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Abstract

Theproblemof constructingbounded-errorsummariesof
binaryattributeddataof veryhighdimensionsisanimpor-
tantanddif�cult one. Thesesummariesenablemoreex-
pensive analysistechniquesto beappliedef�ciently with
little loss in accuracy. Recentwork in this areahasre-
sulted in the useof discretelinear algebraictransforms
to constructsuchsummariesef�ciently . This paperad-
dressesthe problem of constructingsummariesof dis-
tributeddatasets.Speci�cally, the problemcanbe stated
asfollows: givenasetof n discreteattributedvectorsdis-
tributedacrossp sites,constructa summaryof k << n
vectorssuchthateachof theinputvectorsis within given
boundeddistancefrom someoutputvector. In addition
to beingalgorithmicallyef�cient (i.e., mustdo no more
work thancorrespondingserialalgorithm),thedistributed
formulationmusthave low parallelizationoverheads.We
presenthere,CONQUEST, a tool that achievesexcellent
performanceandscalability for summarizingdistributed
datasets.In contrastto traditionalparalleltechniquesthat
distribute the kerneloperations,CONQUEST usesa less
aggressive parallel formulation that relieson the princi-
pleof samplingto reducecommunicationoverheadwhile
maintaininghigh accuracy. Speci�cally, each individ-
ual site computesits local patternsindependently. Vari-
oussitescooperatewithin dynamicallyorchestratedwork-
groupsto constructconsensuspattersfrom theselocalpat-
terns. Individual sites then decideto participatein the
consensusor leave the group. Experimentalresultson
a set of Intel Xeon servers demonstratethat this strat-
egy is capableof excellentperformancein termsof com-
pressiontime, ratio, and accuracy with respectto post-
processingtasks. The communicationoverheadassoci-
atedwith CONQUEST is alsoshown to beminimal, mak-
ing it ideally suitedto wide-areadeployment.

keywords: distributeddatamining,compressingbi-
naryattributedvectors,non-orthogonalmatrix decompo-
sitions,correlationsin high dimensions.

1 Intr oduction

Thetremendousincreasein recentyearsin organizations'
ability to acquireandstoredatahasresultedin extremely
large,highdimensionaldatasets.For example,commonly
usedWal-Mart salesdata is in the order of terabytes,
with eachtransactiontypically de�ned over a spaceof
several thousanddimensions(items). This paperfocuses
on ef�cient distributed techniquesfor analysisof such
discreteattributeddatasets.Analysisof discretedatasets
presentssigni�cant challengessince it generally leads
to NP-hard problems. Consequently, algorithms and
heuristicsfor suchproblemsrely heavily on principlesof
sub-samplingand compressionfor reducingthe volume
of datathesealgorithmsmustexamine.

While serial techniquesfor sub-samplingand com-
pressionhavebeendevelopedandappliedwith somesuc-
cess[15, 24, 32, 36], a variety of applicationcharacter-
istics necessitatethe developmentof correspondingdis-
tributedformulations.Theseinclude:

� Datavolume:Datasetsoftenresideatgeographically
distributed locations. Collecting all of the dataat
a single location is infeasiblebecauseof network
bandwidthandstoragerequirements.

� Real-time response: Certain applicationsin data
analysis,suchasnetwork intrusiondetection,require
real time responsefrom a numberof differentloca-
tions.Collectingdatafor analysisanddisseminating
resultsof analysismay be too time consumingfor
suchapplications.

� Privacy considerations: In other applications,pri-
vacy considerationsmight precludecollecting data
at a single site. Dependingon privacy require-
ments,only aggregate patternsmay be communi-
cated. CONQUEST allows preciselysuch privacy
policies.

CONQUEST is basedon the serial programPROX-



IMUS1, which usesa variant of Semi-DiscreteMatrix
Decomposition(SDD) to ef�ciently compressbinary
datasetsin an error boundedfashion. CONQUEST uses
a parallelformulationthat relieson theprincipleof sam-
pling to reducecommunicationoverheadwhile maintain-
ing high accuracy. Speci�cally, eachindividual sitecom-
putesits local patternsindependently. Varioussitesco-
operatewithin dynamicallyorchestratedwork-groupsto
constructconsensuspatternsfrom theselocal patterns.
Then,individualsitesmaydecideto participatein thecon-
sensusor leave thegroup.We demonstratethat this strat-
egy resultsin excellentparallelperformance.

