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Continuations

! Evaluation contexts provide a syntactic 
formulation to specify evaluation order.

! Can we understand evaluation contexts from 
the perspective of language-level constructs?
" How does one reify the notion of a ÒholeÓ in a 

program?



  

Continuations and 

Continuation-Passing Style  

! Starting point: 
" How do we represent a programÕs control-flow?

! Loops

! Procedure call and return

! Order of evaluation

" Our previous semantic characterizations kept these 
notions implicit.  

" Can we make these sequences explicit?
! How can we express evaluation contexts within a 

program?



  

Example

Consider a factorial function:

fun fact(n:int):int = if n = 0

                                   then 1

                                   else n * fact(n-1)

Each call to fact is made with a ÒpromiseÓ that the value 
returned will be multiplied by the value of n at the time 
of the call. 



  

Example (cont)

Now, consider:

let fun fact-iter(n:int):int =

   let fun loop(n:int,acc:int):int =

                 if n = 0

                    then acc

                    else loop(n - 1, n * acc)

   in loop(n,1)

   end

There is no promise made in the call to loop by 
fact-iter, or in the inner calls to loop: each call  
simply is obligated to return its result.

Unlike fact, no extra control state (e.g., 
promise) is required; this information is 
supplied explicitly in the recursive calls.

What is the implication of these different 
approaches?  

! Recursive vs. iterative control



  

Tail position
! An expression in tail position requires no additional 

control-information to be preserved.
" Intuitively, no state information needs to be saved.
" Examples:

! The true and false branches of an if-expression.
! A loop iteration.
! A function call that occurs as the last expression of its 

enclosing definition.

" Tail recursive implementations can execute an arbitrary 
number of tail-recursive calls without requiring memory 
proportional to the number of these calls.



  

Continuation-passing style

! Is a technique that can translate any 
procedure into a tail recursive one.

! Example: 

          4 * 3 * 2 * fact(1)
! Define the context of fact(1) to be 

       fn v => 4 * 3 * 2 * v

    The context is a function that given the value 
produced by fact(1) returns the result of fact
(4)



  

Example revisited

fun fact-cps(n:int, k: int -> int): int =

   if n = 0

       then k(1)

       else fact-cps(n-1, fn v => k (n * v))

The k represents the functionÕs continuation: it is a function that given a  
value returns the Òrest of the computationÓ

By making k explicit in the program, we make the control-flow properties  
of fact also explicit, which will enable improved compiler decisions.

Observe that k(fact(n)) = fact-cps(n,k) for any k.



  

Example revisited
fact-cps(4, k) -->
   fact-cps(3, fn v => k(4 * v) ) 
   fact-cps(2,  fn v => (fn v => k(4 * v)) (3 * v) )            by def. of fact-cps
   fact-cps(2,  fn v =>  k ( 4 * 3 * v) )                           
   fact-cps(1,   fn v =>
                           (fn v => k ( 4 * 3 * v))
                           (2 * v) )
   fact-cps(1,   fn v => k (4 * 3 * 2 * v) )
                     É.
   fact-cps(0,   fn v => k (4 * 3 * 2 * 1 * v) )
   (fn v => k (4 * 3 * 2 * 1 * v)) 1
   k 24

The initial k supplied to fact-cps represents the ÒcontextÓ in which 
the call was made.



  

First cut
! Start with a very simple language:

" Variables, functions, applications, and conditionals.

! Define a translation function:

" C : Exp x Cont --> Exp

" A continuation will be represented as a function that 
takes a single argument, and performs Òthe rest of the 
computationÓ

" The translation will ensure that 
! Functions never directly return -- they always invoke 

their continuation when they have a value to provide. 



  

The Initial Algorithm

C [ x ] k  = k x  

    Returning the value of a variable simply passes that value to the current 
continuation.

C[ ! x.e ] k= k ( ! x kÕ . C [ e ] kÕ)

    A function takes an extra argument which represents the continuation(s) of 
its call point(s), and its body is evaluated in this context.

C[ e1(e2) ] k = C [ e1 ] ! v. C [ e2 ] ! vÕ.v (vÕ, k)

    An application evaluates its first argument in the context of a continuation 
that evaluates its second argument in the context of a continuation that 
performs the application and supplies the result to its context.



  

C [ if e1 then e2 else e3] k =

     C[e1] ! v. if v then C[e2]k else C[e3]k

  Evaluate the test expression in a context that evaluates 

the true and false branch in the context of the 

conditional.   

  Note that k is duplicated in both branches.  We would like  
to avoid this.



  

Example

C [ (x1(x2) x3) ] k #

C [ x1(x2) ] ! v1 . C [ x3 ] ! v2. v1(v2,k)    #

C [ x1(x2) ] ! v1 . (! v2. v1(v2,k)) x3     #

C [ x1 ] ! v3 . C [ x2 ] ! v4. v3(v4 ,kÕ)          #

       ( ! v3. (! v4. v3(v4 ,kÕ)) x2 ) x1)

kÕ



  

Example (cont)
C [ x1 ] ! v3 . C [ x2 ] ! v4. v3(v4, kÕ )          #

(! v3. (! v4. v3(v4, kÕ) x2)   x1)                   #

(! v4.  v1(v4, kÕ) x2)                                   #

x1(x2, kÕ )                                                 #

x1(x2, ( ! v1 .  (! v2. v1(v2,k)) x3))               #



  

Correspondence
! What do continuations (and CPS) have to do with evaluation contexts?

