability matrix P = P(1), we have

Zl(l)zn(l):[ P10 pol }

pio+ poi’ pio+ poi
and r;(1) = [1, 1]. Thus, n(l)r’l(l) = £;(1)1" = 1, and (20) simplifies to

2

a
- Ruls, ©)

t
Y 1' + o(n). 21

s=1

g, =0 (1) % (Q) - P2®)

=1

The derivative in (21) is obtained through a rather straightforward symbolic manipulation. We show the derivative of
each term, evaluated at s = 1, to give some insight into how the final result takes its form. We have

aP2(s) B 23, log poo-+po1 P10 10g(poi P10) P00 Po1 1og(poopo1)+pro1 11 log(po1 p11) 22)
as . ’
s=1 p1opoo log(propoo)+priipiolog(piipio)  Propol 10g(P10P01)+2P121 log p11
and
9Q(s) B P3o 10g(Po1 P10)+2P01 P10 10g Poo PooPo1 log(po1 11)+po1 P11 10g(poopo1) (23)
as N ’

s=1 P10P00 10g(P11210)+P11P1010g(P10P00)  2P10P01 log p11+p7; log(piopor)

Putting it all together, from (18), (21), (22) and (23), after some symbolic manipulation and rearrangement of terms,
we obtain the following result for the Shannon entropy.

Theorem 2. Let P > 0. The first-order term in the entropy rate of the process Z,

. 1
H(Z) = lim —H,(Z") = H(X) + fi(po1, p10)e + O(e?), (24)
n—oon
is given by
fi(pot, p1o) = D (Px(z12223)11 Px(212223))
Px(z12223)
= Y Px(ziz2z3) log —————=, (25)
Px (212223)

212233
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where H(X) is the entropy rate of the Markov process X, D denotes the Kullback—Liebler divergence, and the
summation is over all binary triplets.

Remark. The expansion of Theorem 2 does not hold, in general, when the condition P > 0 is not satisfied, i.e.,
some transition probabilities are zero. For example, consider the Markov chain discussed above Lemma 1, with the
following general transition probabilities

_|1=p p
P_[l 0] 26)

where 0 < p < 1. Clearly, some sequences x| are not reachable by the Markov process in this case, i.e., the set
of sequences of nonzero probability under the process is constrained. The “unreachable” set of sequences, however,
may have nonzero probability with respect to the channel output process Z. The probability of the set in this case is
polynomial in ¢, which will generally contribute a term O (¢ log €) to the entropy rate H(Z) when ¢ is small. This was
observed for the transition matrix P of (26) in [29], where it was shown that
2
HZ) = HX) — 227P) 106 + 0(e) 27)
1+ p
as ¢ — 0. Recently, Han and Marcus [16] generalized this result to HMPs with underlying Markov processes of
arbitrary order, showing that, in general,

H(Z) = H(X) — fo(P)eloge + O(¢) (28)

when at least one of the transition probabilities in the Markov chain is zero. This setting is closely related to the long-
standing noisy constrained capacity problem [10], originally posed by Shannon. The link between the two problems
is studied in [17] and [21].

The methodology leading to the proof of Theorem 2 allows for the computation of further terms of the Taylor
expansion, provided one bounds the error term as done in Lemma 2. For example, after verifying that the third
derivative of H(ZY') with respect to ¢ is O (n), we obtain an explicit expression for the second derivative of H(Z}) at

e =0, denoted f>(po1, p1o) (this coefficient multiplies £2/2 in the Taylor expansion). Let

s—1 s—1
Qs(s) = |:p00p51‘1_1 pOlP}gl] ‘ 29)
P10Pg P11 Py

Then,
Falpor. p10) = = fi(por. pro) = T(DIQ1(0)Q2(0) — P2(0)ry (1)
0
— (- (PO -POQEO-QEOQOPO+QEPE)| _ 1" (30)

S=
As above, £1(1) and ry(1) are left and right eigenvectors of P(1). At the end of Section 3.2 we present an outline
of the derivation of (30), using tools similar to those leading to Theorem 2.

We illustrate these results in the following example.
Example (Symmetric Markov Process). Consider a Markov process with symmetric transition probabilities pg; =
P10 = p, poo = p11 = 1—p. This process has stationary probabilities Px(0) = Px(1) = 1 The probabilities Px (zf)
of binary triplets are readily computed as Px(000) = Px(111) = %(1 — p)z, Px(001) = Px(011) = Px(100) =
Px(110) = %p(l — p), Px(010) = Px(101) = p?. Substituting these values into (25), we obtain

fi(p, p) =2(1 —2p)log (31)
and, for the second-order term, from (30),
1/ 2p—1)\2
Lp.p)=—-Hp.p)— 5| /=) - (32)
2\p(d-p)

This expression coincides with the one given in [38] for the second derivative of the entropy rate of a symmetric HMP.