An importantoptimizationcriterionfor theserialfor-
mulation,PROXIMUS, is thenumberof patternsextracted
for a givenerrorbound.A smallernumberof patternsis
desirablesinceit correspondsto bettercompressionfor
a given distortion bound. Since the serial and parallel
formulationsusedifferentalgorithms,an importantcon-
siderationis the effect of our parallelizationstrategy on
thequality of theoutput,i.e., thenumberof patternsex-
tracted. We show experimentallythat in addition to ex-
cellentparallelperformance,CONQUEST introduceslittle
overheadin termsof numberof patternsdetected.

The rest of the paper is organizedas follows: In
Section2, we discussprevious researchrelatedto CON-
QUEST's serialandparallelformulations.Section3 intro-
ducesPROXIMUS brie�y . In Section4, we discussthe
challengesassociatedwith the parallel formulation and
explain our designdecisions. In Section5, we evaluate
the performanceof CONQUEST on a setof 8 Intel Xeon
serverson a rangeof inputs. We alsodiscussthe appli-
cation of CONQUEST in the context of associationrule
mining. Finally, in Section6, we draw conclusionsand
outlineavenuesfor futureresearch.

2 RelatedWork

In this section,we �rst explore relatedwork on analyz-
ing binary datasets,followed by parallelformulationsof
thesemethods.Datareductiontechniquestypically take
the form of probabilisticsub-samplingor datacompres-
sion. Techniquesbasedon probabilistic sub-sampling
have beenextensively explored[15, 32, 36]. Useof data
compressiontechniquesreliesonextractingcompactrep-
resentationsfor datathroughdiscovery of dominantpat-
terns. A naturalway of compressingdatarelieson ma-
trix transformssuchastruncatedSingularValueDecom-
positions(SVD), Semi-DiscreteDecomposition(SDD),
andCentroidDecomposition.Thesemethodshave been
widely usedin informationretrieval [4, 9, 22, 23]. SVD

1PROXIMUS is available over the public domain at
http://www.cs.purdue.edu/homes/koyuturk/proximus/

decomposesamatrix into two orthogonalmatrices,which
containthedominantpatterns.Eachpatternis represented
by a pair of singularvectorsandan associatedsingular
value,which identi�es the strengthof the corresponding
patternin thematrix. Computationof a full SVD canbe
computationallyexpensive. SDD providesa convenient,
andoftenfasterapproximationto SVD by limiting theen-
triesof thesingularvectorsto thesetf -1,0,1g. Centroid
Decompositionrepresentstheunderlyingmatrix in terms
of centroidfactorsthat canbe computedwithout knowl-
edgeof theentirematrix with thehelpof a fastheuristic
namedCentroidMethod. The computationof a centroid
decompositiononly dependson thecorrelationsbetween
therowsof thematrix. ThemaindifferencebetweenSVD
andthecentroidmethodis that centroidmethodtendsto
discoverasingledominantpatternwhile theSVD tendsto
discover theoverall trendof thedata.This maybea col-
lection of several independentpatterns.Orthogonalma-
trix decompositionshave beenexploited by several dis-
tributeddataminingalgorithmsaswell [18, 30].

A majorproblemassociatedwith orthogonaldecom-
positionsfor large scalebinary dataanalysisis that the
forcedorthogonalityof discoveredpatternsdegradesthe
interpretabilityof the analysis(e.g., what is the physi-
cal interpretationof a negative numberin binary data?
). A variantof thesemethods,PrincipalDirection Divi-
sive Partitioning (PDDP) [5], addressesthis problemby
recursively �nding rank-oneapproximationsof the input
matrix andpartitioningthis matrix basedon theapproxi-
mation. All of thesemethodstarget theanalysisof high-
dimensionaldataof continuousnature.PROXIMUS adapts
theideaof recursivematrixdecompositionto theanalysis
of large-scalebinary-valueddatasets.