" CPS also fixes evaluation order.

" Is a continuation a representation of an evaluation context?

! It represents an expression with a hole (its argument).  When 
supplied a value, the hole is ÒpluggedÓ and a new expression is 

produced.

! Not quite: CPS produces continuations that given an 
intermediate result return the final result of the computation.

! Two incompatible definitions:

" a context expects an expression, and returns another 
expression

" a continuation expects a value and returns a final result.



  

Syntactic Theories
! Provide a reduction relation on expressions by defining 

syntax, values, evaluation contexts and redexes.

! Arithmetic:

1.3 Prerequisites

Weexpectapassingfamiliaritywith functionalprogramming(ML),
andwe build on thenotionsof evaluators,abstractmachines,CPS
transformation,defunctionalization,andsyntactic theories:

Evaluation functions: An evaluator is a compositionalfunction
mappingan abstract-syntaxtree to an expressiblevalue, if
thereis one;it implementsadenotationalsemantics[58].

Abstract machines: An abstractmachineis a transitionfunction
over computational states;it implementsan operationalse-
mantics[52].

CPStransformation: A program is transformed into
continuation-passingstyle (CPS) by naming all of its
intermediateresults,sequentializingtheir computation,and
introducingcontinuations.EachCPStransformationencodes
anevaluationorder[20, 41,51,57, 62].

Defunctionalization: A programis defunctionalizedby replacing
eachof its functionspacesby aÞrst-orderdatatypeandaÞrst-
orderapply function [56]. Eachdatatypeenumeratesall the
function abstractionsthat may give rise to inhabitantsof the
correspondingfunctionspace[7, 8, 13, 21,49,56,65].

A particularcaseof defunctionalizationis closureconversion:
in anevaluator, closureconversionamounts to replacingeach
of thefunctionspacesin expressibleanddenotablevaluesby a
tuple,andinlining thecorrespondingapplyfunction[46, 56].
(Otherstylesof closureconversionexist, though[6].)

Syntactic theories: A syntactic theory provides a reductionre-
lation on expressionsby deÞningsyntax,values,evaluation
contexts, andredexes[26, 28, 70]. For example,a syntactic
theoryfor arithmeticexpressionsis speciÞedasfollows.

Syntax:e::= n | e+ e

Values:n

Redexes:n+ n!

Evaluationcontexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugginganexpressione into acontext E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reductionrelation:E[n+ n!] " E[n!!], wheren!! is thesumof
n andn!.

ThesedeÞnitionssatisfy a ÒuniquedecompositionÓlemma
[70]: any expressione that is not a valuecanbe uniquelyde-
composedinto anevaluationcontext E andaredex n+ n! such
thate= plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsenandtheau-
thor have establishedtheconditionsunderwhich onecande-
forestanevaluationfunctionwhenit is deÞnedasthe transi-
tive closureof one-stepreductionin a syntactictheory[22].
At eachstep,a term is decomposedinto an evaluationcon-
text anda redex, the redex is contracted,andthecontractum
is pluggedinto the evaluationcontext. Deforestingsuchan
evaluationfunction makes it possibleto avoid the construc-
tion of intermediateexpressions. Our key point is to con-
structaÒrefocusÓfunctionthatmakesit possibleto replacethe
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decompositionfollowed by a contract-refocus-
contract-refocus-...loop. Theresultis anabstractmachine.

For example,hereis therefocusfunctioncorrespondingto the
syntactictheoryjust above:

refocus([ ],n) = n
refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

wheredecomposedecomposesa computationinto anevalua-
tion context anda redex.

1.4 Overview
Therestof this article is organizedasfollows. We Þrstinvestigate
continuationsasevaluationcontexts andcontinuationsas the rest
of the computation;to this end,we revisit the simpleexampleof
arithmeticexpressionsabove (Section2). We thenconsiderthe ! -
calculus(Section3) andanalyzefurtherconsequences(Section4).

2 A simpleexample: arithmetic expressions
To investigate continuationsas evaluationcontexts and continua-
tionsastherestof thecomputation,wego throughthesimpleexer-
ciseof writing a one-stepreduction functionandthenanevaluator
for arithmeticexpressions.We write eachof themin direct style,
andwe successively CPS-transformthemandthendefunctionalize
their continuations.

Our arithmeticexpressionsareminimal: they consistof literals
andadditions.

dat at ype exp = VALUE of val ue
| COMP of comp

and val ue = LI T of i nt
and comp = ADD of exp * exp

Literalsaretheonly valuesandadditionsaretheonly computations.