210 P. Jacquet et al. / Theoretical Computer Science 395 (2008) 203-219

Table 1
Second-order Taylor approximation of H(Z) vs. empirical estimation
Parameters Calculated Empirical

2 —log Pz (")
: P n H(X) fitp. p) f2(p. p) HOO + fie+ o5 —EL
0.001 0.005 4 x 107 0.031 10.481 —19810.0 0.032 0.039
0.001 0.010 4 x 107 0.056 9.006 —4908.5 0.063 0.063
0.001 0.025 1 x10° 0.117 6.961 —766.5 0.123 0.123
0.010 0.050 1x 108 0.199 5.300 —184.8 0.242 0.242
0.010 0.100 1 x 108 0.325 3.516 —43.0 0.358 0.357
0.010 0.300 1x 108 0.611 0.678 -25 0.618 0.617

12

¢ empirical

— h

A
15

0 . . r \\\‘

0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

Fig. 1. Values of f; and empirical estimation of 9/ /d¢|,—q as functions of p (entropy measured in nats).

HMPs for various values of the parameters ¢ and pg; = p19 = p were simulated, generating pseudo-random HMP
sequences of lengths between n = 10% and n = 4 - 10°. For each generated sequence Z{, the probability Pz(z)

assigned by the hidden Markov model of the given parameters was evaluated using (6), and —}l log Pz(z}) was taken
as an estimate of the entropy rate. This is justified by the fact that a sequence emitted by the HMP is “typical” and,
thus, satisfies |% log Pz(z}) +H,(Z)| < 6 for any § > 0, with probability that approaches one exponentially fast as
n — oo [5]. A sample of results for some values of ¢ and p are given in Table 1, where values of H(Z) estimated
using a second-order Taylor approximation according to (31) and (32) are compared with simulation estimates. The
slope 0H,,(Z)/d¢|.=0, as a function of p, is plotted in Fig. 1. The empirical slope was estimated using first differences
of the estimated values of H,,(Z) near ¢ = 0, and the result compared with the analytical value produced by (31).

The methods leading to the results of this section can also be applied to HMPs with underlying Markov processes
of higher order. Consider a binary stationary Markov process, X, of order r. The process is defined by the set of
conditional probabilities P(X;=a,+ |Xf:rl =ay), a{“ € {0, 1) *! (we assume X(lr 41 is defined and distributed
according to the stationary distribution of the process). The HMP is still defined by Equation (1), with a Bernoulli
process {E;}. A generalization of Theorem 1 holds also in this case, where the process {M¢(Z;, Z;+1)}i>1 is supported
by a set of 2" ! binary matrices of dimensions 2" x 2". The generalization of Theorem 2, in turn, takes the following
form.

Theorem 3. Let P be a stationary binary Markov process such that P(X; = ar+1|X,t:,1 = ay) > 0 for all
ai“ e {0, 1Y+, For a binary sequence z%rﬂ, let E%FH denote a sequence that is identical to z%’ + except for

the (r+1)st coordinate, where Z, 1 = Z,+1. The first-order term in the entropy rate of the process Z,

H(Z) = lim Hy(Z) = HOO + fi(P)e + O(), (33)
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is given by

(34)

. . PX(er—H)
1Py =D (PxE Ik ETH) = Y PxGE ) log =L~
Px(zi"")

Z%H»l X 1

where the summation is over all binary strings of length 2r + 1.

The proof of Theorem 3 follows along the same lines as that of Theorem 2 (and, of course, generalizes it), but with
more cumbersome notation and symbolic expressions. Therefore, for clarity, in Section 3 we provide details for the
proof of Theorem 2, but just a sketch of the proof of Theorem 3, pointing out the parallelism between the two.

2.2. Rényi entropy

We next deal with the Rényi [33] entropy, H;, of order s, defined as

log R, (s, €)

Hy(Z}) = (35)

1—s5

As in the case of the Shannon entropy, we focus our attention on deriving an asymptotic approximation of H(Z),
and, in particular, on the first-order error term of the Taylor expansion around ¢ = 0. Observe first, however, that the
Rényi entropy of the underlying Markov process can be expressed as (cf. [36])

1
H,(X) = -—

log A(s),
where A(s) is the main eigenvalue of the matrix P of (11). Using arguments similar to those of Section 2.1, we derive

the following result, proved in Section 3.