Priorwork onparalleldataminingalgorithmshasfo-
cusedontaskssuchasclustering,classi�cation,andasso-
ciation rule mining. Several projectshave addressedthe
parallelizationof existing clusteringalgorithms[10, 12,
17, 29]. Among these,CLARA[20] attemptsto create
multiple samplesand appliesthe serial algorithm PMD
on eachsampleto achieve ef�ciency of analysison rela-
tively largedatasets.However, this ef�ciency is achieved
at the expenseof a possibility (probabilistically small)
of missingclustersin the datanot sampled.Several re-
searchershave developedparallel associationrule min-
ing algorithmsfor variousplatforms [2, 8, 14, 27, 30,
31, 34, 37, 38]. Most of theseapproachesarebasedon
the a-priori algorithm[3] andits variants. Oneclassof
algorithmsis basedon aggressive parallel formulations
that focuson partitioningthe dataelements(e.g., candi-
dateitemsets)so that eachsite performsan independent
part of the task,which is well suitedto massively paral-
lel platforms. Anotherclassis basedon computingfre-



quentitemsetsat eachsite individually andthenworking
in parallelto join individual patternsinto globalassocia-
tion rules. This providesa moresuitableframework for
distributed systems. Work on parallel classi�cation has
resultedin systemssuchasSPRINT[33], ScalParC[16],
andothers[35]. Thesesystemstypically usedecisiontree
basedclassi�cation.

In comparisonto the parallel techniquesmentioned
above, CONQUEST is basedon a fundamentallydifferent
serialalgorithm,PROXIMUS, whichprovidesamore�e x-
ible formulation for discretedataanalysisbasedon the
principle of datareduction. Insteadof analyzinga large
dataset,PROXIMUS attemptsto reducethevolumeof data
thatany subsequentanalysistaskwouldhaveto dealwith.
Possiblesubsequentanalysesincludeclassi�cation,clus-
tering,patterndiscovery andassociationrule mining. As
thesolutionof suchproblemsin distributedplatformson
largescaledatatendsto behardandexpensive,it is possi-
ble to exploit the�e xibility of PROXIMUS to simplify the
problemfor theunderlyingapplication.Basedon thisob-
servation, CONQUEST adoptsa parallel formulationthat
draws uponprinciplesof sub-samplingto yield excellent
parallelperformance,while preservingthe quality of the
output.

3 PROXIMUS: An Algebraic Framework for Err or
BoundedCompressionof Binary Datasets

PROXIMUS [24, 25] is a collection of novel algo-
rithms anddatastructuresthat rely on modi�ed SDD to
�nd error-boundedapproximationsto binary attributed
datasets.While relyingontheideaof non-orthogonalma-
trix transforms,PROXIMUS providesaframework for cap-
turing the propertiesof binary datasetsmore accurately
while takingadvantageof their binary natureto improve
boththequality andef�ciency of analysis.PROXIMUS is
basedonrecursivelycomputingdiscreterank-oneapprox-
imationsof a 0-1 matrix to extractdominantpatternshi-
erarchically.

A rank-oneapproximationto a binarymatrix A with
m rows andn columnsis anouterproductof two binary
vectorsx (presencevector)andy (patternvector)thatis at
minimumHammingdistancefrom A. Herex andy areof
dimensionsm andn, respectively. Theproblemof �nding
a rank-oneapproximation,i.e. �nding binary vectorsx
andy thatminimizejjA � xyT jj2

F = jf aij 2 (A � xyT ) :
jaij j = 1gj is NP-hard.PROXIMUS adaptsthealternating
iterative heuristicof SDD to the binary domainasa fast
andeffectivetechniquethatis ideallysuitedto thediscrete
natureof thedata.