2.1 A one-stepreduction function
We write theone-stepreductionfunctionby recursive descent,us-
ing the recursive calls to reachthe left-most-innermostredex, and
constructingthereducedexpressionat returntime:

( * r educe1 : comp - > exp * )
f un r educe1 ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) )

= VALUE ( LI T ( n1 + n2) )
| r educe1 ( ADD ( VALUE v1, COMP c2) )

= COMP ( ADD ( VALUE v1, r educe1 c2) )
| r educe1 ( ADD ( COMP c1, e2) )

= COMP ( ADD ( r educe1 c1, e2) )

We thenCPS-transformr educe1:

( * r educe1c : comp * ( exp - > Õa) - > Õa *)
f un r educe1c ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= k ( VALUE ( LI T ( n1 + n2) ) )
| r educe1c ( ADD ( VALUE v1, COMP c2) , k)

= r educe1c ( c2, f n e2 => k ( COMP ( ADD ( VALUE v1, e2) ) ) )
| r educe1c ( ADD ( COMP c1, e2) , k)

= r educe1c ( c1, f n e1 => k ( COMP ( ADD ( e1, e2) ) ) )

Finally, we defunctionalizethe continuationsin r educe1c. We as-
sumeaninitial continuationthatis the identity function,andthere-
fore the polymorphictype variablein the type of r educe1c is spe-
cializedto exp. Threefunctionalabstractionscanbuild inhabitants
in the function spaceexp - > exp. The Þrst is the initial continua-
tion andit hasno freevariables.Thesecondis thecontinuationin
the secondclause,andit hasv1 andk asfree variables.The third
is the continuationin the third clause,andit hase2 andk asfree
variables.Thedatatypeof defunctionalizedcontinuationshasthus
threeconstructors.



  

Evaluator

! Representing arithmetic expressions:

! Literals are the only values and addition 
is the only computation

1.3 Prerequisites

Weexpectapassingfamiliaritywith functionalprogramming(ML),
andwe build on thenotionsof evaluators,abstractmachines,CPS
transformation,defunctionalization,andsyntactic theories:

Evaluation functions: An evaluator is a compositionalfunction
mappingan abstract-syntaxtree to an expressiblevalue, if
thereis one;it implementsadenotationalsemantics[58].

Abstract machines: An abstractmachineis a transitionfunction
over computational states;it implementsan operationalse-
mantics[52].

CPStransformation: A program is transformed into
continuation-passingstyle (CPS) by naming all of its
intermediateresults,sequentializingtheir computation,and
introducingcontinuations.EachCPStransformationencodes
anevaluationorder[20, 41,51,57, 62].

Defunctionalization: A programis defunctionalizedby replacing
eachof its functionspacesby aÞrst-orderdatatypeandaÞrst-
orderapply function [56]. Eachdatatypeenumeratesall the
function abstractionsthat may give rise to inhabitantsof the
correspondingfunctionspace[7, 8, 13, 21,49,56,65].

A particularcaseof defunctionalizationis closureconversion:
in anevaluator, closureconversionamounts to replacingeach
of thefunctionspacesin expressibleanddenotablevaluesby a
tuple,andinlining thecorrespondingapplyfunction[46, 56].
(Otherstylesof closureconversionexist, though[6].)

Syntactic theories: A syntactic theory provides a reductionre-
lation on expressionsby deÞningsyntax,values,evaluation
contexts, andredexes[26, 28, 70]. For example,a syntactic
theoryfor arithmeticexpressionsis speciÞedasfollows.

Syntax:e::= n | e+ e

Values:n

Redexes:n+ n!

Evaluationcontexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugginganexpressione into acontext E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reductionrelation:E[n+ n!] " E[n!!], wheren!! is thesumof
n andn!.

ThesedeÞnitionssatisfy a ÒuniquedecompositionÓlemma
[70]: any expressione that is not a valuecanbe uniquelyde-
composedinto anevaluationcontext E andaredex n+ n! such
thate= plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsenandtheau-
thor have establishedtheconditionsunderwhich onecande-
forestanevaluationfunctionwhenit is deÞnedasthe transi-
tive closureof one-stepreductionin a syntactictheory[22].
At eachstep,a term is decomposedinto an evaluationcon-
text anda redex, the redex is contracted,andthecontractum
is pluggedinto the evaluationcontext. Deforestingsuchan
evaluationfunction makes it possibleto avoid the construc-
tion of intermediateexpressions. Our key point is to con-
structaÒrefocusÓfunctionthatmakesit possibleto replacethe
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decompositionfollowed by a contract-refocus-
contract-refocus-...loop. Theresultis anabstractmachine.

For example,hereis therefocusfunctioncorrespondingto the
syntactictheoryjust above:

refocus([ ],n) = n
refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

wheredecomposedecomposesa computationinto anevalua-
tion context anda redex.

1.4 Overview
Therestof this article is organizedasfollows. We Þrstinvestigate
continuationsasevaluationcontexts andcontinuationsas the rest
of the computation;to this end,we revisit the simpleexampleof
arithmeticexpressionsabove (Section2). We thenconsiderthe ! -
calculus(Section3) andanalyzefurtherconsequences(Section4).