Theorem 4. If P > 0, then for any s and small ¢

H,(Z) = Hy(X) + ¢ 61 (Q©)Qs) = P2s)) 11(5) + 0(e), (36)

s
(1 — $)AZ(s)
where £1(s) and r((s) are, respectively, the left and the right main eigenvectors of P(s), and Q(s) and Qa(s) are
defined in (15).

3. Analysis and proofs

In this section we first prove Lemmas 1 and 2 leading directly to the proof of Theorem 2. We also present an
outline of the derivation of the second-order term in the expansion of the Shannon entropy rate, given in (30). We then
proceed to the proof of Theorem 4. Throughout the section we assume P > 0.

3.1. Proof of Lemma 1

Our goal is to prove Eq. (16) of Lemma 1. Recall the definition of the matrices M.(Z;, Z;+1) in (4). We
construct these matrices for a given realization z’l’ of Z;’. Also, to reduce clutter, we will use the abbreviated notation
M; = M, (z;, zi+1).- Hence, we have

M, = | —8PxG@ivlz)  ePx(@itilzi)
’ (1 —&)Px(zi+11zi)  ePx(Zit+11Zi)

_ | PxGiy1lzi) O te —Px(zi+11zi)  Px(Zit1lzi)
Px(zit1lzi) O —Px(zit11zi)  Px(Zi+11zi)

MO +eMP, 1<i<n-1 (37)

Similarly, for the vector p; defined in (3), we have

_ def
p1 = [Px(z1), 01 4 e[— Px(z1), Px@ZD] = p* + epl”. (38)
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Now, we recall the expression (6) for the probability, which we recast as
Pz(z}) = piMiM; ---M,,_ 1’
0 1 0 1 0 1 0 1
= PV +ep"HY MO M MP +eMP) . M +eM P T (39)

To compute the derivative of Pz(z}) at ¢ = 0, we differentiate both sides of (39), obtaining

0
5e P2 GD| —pll)l_[M(O)l’

e

n—
+p10) Z |:l_[ M(O) M(l) l_[ M(O):| lt + p(o) 1_[ M(O) Mfll—)llt' (40)

Jj=i+l

Focusing on a typical term in the summation in the middle term of (40), it follows from the definitions in (37)—(38)
that

<0>1—[M<0> [P @, 0]

Multiplication by M( ) yields the vector [—Px (z‘ i+1 MOy

results in

), Px (zle_ 1)], and further multiplication by []'iZ =i + 1

i—1
0 0 1 0 i =
p” [IMP MY [T MOV = Pe(ziZiigfy,) — Px(@).

The first and third terms of (40) deal with the edge cases (i = 0 and i = n — 1), but are otherwise similar. Let e;
denote a binary unit vector of length n, with a one in the ith coordinate. It follows from the foregoing discussion that

n
% @D = —Px(E) +ZPX(z7 De) (41)
=0 i=1
n—1
= —Px(&)) + (PX(ZI)PX(Z2|ZI) [1PxGjslz))
j=2
n—1
+ ZPx(m)]"[Px(z,+1|z,) PxGilzi-0) PxGinlZ) [ | Px(zjailz))
i=2 j= j=i+1
n—2
+ Px(z1) 1_[ Px(zj+1lzj) - PX(ZnIZn—1)> 1. (42)
j=1

By the definition of R(s, €) in (8), we have

a Niaed n 8 n
gR(s, £) :ZSPZ LM ng(zl) (43)

g

e=0 e=0

Applying the definitions of P(s), Q1 (s), and Q2(s) in (11) and (15), and recalling the characterization of powers of
P(s) in (12), we verify

Z()QOP 21 = Y Py @) Px(Eizy), (44)
TPy OQEQ@OP 21 = Y Py @) P Gy, 1<izn—1, (45)
TSP (O =Y Py @ Px (@] Zn). (46)

n
2]
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Eq. (16) now follows from (42)—(46). [
3.2. Proof of Lemma 2
Here we are to prove that the second derivative of H(Z7) with respect to ¢ is O (n). We have

32 32P(z") IPZH\? 1
pe2 (21 Z 9z 2P ;( 9e ) P
1

2]