For decomposingcontinuousvaluedmatrices,it was
shown in [28] that the objective function of rank-one

approximationis equivalentto oneof maximizing:

(3.1) Cc(x; y) =
(xT Ay)2

jj xjj2
2 jj yjj2

2
:

PROXIMUS approximatesthe objective function of dis-
creterank-oneapproximationwith this function andap-
pliesanalternatingiterative heuristicbasedon this func-
tion2. Fixing y andletting s = Ay=jjyjj 2

2, the objective

becomesone of maximizing (x T s)2

jj x jj 2
2

. This can be done
in linear time by sortingelementsof s via countingsort
andvisiting elementsof x in the resultingorderuntil no
improvementin the objective function is possible. The
samealgorithmcanbe usedto solve for y for a �x ed x.
Thus,we can iteratively apply this strategy by choosing
an initial y, solving for x, �xing x, solving for y, and
so on, until no improvementis possible. This heuristic
�nds a locally optimal solutionto the rank-oneapproxi-
mationproblemin time linearin thenumberof non-zeros
in thematrix. This is becausethefundamentaloperations
performedin thealgorithmaresparsematrix-vectormul-
tiplicationsandcountingsorts. Note that the numberof
iterationsis boundedby numberof columns(rows) and
generallyafew iterationsaresuf�cient for convergencein
practice[26].

PROXIMUS usesthe rank-oneapproximationof the
given matrix to partition the rows into two sub-matrices
A1 andA0 containingrows that correspondto the ones
andzerosof the presencevectorx, respectively. There-
fore, the rows in A1 have a greaterdegreeof similarity
with respectto theirnon-zerostructureamongthemselves
(characterizedby the patternvector y) comparedto the
restof the matrix. Sincethe rank-oneapproximationof
A yieldsno informationaboutA0, we furthercomputea
rank-oneapproximationfor A0 andpartition this matrix
recursively. On the other hand,we usethe representa-
tion of the rows in A1 given by the patternvector y to
determinewhetherthis representationis adequateasde-
terminedby somestoppingcriterion. If so,wedecidethat
matrix A1 is adequatelyrepresentedby matrix xyT and
stop; else,we recursively apply the procedurefor A1 as
for A0.

The partitioning-and-approximation processcontin-
uesuntil the matrix cannotbe further partitionedor the

2Minimizing the error is equivalent to maximizing the (discrete)
functionCd (x; y) = 2xT Ay � jj x jj 2

2 jj yjj 2
2, whichalsoallows a linear-

time alternatingiterative heuristic. The algorithmthat is basedon this
discreteobjective function is implementedin PROXIMUS aswell. We
baseour discussionon the continuousapproximationthroughoutthis
paperas the parallel implementationis basedon this approximation,
but the discussionon algorithmsand possibleparallelizationschemes
alsoappliesto the discretefunction. The differencesbetweenthe two
objective functionsarediscussedin [26].
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Figure1: Recursive structureof PROXIMUS. Leavesof
therecursiontreecorrespondto �nal decomposition.

resultingapproximationadequatelyrepresentsthe entire
matrix. PROXIMUS usesametriccallednormalizedHam-
ming radiusto measurethe adequacy of the representa-
tion, which is de�ned asthemaximumnormalizedHam-
ming distanceof all rowsof thematrix thatarepresentin
the approximationto thepatternvector. The normalized
Hammingdistancebetweentwo binaryvectorsis theratio
of Hammingdistanceto thesizeof thevectors.Notethat
this metriconly takesvaluesin therange[0; 1].

Therecursivealgorithmdoesnotpartitionsub-matrix
A i furtherif bothof thefollowing conditionshold for the
rank-oneapproximationA i � x i yT

i .

� r̂ (A i 1; yi ) < � , where � is the prescribedbound
on the normalizedHamming radius of identi�ed
clusters.

� x i (j ) = 1 8j , i.e., all the rows of A i arepresentin
A i 1.

If both of the above conditionshold, the patternvector
yi is identi�ed as a dominantpatternin matrix A. The
resulting approximationfor A is representedas ~A =
X Y T whereX and Y are m � k and n � k matrices
containingthepresenceandpatternvectorsin their rows
respectively andk is thenumberof identi�ed patterns.