2 A simpleexample: arithmetic expressions
To investigate continuationsas evaluationcontexts and continua-
tionsastherestof thecomputation,wego throughthesimpleexer-
ciseof writing a one-stepreduction functionandthenanevaluator
for arithmeticexpressions.We write eachof themin direct style,
andwe successively CPS-transformthemandthendefunctionalize
their continuations.

Our arithmeticexpressionsareminimal: they consistof literals
andadditions.

dat at ype exp = VALUE of val ue
| COMP of comp

and val ue = LI T of i nt
and comp = ADD of exp * exp

Literalsaretheonly valuesandadditionsaretheonly computations.

2.1 A one-stepreduction function
We write theone-stepreductionfunctionby recursive descent,us-
ing the recursive calls to reachthe left-most-innermostredex, and
constructingthereducedexpressionat returntime:

( * r educe1 : comp - > exp * )
f un r educe1 ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) )

= VALUE ( LI T ( n1 + n2) )
| r educe1 ( ADD ( VALUE v1, COMP c2) )

= COMP ( ADD ( VALUE v1, r educe1 c2) )
| r educe1 ( ADD ( COMP c1, e2) )

= COMP ( ADD ( r educe1 c1, e2) )

We thenCPS-transformr educe1:

( * r educe1c : comp * ( exp - > Õa) - > Õa *)
f un r educe1c ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= k ( VALUE ( LI T ( n1 + n2) ) )
| r educe1c ( ADD ( VALUE v1, COMP c2) , k)

= r educe1c ( c2, f n e2 => k ( COMP ( ADD ( VALUE v1, e2) ) ) )
| r educe1c ( ADD ( COMP c1, e2) , k)

= r educe1c ( c1, f n e1 => k ( COMP ( ADD ( e1, e2) ) ) )

Finally, we defunctionalizethe continuationsin r educe1c. We as-
sumeaninitial continuationthatis the identity function,andthere-
fore the polymorphictype variablein the type of r educe1c is spe-
cializedto exp. Threefunctionalabstractionscanbuild inhabitants
in the function spaceexp - > exp. The Þrst is the initial continua-
tion andit hasno freevariables.Thesecondis thecontinuationin
the secondclause,andit hasv1 andk asfree variables.The third
is the continuationin the third clause,andit hase2 andk asfree
variables.Thedatatypeof defunctionalizedcontinuationshasthus
threeconstructors.



  

A Reduction Function

1.3 Prerequisites

Weexpectapassingfamiliaritywith functionalprogramming(ML),
andwe build on thenotionsof evaluators,abstractmachines,CPS
transformation,defunctionalization,andsyntactic theories:

Evaluation functions: An evaluator is a compositionalfunction
mappingan abstract-syntaxtree to an expressiblevalue, if
thereis one;it implementsadenotationalsemantics[58].

Abstract machines: An abstractmachineis a transitionfunction
over computational states;it implementsan operationalse-
mantics[52].

CPStransformation: A program is transformed into
continuation-passingstyle (CPS) by naming all of its
intermediateresults,sequentializingtheir computation,and
introducingcontinuations.EachCPStransformationencodes
anevaluationorder[20, 41,51,57, 62].

Defunctionalization: A programis defunctionalizedby replacing
eachof its functionspacesby aÞrst-orderdatatypeandaÞrst-
orderapply function [56]. Eachdatatypeenumeratesall the
function abstractionsthat may give rise to inhabitantsof the
correspondingfunctionspace[7, 8, 13, 21,49,56,65].

A particularcaseof defunctionalizationis closureconversion:
in anevaluator, closureconversionamounts to replacingeach
of thefunctionspacesin expressibleanddenotablevaluesby a
tuple,andinlining thecorrespondingapplyfunction[46, 56].
(Otherstylesof closureconversionexist, though[6].)

Syntactic theories: A syntactic theory provides a reductionre-
lation on expressionsby deÞningsyntax,values,evaluation
contexts, andredexes[26, 28, 70]. For example,a syntactic
theoryfor arithmeticexpressionsis speciÞedasfollows.

Syntax:e::= n | e+ e

Values:n

Redexes:n+ n!

Evaluationcontexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugginganexpressione into acontext E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reductionrelation:E[n+ n!] " E[n!!], wheren!! is thesumof
n andn!.

ThesedeÞnitionssatisfy a ÒuniquedecompositionÓlemma
[70]: any expressione that is not a valuecanbe uniquelyde-
composedinto anevaluationcontext E andaredex n+ n! such
thate= plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsenandtheau-
thor have establishedtheconditionsunderwhich onecande-
forestanevaluationfunctionwhenit is deÞnedasthe transi-
tive closureof one-stepreductionin a syntactictheory[22].
At eachstep,a term is decomposedinto an evaluationcon-
text anda redex, the redex is contracted,andthecontractum
is pluggedinto the evaluationcontext. Deforestingsuchan
evaluationfunction makes it possibleto avoid the construc-
tion of intermediateexpressions. Our key point is to con-
structaÒrefocusÓfunctionthatmakesit possibleto replacethe
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decompositionfollowed by a contract-refocus-
contract-refocus-...loop. Theresultis anabstractmachine.

For example,hereis therefocusfunctioncorrespondingto the
syntactictheoryjust above:

refocus([ ],n) = n
refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

wheredecomposedecomposesa computationinto anevalua-
tion context anda redex.