(all probabilities with respect to the process z). It follows from (37) that

8 M - 9b _M ,b
9 Mo ) = Mi—e(@.b) =M (a.b) o
de 1—2e¢
Now, from (39), applying (47), we obtain
0 n
— P = —— P(7" Y — P(zM) N
as b @) 1—2»:;( (] D) — P(2})) )
Using (48), we write
0*P (Y 2 AP
32 1—2¢ e
1
T2y 1<~Z (ow Dejder) — P Oe) — PRiSer) + P(z’D) .
<j,k<n
Thus,
PHEZ) 2 HED g (PEDYF
dg2 1-2¢ 0¢ = oe P}
1
1
 (1-2¢)2 1<Z Z (P(Z'f@ej @ er) — P (] De;)
_J,kfn 7]
_ P(Z'f@ek)-i-P(z’l’)) log P(z]). )

Observe that we already established, in (21), that the first term of (49) is O (n). Hence we only deal with the other two
terms that we denote by D, and Dy, respectively.
We first estimate D defined as

Di= ), ) (PGEi@e;@e) = PE@e) = PR e+ PE))log PED.

I<jksn 2!

Observe that

D) = Z Z P(z}) (log Pzl ®e; ®ey) —log P(z] ®ej) —log P(z] ®e) +log P(Z'{‘))

1<jk<n 2!

. n P(z| ®e; ®e)P(z))
= 2 2 PGl P e )P Dep)

1<jk=n z}

To complete our derivation we will use the following lemma, which we prove at the end of this section.

Lemma 3. There exists p < 1 such that
P @e; ®e)P(Z))

=1+ 005+ 00p)H)+0p" Y+ 00"+ 0" * 50
P )Pl ® e + 0@ )+ 0P+ 0E")+0(@ )+ 0(p ) (50)
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uniformly over all 7.

Granted Lemma 3, we proceed as follows

Pt ®e; Der)P(Z))
Dy = Z ZP(27)log ,11 J - 1

S PE Y tog (14 0G5 + 0(0)) + 0l + 00" ) + 0" 7))
2

1<j,k<n
=S PO (L) = 0(n)
7 I=r

as needed.
Now we deal with D, defined as

B PN\ 1
2= (%5 v

Zn

Using (48) we find

D= Y (PGEloe)—PEY)(PE @e) — PE))

2 1<jk<n

P(z})

= Z Z (P(z'f) —P(Zi®ej)— Pz ©er)+ P(z] De; De)

7y 1=j.k=<n

<P(Z’1Z Dej)P (] e

—1 )P Pejde
P e ®e) P >(‘ / "))

0+0+> PEHO (%)
7

= 0(n).

where the first two zeros are due to 0 = Zzllz (P (z’f) —P (Z'lZ De j)), while the last estimate follows from Lemma 3.

To complete the proof of Lemma 2 it remains to establish Lemma 3.

Proof of Lemma 3. To facilitate the parsing of matrix formulas, we introduce a somewhat redundant notation for
inner and outer products. For row vectors 1 and r we denote by (I, r) the scalar product of 1 and r, and by
r ® 1 their outer product (a matrix of rank one). Furthermore, for a matrix M and row vectors 1 and r we write
(LM, r) := (IM, r) = (I, Mr’).

Let now {B;};>1 be a sequence of positive matrices. We write B{ = Hé:i B,. In [34, Section 3.2], Seneta presents
a generalization of the Perron—Frobenius theorem for such sequences, which we briefly review. Let l(B‘i’ ) and r(B{ )

be left and right main eigenvectors of Bij corresponding to the main eigenvalue )\(Bij ). Corollary 2 in [34, Section 3.2]
asserts that there exists a constant p, 0 < p < 1, such that

B/ = 1B)r®B)) ©18)) (1+ 0/ ~1)). (51

that is, the product of positive matrices Blj is well approximated by the rank one matrix r(Blj ) ® l(B{ ), with an error
that decreases exponentially in the number of factors in the product.
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We apply (5 1) to our problem, in particular to products of the form M(z ) = ]_[ 7= M(2¢, Ze+1) from the sequence

{M(zy, zk+1)} . For clutter reduction, in the sequel we use the notation f (z ) instead of f(M (z )) for various
functions f. From (51), we have

M) = 2Ghre) 1) (14 01 h). (52)
Applying (52) to the matrix product representation (6) of P(z}) with p; = m, we arrive at

P = e A DA D e G M@ e D)
A0, M DGR DY g 1) - (1 +0(p! + p* + plt! +p"‘k>).