Figure1 illustratesthe recursive structureof PROX-
IMUS. Startingwith matrix A, a rank-oneapproximation
to A is computed.The matrix A is thenpartitionedinto
A1 andA0 basedon the presencevectorx1. The rank-
oneapproximationto A1 returnsa presencevectorof all
1's and the approximationis adequateso the recursion

1. Loop until no improvementonCc(x; y) is possible
2. s  Ay=jjyjj 2

2

3. Solve for x to maximize (x T s)2

jj x jj 2
2

4. s  AT x=jjxjj2
2

5. Solve for y to maximize (y T s)2

jj y jj 2
2

6. End loop

Figure2: Outlineof thealternatingiterative heuristicfor
rank-oneapproximation.

stopsat that nodeandy2 is recordedasa dominantpat-
tern. On theotherhand,matrix A0 is furtherpartitioned
astheapproximationA0 � x3yT

3 doesnot coverall rows
of A0. The overall decompositionis A � X Y T where
X = [x2; x4; x5] andY = [y2; y4; y5].

4 CONQUEST: A Tool for Constructing Summaries
of Distrib uted Binary Datasets

We �rst identify the kerneloperationsin the serialalgo-
rithm, PROXIMUS, andexplorevariousparallelformula-
tions.

4.1 Kernel Operations in PROXIMUS. At the coreof
PROXIMUS is the matrix decompositionthat recursively
partitionstheoriginal matrix into a seriesof matrix pairs
A1 andA0. If weview therecursiveprocessasatree,the
maintaskateachnodeof therecursiontreeis analternat-
ing iterative processthat maximizesthe objective func-

tion, Cc(x; y) = (x T Ay )2

jj x jj 2
2 jj y jj 2

2
. The stepsinvolved in this

processareshown in Figure2. Theoperationson lines2
and4 aredominatedby two sparse-matrixvectormultipli-
cations,Ay andAT x. Parallelsparse-matrixvectorprod-
uctshavebeenthesubjectof extensive researchfor many
years.Thechallengein optimizingthisoperationis to �nd
aloadbalancedpartitioningof thesparsematrix thatmin-
imizesthe amountof communicationamongprocessors.
Existingmethods[7, 13, 19, 21] view thesparsematrixas
a graphandreducetheloadbalancingproblemto a prob-
lem of partitioningthe graphinto p roughly equalparts,
wherep is thenumberof processors.However, graphpar-
titioning basedload balancingtechniquesareunlikely to
succeedin our context for thefollowing reasons:

1. Thedatasetsof interestoftencontainafew dominant
patternsalongwith a numberof weakpatterns.As
a result, the matricesthat appearin intermediate
stepsoftendiffer signi�cantly in size.This situation
is illustrated in Figure 4. The matrix is initially
distributed evenly among the two processors. If



1. sort s = [sj 1 ; sj 2 ; : : : ; sj m ] in descendingorder
2. x i  0 for 1 � i � m
3. Cc(x; y)  0 , sum  0
4. for i  1 to m do
5. sum  sum + sj i

6. if sum2=(jjxjj2
2 + 1) � Cc(x; y)

7. then x j i  1
8. Cc(x; y)  sum2=jjxjj2

2
9. elsebreak
10. end if
11. end for

Figure 3: Algorithm for computingthe presencevector
for a �x edpatternvector.

we simply assignthe task of decomposinga child
matrix to one particular processor, we could have
unbalanceddistribution of tasksamongprocessors
asseenat thesecondlevel andthe third level of the
recursiontree. In order to maintainconsistentload
balanceamongprocessors,the balancingheuristic
mustbe appliedat every level of the recursiontree
and large amountof datamust be transferredas a
result. The communicationcost incurred in load
balancingis likely to dominatethe overall cost of
the computationand thereforesigni�cantly reduce
scalability.

2. Computing good partitions implies �nding good
clusterswithin the dataset. While this works for
moreexpensive post-processingon the graph(such
as repeatedmat-vecs for solving linear systems),
they arenot suitablefor inexpensiveoperationssuch
asthoseinvolvedin CONQUEST (no FLOPSat all!).
The use of existing heuristicswill overwhelmthe
costof executingCONQUEST without any optimiza-
tion.