1.4 Overview
Therestof this article is organizedasfollows. We Þrstinvestigate
continuationsasevaluationcontexts andcontinuationsas the rest
of the computation;to this end,we revisit the simpleexampleof
arithmeticexpressionsabove (Section2). We thenconsiderthe ! -
calculus(Section3) andanalyzefurtherconsequences(Section4).

2 A simpleexample: arithmetic expressions
To investigate continuationsas evaluationcontexts and continua-
tionsastherestof thecomputation,wego throughthesimpleexer-
ciseof writing a one-stepreduction functionandthenanevaluator
for arithmeticexpressions.We write eachof themin direct style,
andwe successively CPS-transformthemandthendefunctionalize
their continuations.

Our arithmeticexpressionsareminimal: they consistof literals
andadditions.

dat at ype exp = VALUE of val ue
| COMP of comp

and val ue = LI T of i nt
and comp = ADD of exp * exp

Literalsaretheonly valuesandadditionsaretheonly computations.

2.1 A one-stepreduction function
We write theone-stepreductionfunctionby recursive descent,us-
ing the recursive calls to reachthe left-most-innermostredex, and
constructingthereducedexpressionat returntime:

( * r educe1 : comp - > exp * )
f un r educe1 ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) )

= VALUE ( LI T ( n1 + n2) )
| r educe1 ( ADD ( VALUE v1, COMP c2) )

= COMP ( ADD ( VALUE v1, r educe1 c2) )
| r educe1 ( ADD ( COMP c1, e2) )

= COMP ( ADD ( r educe1 c1, e2) )

We thenCPS-transformr educe1:

( * r educe1c : comp * ( exp - > Õa) - > Õa *)
f un r educe1c ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= k ( VALUE ( LI T ( n1 + n2) ) )
| r educe1c ( ADD ( VALUE v1, COMP c2) , k)

= r educe1c ( c2, f n e2 => k ( COMP ( ADD ( VALUE v1, e2) ) ) )
| r educe1c ( ADD ( COMP c1, e2) , k)

= r educe1c ( c1, f n e1 => k ( COMP ( ADD ( e1, e2) ) ) )

Finally, we defunctionalizethe continuationsin r educe1c. We as-
sumeaninitial continuationthatis the identity function,andthere-
fore the polymorphictype variablein the type of r educe1c is spe-
cializedto exp. Threefunctionalabstractionscanbuild inhabitants
in the function spaceexp - > exp. The Þrst is the initial continua-
tion andit hasno freevariables.Thesecondis thecontinuationin
the secondclause,andit hasv1 andk asfree variables.The third
is the continuationin the third clause,andit hase2 andk asfree
variables.Thedatatypeof defunctionalizedcontinuationshasthus
threeconstructors.



  

CPS of the reduction function

1.3 Prerequisites

Weexpectapassingfamiliaritywith functionalprogramming(ML),
andwe build on thenotionsof evaluators,abstractmachines,CPS
transformation,defunctionalization,andsyntactic theories:

Evaluation functions: An evaluator is a compositionalfunction
mappingan abstract-syntaxtree to an expressiblevalue, if
thereis one;it implementsadenotationalsemantics[58].

Abstract machines: An abstractmachineis a transitionfunction
over computational states;it implementsan operationalse-
mantics[52].

CPStransformation: A program is transformed into
continuation-passingstyle (CPS) by naming all of its
intermediateresults,sequentializingtheir computation,and
introducingcontinuations.EachCPStransformationencodes
anevaluationorder[20, 41,51,57, 62].

Defunctionalization: A programis defunctionalizedby replacing
eachof its functionspacesby aÞrst-orderdatatypeandaÞrst-
orderapply function [56]. Eachdatatypeenumeratesall the
function abstractionsthat may give rise to inhabitantsof the
correspondingfunctionspace[7, 8, 13, 21,49,56,65].

A particularcaseof defunctionalizationis closureconversion:
in anevaluator, closureconversionamounts to replacingeach
of thefunctionspacesin expressibleanddenotablevaluesby a
tuple,andinlining thecorrespondingapplyfunction[46, 56].
(Otherstylesof closureconversionexist, though[6].)

Syntactic theories: A syntactic theory provides a reductionre-
lation on expressionsby deÞningsyntax,values,evaluation
contexts, andredexes[26, 28, 70]. For example,a syntactic
theoryfor arithmeticexpressionsis speciÞedasfollows.

Syntax:e::= n | e+ e

Values:n

Redexes:n+ n!

Evaluationcontexts: E ::= [ ] | E[n+ [ ]] | E[[ ] + e]

Plugginganexpressione into acontext E:

plug([ ],e) = e
plug(E[n+ [ ]],e) = plug(E,n+ e)
plug(E[[ ] + e!],e) = plug(E,e+ e!)

Reductionrelation:E[n+ n!] " E[n!!], wheren!! is thesumof
n andn!.

ThesedeÞnitionssatisfy a ÒuniquedecompositionÓlemma
[70]: any expressione that is not a valuecanbe uniquelyde-
composedinto anevaluationcontext E andaredex n+ n! such
thate= plug(E,n+ n!).