Now, applying the above to P(z] @ e;), P(z| @ ) and P(z| ® e; + e;k), we obtain the same formulas except that

M(z 1) is replaced by M(z;_1, Z;, zj+1) and M(zk“) is replaced by M(zx—12rzk+1) Which cancel out in the ratio
(50) proving Lemma 3. The proof of Theorem 2 is now completed. [J

Finally, let us briefly outline the derivation of the second term of the Taylor expansion presented in the remark after
Theorem 2. Thus we want to establish (30). Observe first that

PPz} 1IPS(@))
0e2 s 9

When computing the derivative with respect to s at s = 1, the first term above will lead to f| term of Theorem 2, the
second term gives us the second term of (30), thus we are left with the third term that we compute now.
With the notation as in Section 3.1, we find

2 n
+s(s — l)PS_z(z Y+ 5Pz ")ﬂ.

(33)

PP R0 © @D aDag© ©) 4t 0) (1) (1) ©) 4t
—a = =y MM M2 MM MY 1 Y MM MM T
=1 li=jI>1

But the second term of the above will give us zero when differentiating with respect to s at s = 1, so we only consider
the first term which we can write as

ZPX(Zl (PX(Zk+2Zk+1ZkIZk 1) = Px (@k+2lzk+1) Px (2k+12k|2k-1)

—Px (zk+212k+1) Px (Zka1126) Px (zklzk—1) + Px (2k4212x41) Px (Zk+12k|Zk—1)) Px (2p43l7k+2)-

Thus the third term of (53) can be written in matrix form as follows
n—1
sty PP - P2Q; - Q1Q: + Q1Q2Qs ) PR
k=1

+om Y PTH(QiQ: P PV (QiQ: - P PR,
li—jl>1
where Q3 is defined in (29), and we have omitted the argument s from =z, P, and Q;. From the above it should be
clear why the derivative of second term is zero at s = 1. Thus the only contribution comes from the first term (which
obviously is O (n), as desired). This completes a brief derivation of (30).

3.3. Sketch of the proof of Theorem 3

To derive an analogue of (5), we consider the Markov chain of states s; = X'!_ — ,, t > 0 (we assume XY T is
defined and distributed according to the stationary distribution of the process) of the rth-order Markov process X.
Thus, we will focus on r-symbol sliding windows of the binary processes of interest. In what follows, vectors are
of dimension 2", and matrices are of dimensions 2" x 2" (e.g., 1 is now a row vector of 2" ones). Entries in vectors
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and matrices are indexed by vectors in {0, 1}", according to some fixed order, so that {0, 1} = {a,a,...,ax}.
Reasoning as in the derivation of (5), we obtain

P(Z}) =piM(Z5T, Z]) M (Z, . Z )Y, (54)
where

p1 = [P(Z’, E'=a)), P(Z!, El=ay), ..., P(Z], E{:azr)],
and MS(Zf +r=1 Zf J_r?_z) isa 2" x 2" matrix defined as follows: for each binary (r + 1)-tuple a?“, we have

i+r—1 idr—2 i+r—1 1| 7itr=2 i+r—1 | S
(Mg(z;” Lz ))ar =P ed T ZE P @a)PET T =T, i 1. (55)
172
All other entries of the matrix are zero. Clearly, Mg(Zl’: +r71, Zf fi 72) is a random matrix, drawn from a set of 2" *!
possible realizations. We now proceed as in the case r = 1, and, for a realization z| of Z{, we write

j+r— j+r— 0 1
M; =Mz} M) = M0 4 oMY,

and p; = ng) + sp(lo). For example, for r = 2, we have
T Px (zn, Znt+1lzn—1,20) O 0 07
0 0 Px(zn,zZnt1lzn-1.70) 0O
M(O) —
n—1 _
Px(zn, Znt1lzZn—1,20) O 0 0
L 0 0 Px(zn, Znt11Zn-1,70) 04
and
(1)
Mn—l -
T—Px(Zn, Zn+112n—1, 20)  Px (2, Znt1l20—=1, 2n) 0 0 ]
0 0 —Px(Zn, Znt1lzn-1,20)  Px(Zn, Znt1120-1, Zn)
—Px(zn, Zn+11Zn-1, 20)  Px(zn, Zn41120-1, 20) 0 0
L 0 0 _PX(Zn» Zn+l|zn—lazn) PX(znazn+l|Zn—1’Zn)—

Using the above definitions and (54), we arrive at

0
—Pz(2})

de i+1

n—3
0 0 0 1 0 0
=Y p"M” . MO MM, M 1+ o),
0 i=1

&=

where the O (1) term contains the boundary cases. This is an analogue of (40). After some further manipulations, we
obtain, in analogy to (42),

n—r
= —Px(@D) + Y Px(") PxGiorpiziz 7 2T - Px (Gl 1z + 0.
e=0 i=2

a n
%PZ(Zl)

