Solutions of Homework 4: Proof Techniques

Q1. Show that /3 is irrational.
Answer

Proof by contradiction: Assume that /3 = Z in its simplest form, i.e., both p
and ¢ do not have a common divisor and therefore the fraction g cannot be
simplified further. Thus,

p
- p* =3¢’ (2)
- 3p’ (3)
— 3|p. (4)
Where 3|p means that p is divisible by 3...........cocvna.... (I)

From (I), p = 3k for some integer k. Substituting in (2) '

(3k)* = 3¢*
27k = 3¢° L
q3 = ok® i !

3l¢®

oy

Thus, q is also divisible by 3........

From (I) and (II), the fraction 2
further by dividing both t]
the original assumption.



Q.2 Show that 3 divides n® + 2n whenever n is a nonnegative integer.

Answer

Proof by induction on n

Basis Case (n = 1):
13 + 2 x 1 = 3 is divisible by 3.

Induction Step: |
Assume P(n) is true, i.e. 3 divides n® + 2n. We need to prove that P(n+1)

is also true:
(n+1P+2n+1) = 2+3n’+3n+1)+(2n+2)
= (n*+2n)+(3n*+3n+1+2)
= (n®+2n)+3(n°+n+1).

From the induction hypothesis, n3-+2n is divisible by 3. Moreover, 3(n*+n-+1)
is also divisible by 3 (because it is a multiple of 3.) Therefore, (n+1)°+2(n+1)
is divisible by 3, i.e. P(n+ 1) is true. o bk




Q.3 Using mathematical induction prove that

n
= =12

i=1

Answer

Proof by induction on n

Basis Case (n = 1):
L.H.S. =Y ,i2' =2 = R.H.S. and, therefore, P(1) is true.

Induction Step:
Assume P(k) is true, i.e. YK 12! = 251(k — 1) + 2. We need to prove that

=1

P(k+1) is also true, i.e. Y5t i2" = 282k + 2 as follows:

k+1 k
Yo i2% =1 Vi w2t Rkt (EEE)
1=1 =1
= 2" (k—1)+2+2"(k+1)
= M k—1+k+1)+2
2k+1(2k) + 2
= 2¢2p 12




Q.4 The harmonic number H, is defined as for n > 1

A5
k=1

| —

o

>

Prove by induction that
n
Hon' > 14 =
e 15

whenever n is nonnegative natural number.
Answer

Proof by induction on n

BASIS CASE (n=0): Hi=Yh 1 =1>1+0.

INDUCTION STEP: Assume P(n) is true, i.e., Hyn > 1+ 5. We need to prove
that P(n + 1), which is Hopnt1 > 1+ "T“, is also true:

H —1+1+1+ +1+1 +1
IR 93 on " on ] ontl
1 1

— H,,

* Tl T pH
> (1+n)+ . + 1
= DANE OIS on+1

n 1 1
> (1+§)+2n—+1""+§m
n
= (1+§)+2"-2n+l
n 1
— (e =
(o)t
n+1
=1
s




Q.5 Derive an explicit formula for the following recurrence for n > 1

n

an = 5 Qn—1

with ag = 1.

Answer

Qn—1

2 an—-2
n—1 n-—2
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