From syntactic theory to abstract machine: Nielsenandtheau-
thor have establishedtheconditionsunderwhich onecande-
forestanevaluationfunctionwhenit is deÞnedasthe transi-
tive closureof one-stepreductionin a syntactictheory[22].
At eachstep,a term is decomposedinto an evaluationcon-
text anda redex, the redex is contracted,andthecontractum
is pluggedinto the evaluationcontext. Deforestingsuchan
evaluationfunction makes it possibleto avoid the construc-
tion of intermediateexpressions. Our key point is to con-
structaÒrefocusÓfunctionthatmakesit possibleto replacethe
decompose-contract-plug-decompose-contract-plug-... loop
by an initial decompositionfollowed by a contract-refocus-
contract-refocus-...loop. Theresultis anabstractmachine.

For example,hereis therefocusfunctioncorrespondingto the
syntactictheoryjust above:

refocus([ ],n) = n
refocus(E[n! + [ ]],n) = refocus(E,n! + n)
refocus(E[[ ] + e],n) = decompose(e,E[n+ [ ]])

wheredecomposedecomposesa computationinto anevalua-
tion context anda redex.

1.4 Overview
Therestof this article is organizedasfollows. We Þrstinvestigate
continuationsasevaluationcontexts andcontinuationsas the rest
of the computation;to this end,we revisit the simpleexampleof
arithmeticexpressionsabove (Section2). We thenconsiderthe ! -
calculus(Section3) andanalyzefurtherconsequences(Section4).

2 A simpleexample: arithmetic expressions
To investigate continuationsas evaluationcontexts and continua-
tionsastherestof thecomputation,wego throughthesimpleexer-
ciseof writing a one-stepreduction functionandthenanevaluator
for arithmeticexpressions.We write eachof themin direct style,
andwe successively CPS-transformthemandthendefunctionalize
their continuations.

Our arithmeticexpressionsareminimal: they consistof literals
andadditions.

dat at ype exp = VALUE of val ue
| COMP of comp

and val ue = LI T of i nt
and comp = ADD of exp * exp

Literalsaretheonly valuesandadditionsaretheonly computations.

2.1 A one-stepreduction function
We write theone-stepreductionfunctionby recursive descent,us-
ing the recursive calls to reachthe left-most-innermostredex, and
constructingthereducedexpressionat returntime:

( * r educe1 : comp - > exp * )
f un r educe1 ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) )

= VALUE ( LI T ( n1 + n2) )
| r educe1 ( ADD ( VALUE v1, COMP c2) )

= COMP ( ADD ( VALUE v1, r educe1 c2) )
| r educe1 ( ADD ( COMP c1, e2) )

= COMP ( ADD ( r educe1 c1, e2) )

We thenCPS-transformr educe1:

( * r educe1c : comp * ( exp - > Õa) - > Õa *)
f un r educe1c ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= k ( VALUE ( LI T ( n1 + n2) ) )
| r educe1c ( ADD ( VALUE v1, COMP c2) , k)

= r educe1c ( c2, f n e2 => k ( COMP ( ADD ( VALUE v1, e2) ) ) )
| r educe1c ( ADD ( COMP c1, e2) , k)

= r educe1c ( c1, f n e1 => k ( COMP ( ADD ( e1, e2) ) ) )

Finally, we defunctionalizethe continuationsin r educe1c. We as-
sumeaninitial continuationthatis the identity function,andthere-
fore the polymorphictype variablein the type of r educe1c is spe-
cializedto exp. Threefunctionalabstractionscanbuild inhabitants
in the function spaceexp - > exp. The Þrst is the initial continua-
tion andit hasno freevariables.Thesecondis thecontinuationin
the secondclause,andit hasv1 andk asfree variables.The third
is the continuationin the third clause,andit hase2 andk asfree
variables.Thedatatypeof defunctionalizedcontinuationshasthus
threeconstructors.

How do the continuations represented in the reduction function correspond to the evaluation contexts used by the 
semantics?



  

Defunctionalization

dat at ype cont = CONT0
| CONT1 of val ue * cont
| CONT2 of exp * cont

( * appl y : cont * exp - > exp * )
f un appl y ( CONT0, e)

= e
| appl y ( CONT1 ( v1, k) , e2)

= appl y ( k, COMP ( ADD ( VALUE v1, e2) ) )
| appl y ( CONT2 ( e2, k) , e1)

= appl y ( k, COMP ( ADD ( e1, e2) ) )

( * r educe1cd : comp * cont - > exp * )
f un r educe1cd ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= appl y ( k, VALUE ( LI T ( n1 + n2) ) )
| r educe1cd ( ADD ( VALUE v1, COMP c2) , k)

= r educe1cd ( c2, CONT1 ( v1, k) )
| r educe1cd ( ADD ( COMP c1, e2) , k)

= r educe1cd ( c1, CONT2 ( e2, k) )

Weobservethatthedatatypecont is isomorphicto thedatatype
of evaluationcontexts for arithmeticexpressions,andthatits apply
function coincideswith the correspondingplug function. Evalu-
ation contexts, together with their plug function, are therefore a
representationof thecontinuationof a one-stepreductionfunction.