The matrix P(s) for an rth-order process is defined by

_ +1
P ay....qaian) (ar.ai.ay ) = pfal,...a,'...ar),(az,...ai,...ar_H)’ a;™ e {0, 1y,

with zeroes in the remaining locations, where

Plar,.ai..ay) (@r,divearsy) = Px(a2, ... ai, ... .ary1lay, ...a;...ay)
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are the transition probabilities of the Markov chain. We also define

Qi(s) = P(1) 0 Qi (s).

where o denotes the Schur (element-wise) product of matrices, and the 2" x 2" matrix 61' (s) is defined by

Q. — 51 r+l
(Ql) p(a1,..,Zli,.,ar),(az,...Ezi,...arﬂ)’ a; € {0’ 1}r7

(ar,...qa;..ar),(az,...a;,..ar41)

with zeroes in the remaining locations (notice that this generalizes the definitions in (15)). With these definitions,
using (56), we compute the derivative of R(s, ¢) at ¢ = 0. Thus,

n—r—2

0 . .
SRi(see)|  =sm) Y PO (Qu) - Q6P () P ()1 40 (1), (56)

e=0

To find the linear term in the Taylor expansion for the entropy rate, we need to differentiate (56) with respect to s,
and evaluate it at s = 1. To facilitate this computation, we apply, as for the » = 1 case, spectral matrix representations.

Defining Q(s) = Q1 (s) - - - Q,+1(s), we obtain

2

9
——R,(s,¢)

a
- g, = (D) (LD D) = (Q) = P (s)

s=1

(ri() £ (D) 1" + o(n),

s=1

which is derived using the relation Q(1) = P” *1(1). Theorem 3 now follows by observing that, as before, we have
m(l) = £;(1), r(1) =1, and £;(1)r; (1) = 1, writing explicit expressions for the derivatives of Q(s) and P"T1(s) at
s = 1 (in analogy to (22)—(23)), and carrying out the ensuing symbolic computations. []

3.4. Proof of Theorem 4

In this section we derive the Taylor expansion for the Rényi entropy of order s, establishing Theorem 4. Taking the
Taylor expansion of log R, (s, €) around ¢ = 0 we arrive at

R.(s,0
(1 —s)Hg(Z}) =1og R, (s, €) =log R, (s, 0) + 8M + 0(ne?),
Ry (s,0)

where the error term follows from Lemma 2. From (13) and (19) (or Lemma 3 above) we conclude that
Ry(s,0) = w()P" ()" = 2" () (m(s), 11(5)) (L1 (), 1)(1 + O (p™)),

for p < 1, where A(s) is the main eigenvalue of P(s) and € (s) and r;(s) are the main left and right eigenvectors.
In a similar fashion we can express R, (s, 0) given by (16) of Lemma 1. Indeed,

n—1
R(5,0) = sm(s) Y P'(s) (01 (s)Qz(s)—P2<s>) P (o)
i=1

n—1
= Z)»"_3<(E(S), r1(s))(£1(5), Q(s) — P2(5), r1(5)) (€1 (s), (140 (p"))
i=1

= s(n — DA" (@ (5), 11(9)) (£1(5), Q(s) — P*(5), r1(5)) (£1(5), 1).
Thus,
log Ra(s,0) = (n — 1) log A(s) + O(1),
and

Ri(5,0)  s(n—D{£i(s), Q(s) = P*(s), 11 (s))

Putting everything together, we finally establish Theorem 4. [
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4. Conclusions

We studied the entropy rate of a hidden Markov process (HMP) defined as the output of a binary symmetric channel
whose input is a binary Markov process. We first expressed the entropy rate of the HMP as a top Lyapunov exponent of
a well-defined product of random matrices. These exponents are notoriously difficult to compute. Therefore, we turned
our attention to asymptotic expansions, and derived a Taylor expansion of the HMP entropy rate when the probability
of error is small. We observed that the linear term of the expansion is the Kullback—Liebler divergence between
distributions of triplets of symbols, which are determined from marginals of the underlying Markov process. We also
determined the second-order term of the expansion explicitly, and validated the accuracy of the Taylor approximation
with empirical simulation results. We showed extensions of our results to HMPs with underlying Markov processes
of arbitrary order, and to the computation of HMP Rényi entropies of any order.
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