Theprocessof solvingfor thepresencevectorx (and
similarlypatternvectory) canbeimplementedin thesteps
shown in Figure3. Thesestepscanbe implementedin
parallelby sortingentriesof s followed by a pre�x sum
operation. As the entriesof s arebounded,they canbe
sortedvia countingsortin lineartime,serially. For its par-
allel implementation,samplesort is themethodof choice
for this problem. The challengehereis the distribution
of s-vectoramongprocessorsonceit is sorted.If theele-
mentsof s aredistributedin blocks,i.e., the�rst processor
hasthemaximumn=p elementsandsoon, thenthepro-
cessorsthathavesmallerentriesof s mighthavenowork,
sincethe loop breaksassoonasno improvementon the

P1

P2

P1
P2

Pattern 1

Pattern 3
Pattern 2

Figure 4: A parallel recursion tree that results from
straightforwardassignmentof tasksto processors.

Legend Rank−one approximation

P1 P2 P3 P4

Work Group

Figure5: CONQUEST ParallelCommunicationModel.

objective function is possible,asseenin line 9 of theal-
gorithm. Thus, cyclic distribution of the entriesof the
sorteds vectoris necessary. However, in thiscasethevec-
tor mustbe redistributedafter the computationof pre�x
sums.Thisnecessitatesanall-to-all personalizedcommu-
nicationwith messagesizen=p2, whichcanbeperformed
in O(n=p) time on a network with bisectionbandwidth
�( p) [13]. This bandwidthrequirementdoesnot scaleto
largecon�gurations.Furthermore,performingthisstepof
computationatall iterationsof rank-oneapproximationin
parallelimposesconsiderableloadon thenetwork in ad-
dition to theoverheadintroducedby theparallelizationof
thesortingalgorithm. For thesereasons,we adoptanal-
ternateparallelizationstrategy for CONQUEST.

4.2 CONQUEST Parallel Formulation. CON-
QUEST addressesperformance bottlenecks of con-
ventional parallelization techniquesby relying on the
principleof sub-samplingwith limited communicationto
maintainaccuracy. CONQUEST usestheconceptof work

5



groups to aggregate processorsworking on data with
similar patterns. Initially all processorsare associated
with a single work group. Each processorproceeds
to computethe rank-oneapproximationusing its local
dataindependentof others. Processorsthengo through
a consolidationprocess,(describedin detail in 4.2.1),
to re�ne work groupsto include only thoseprocessors
that �nd similar patternsat the most recentstep. After
regrouping,processorsrepeatthesamestepswithin their
own work groupsuntil thestoppingcriterionis satis�ed.

This processis illustratedin Figure5. In this exam-
ple, therearefour processors,eachinitially assignedto a
globalwork group. After the �rst roundof computation,
the �rst threeprocessorsdecidethe patternsthey found
aresimilar andform a new work group. They repeatthe
sameprocesswithin thenew group.ProcessorP4discov-
ersa patternthatis suf�ciently supportedonly by its own
data(but is differentfrom otherprocessors'patterns)and
thereaftercontinueson its own. After consolidation,the
recursiveprocedurecontinuesandprocessorsconsolidate
within theirwork groupaftereachstepof computationin
the recursiontreeuntil eachof their stoppingcriteria is
satis�ed. At this point, processorsthat terminatenotify
theremainingmembersof thework groupof their depar-
ture. Whenall processorsterminate,they exchangetheir
patternsand eachprocessorkeepsa copy of all unique
patterns.

The idea of constructinglocal work groupsamong
processorsis motivatedby theobservationthatgeograph-
ically distributed datasetsoften exhibit patternsthat are
somewhat uniquein relation to their locations. For ex-
ample,a Gap storein Minnesotain the winter is likely
to have salespatternsvery differentfrom thoseobserved
at a storein California. This implies that theglobaldata
exchangein conventionalparallelizationschemesis un-
necessaryandtheadditionalgainsin termsof accuracy of
patternsdiscoveredfrom conventionalstrategiesarelikely
to belimited.