2.2 An evaluation function

Wewrite anevaluationfunctionby recursivedescent:

( * eval : exp - > i nt * )
f un eval ( VALUE ( LI T n) )

= n
| eval ( COMP ( ADD ( e1, e2) ) )

= ( eval e1) + ( eval e2)

( * mai n : exp - > i nt * )
f un mai n e

= eval e

We thenCPS-transformeval :

( * eval c : exp * ( i nt - > Õa) - > Õa *)
f un eval c ( VALUE ( LI T n) , k)

= k n
| eval c ( COMP ( ADD ( e1, e2) ) , k)

= eval c ( e1,
f n n1 => eval c ( e2,

f n n2 => k ( n1 + n2) ) )

( * mai n : exp - > i nt * )
f un mai n e

= eval ( e, f n n => n)

Finally, we defunctionalizethecontinuationsin eval c. The initial
continuationis theidentity function andthereforethepolymorphic
typevariablein thetypeof eval c is specializedto i nt . Threefunc-
tional abstractionscanbuild inhabitantsin the function spacei nt
- > i nt . TheÞrstis the initial continuationandit hasno freevari-
ables.Thesecondis theinnercontinuationin theADDclause,andit
hasn1 andk asfreevariables.Thethird is theoutercontinuationin
theADDclause,andit hase2 andk asfreevariables.Thedatatype
of defunctionalizedcontinuationsthushasthreeconstructors.Due
to the recursive call to eval c in the outercontinuation,the apply
functionof defunctionalizedcontinuationsandthedefunctionalized
versionof eval c aremutuallyrecursive:

dat at ype cont = CONT0
| CONT1 of i nt * cont
| CONT2 of exp * cont

( * appl y : cont * i nt - > i nt * )
f un appl y ( CONT0, n)

= n
| appl y ( CONT1 ( n1, k) , n2)

= appl y ( k, n1 + n2)
| appl y ( CONT2 ( e2, k) , n1)

= eval cd ( e2, CONT1 ( n1, k) )

( * eval cd : exp * cont - > i nt * )
and eval cd ( VALUE ( LI T n) , k)

= appl y ( k, n)
| eval cd ( COMP ( ADD ( e1, e2) ) , k)

= eval cd ( e1, CONT2 ( e2, k) )

( * mai n : exp - > i nt * )
f un mai n e

= eval ( e, CONT0)

Weobservethatthedatatypecont is isomorphicto thedatatype
of evaluationcontexts for arithmeticexpressions,andthatits apply
functioncoincideswith thecorrespondingrefocusfunction.Evalu-
ation contexts,togetherwith their refocusfunction,are therefore a
representationof thecontinuationof anevaluation function.

2.3 Conclusion
Continuationshave two sides: they can representthe context for
one-stepreduction andthey canrepresenttherestof thecomputa-
tion for evaluation.Commonto bothsidesis thenotionof evalua-
tion context:
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¥ Evaluationcontexts, togetherwith theplug interpretation,are
the defunctionalizedrepresentationof the continuationof a
one-stepreducer.

¥ Evaluationcontexts, togetherwith the refocusinterpretation,
arethedefunctionalizedrepresentationof thecontinuationof
anevaluator.

Identifying thesetwo representationsof evaluationcontexts makes
it possible to reconcile the two commonÑbut contradictoryÑ
understandingsof continuationsas representationsof the current
context andasrepresentationsof therestof thecomputation.

Evaluationcontexts wereÞrstproposedin FelleisenÕs PhD the-
sis [26] andsincethenthey have hada clearimpactin the formal
studyof programminglanguages.Yet they have never beforebeen
formally connectedwith the continuationof a one-stepreduction
functionor with thecontinuationof anevaluationfunction.

It takes some skill to deÞneevaluation contexts. Until the
unique-decompositionlemmais proven,oneis never surewhether
theenumerationis completeandwhetherit is not somehow redun-
dant.In contrast,thecharacterizationof evaluationcontextsasade-
functionalizedcontinuationin arecursivedescentto locatethenext
redex providesboth a guidelineanda security. Also, the unique-
decompositionlemmaholdsasa corollarywhenonestartsfrom a
compositionalrecursivedescent.

Three kinds of continuations:
1. base continuation that has no free 
variables.

2. The second corresponds to the 
continuation in the second clause.  It has v1 
and k as free variables.

3. The third is the continuation in the last 
clause.  It has e2 and k free. 



  

Modified Reduction Operation

dat at ype cont = CONT0
| CONT1 of val ue * cont
| CONT2 of exp * cont

( * appl y : cont * exp - > exp * )
f un appl y ( CONT0, e)

= e
| appl y ( CONT1 ( v1, k) , e2)

= appl y ( k, COMP ( ADD ( VALUE v1, e2) ) )
| appl y ( CONT2 ( e2, k) , e1)

= appl y ( k, COMP ( ADD ( e1, e2) ) )

( * r educe1cd : comp * cont - > exp * )
f un r educe1cd ( ADD ( VALUE ( LI T n1) , VALUE ( LI T n2) ) , k)

= appl y ( k, VALUE ( LI T ( n1 + n2) ) )
| r educe1cd ( ADD ( VALUE v1, COMP c2) , k)

= r educe1cd ( c2, CONT1 ( v1, k) )
| r educe1cd ( ADD ( COMP c1, e2) , k)

= r educe1cd ( c1, CONT2 ( e2, k) )

Weobservethatthedatatypecont is isomorphicto thedatatype
of evaluationcontexts for arithmeticexpressions,andthatits apply
function coincideswith the correspondingplug function. Evalu-
ation contexts, together with their plug function, are therefore a
representationof thecontinuationof a one-stepreductionfunction.

2.2 An evaluation function

Wewrite anevaluationfunctionby recursivedescent:

( * eval : exp - > i nt * )
f un eval ( VALUE ( LI T n) )

= n
| eval ( COMP ( ADD ( e1, e2) ) )

= ( eval e1) + ( eval e2)

( * mai n : exp - > i nt * )
f un mai n e

= eval e

We thenCPS-transformeval :

( * eval c : exp * ( i nt - > Õa) - > Õa *)
f un eval c ( VALUE ( LI T n) , k)

= k n
| eval c ( COMP ( ADD ( e1, e2) ) , k)

= eval c ( e1,
f n n1 => eval c ( e2,

f n n2 => k ( n1 + n2) ) )

( * mai n : exp - > i nt * )
f un mai n e

= eval ( e, f n n => n)

Finally, we defunctionalizethecontinuationsin eval c. The initial
continuationis theidentity function andthereforethepolymorphic
typevariablein thetypeof eval c is specializedto i nt . Threefunc-
tional abstractionscanbuild inhabitantsin the function spacei nt
- > i nt . TheÞrstis the initial continuationandit hasno freevari-
ables.Thesecondis theinnercontinuationin theADDclause,andit
hasn1 andk asfreevariables.Thethird is theoutercontinuationin
theADDclause,andit hase2 andk asfreevariables.Thedatatype
of defunctionalizedcontinuationsthushasthreeconstructors.Due
to the recursive call to eval c in the outercontinuation,the apply
functionof defunctionalizedcontinuationsandthedefunctionalized
versionof eval c aremutuallyrecursive:

dat at ype cont = CONT0
| CONT1 of i nt * cont
| CONT2 of exp * cont

( * appl y : cont * i nt - > i nt * )
f un appl y ( CONT0, n)

= n
| appl y ( CONT1 ( n1, k) , n2)

= appl y ( k, n1 + n2)
| appl y ( CONT2 ( e2, k) , n1)

= eval cd ( e2, CONT1 ( n1, k) )

( * eval cd : exp * cont - > i nt * )
and eval cd ( VALUE ( LI T n) , k)

= appl y ( k, n)
| eval cd ( COMP ( ADD ( e1, e2) ) , k)

= eval cd ( e1, CONT2 ( e2, k) )

( * mai n : exp - > i nt * )
f un mai n e

= eval ( e, CONT0)

Weobservethatthedatatypecont is isomorphicto thedatatype
of evaluationcontexts for arithmeticexpressions,andthatits apply
functioncoincideswith thecorrespondingrefocusfunction.Evalu-
ation contexts,togetherwith their refocusfunction,are therefore a
representationof thecontinuationof anevaluation function.

2.3 Conclusion
Continuationshave two sides: they can representthe context for
one-stepreduction andthey canrepresenttherestof thecomputa-
tion for evaluation.Commonto bothsidesis thenotionof evalua-
tion context:

evaluation
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¥ Evaluationcontexts, togetherwith theplug interpretation,are
the defunctionalizedrepresentationof the continuationof a
one-stepreducer.

¥ Evaluationcontexts, togetherwith the refocusinterpretation,
arethedefunctionalizedrepresentationof thecontinuationof
anevaluator.

Identifying thesetwo representationsof evaluationcontexts makes
it possible to reconcile the two commonÑbut contradictoryÑ
understandingsof continuationsas representationsof the current
context andasrepresentationsof therestof thecomputation.

Evaluationcontexts wereÞrstproposedin FelleisenÕs PhD the-
sis [26] andsincethenthey have hada clearimpactin the formal
studyof programminglanguages.Yet they have never beforebeen
formally connectedwith the continuationof a one-stepreduction
functionor with thecontinuationof anevaluationfunction.

It takes some skill to deÞneevaluation contexts. Until the
unique-decompositionlemmais proven,oneis never surewhether
theenumerationis completeandwhetherit is not somehow redun-
dant.In contrast,thecharacterizationof evaluationcontextsasade-
functionalizedcontinuationin arecursivedescentto locatethenext
redex providesboth a guidelineanda security. Also, the unique-
decompositionlemmaholdsasa corollarywhenonestartsfrom a
compositionalrecursivedescent.

The datatype cont is isomorphic to the datatype of evaluation contexts.  The apply function corresponds to the  
plug function.  Evaluation contexts together with the plug function thus represent the continuation of a small-
step reduction function.