4.2.1 Pattern Consolidation. After eachrank-oneap-
proximation,processorsin thesamework groupexchange
mostrecentlydiscoveredpatternvectors.Eachprocessor
storesall the patternvectorsasa matrix andexecutesa
serial versionof PROXIMUS to discover patternswithin
this matrix. Processorthenreplacetheir original patterns
with a consolidatedpatternthat is closestto theoriginal,
andusethe new patternfor continuingthe process.By
doing so, processorslearn from eachotherby exchang-
ing the summaryof the datain their local partitionsand
discoveringtheglobal trendin patterns.It is noteworthy
thatcommunicationhappensonly amongprocessorsthat
arein thesamework group.Communicationacrosswork

1. P  all-to-all broadcasty within currentwork group
2. runserialalgorithmonP to �nd dominantpatternsand

storethemassetD = f d1; : : : ; dk g.
3. if jD j = 1 then
4. continue
5. else
6. for i  0 to jD j do
7. if y is similar to di

8. y  di

9. createandjoin communicationgroupi
10. end if
11. end for
12. end if

Figure 6: Sketch of the parallel algorithm for pattern
consolidation.

groupsis notnecessarysinceprocessorsin differentwork
groupsare,by de�nition, working on datasetsthat have
differentunderlyingpatterns.Additional communication
wouldhavevery little effect in termsof improving theso-
lution. Oncenew patternsarecomputed,processorsform
new work groupswith otherssharingthesamepatternand
continuecomputationin thesamemanner. This consoli-
dationprocessis implementedasshown in Figure6.

We illustratethis processwith a simpleexamplethat
hasfour processorsin a work group.After thebroadcast,
eachprocessorhasapatternmatrix thatlooksasfollows:

2

6
6
4

P1 1 1 1 0 1 1 1 0
P2 1 1 1 0 1 1 1 0
P3 1 1 1 0 0 1 1 0
P4 0 0 0 1 1 1 0 1

3

7
7
5

Each row in the above patternmatrix is a pattern
vectordiscoveredby a processorin thesamework group,
andit is taggedwith thecorrespondingprocessorid. After
obtainingthe patternmatrix, eachof the four processors
triesto �nd patternsin this matrixusingtheserialversion
of thealgorithm. This procedureresultsin the following
patterns:

�
1 1 1 0 1 1 1 0
0 0 0 1 1 1 0 1

�

The two vectors found in local analysis can be
thoughtof astherepresentativesof all thepatternsin the
patternmatrix. Theserepresentative patternsprovide the
basisfor regroupingtheprocessors.Processors1, 2, and3
havepatternvectorssimilar to the�rst representativepat-
tern,andform a new work group. They usethe�rst rep-



resentative patternto partition their local matrices. Pro-
cessor4 is in a groupof its own andusesthesecondrep-
resentative pattern,which in this case,is the sameasits
originalpattern,to partitionits localmatrix.

4.2.2 Performance Aspects of CONQUEST. In
essence,the CONQUEST parallel formulation replaces
theglobalrank-oneapproximationin theserialalgorithm
with local approximationoperationsat eachindividual
processor. There are two major advantagesof this
formulation:

1. Loadbalancingis no longera major issue.Theonly
effort requiredis to initially balancetheloadamong
processors.We no longerneedto beconcernedwith
thecommunicationpatternsamongthepartitionsof
the matrix at differentprocessors.This is because
kernel operationsof matrix-vector multiplications
andsortingoperationsareperformedindependently
at eachprocessor.

2. Communicationoverheadof theschemeis minimal.
For eachprocessor, there is at-mostone all-to-all
broadcastof its patternvectorrequiredateachrecur-
sionstep.Thesizeof thedatabeingexchangedis the
numberof non-zerosin the patternvector, which is
of thesamedimensionasthedatamatrix. For sparse
data,the sizeof the patternvectortendsto be very
small.

Onepotentialdrawbackof this approachis that the
processorsmaywork on local partitionsof thedatamost
of the time. The computationof the patternsis carried
outby processorslargely independentlyof eachotherand
thereforeis at the risk of converging to undesirablelocal
optima. The problemin this caseis similar to that faced
in sub-sampling.

To understandthe likelihoodof this event, consider
the classical sub-samplingproblem. Using Chernoff
bounds,Toivonen[36] shows that theprobability � of er-
ror � in frequency of a subsetin the original datasetand
the sampleis boundedby a function of the samplesize,
jsj, andtheerrorbound� .

THEOREM 4.1. LetT bea setof transactionsonsetS of
items.If t � T is a sampleof size

jt j �
1

2� 2 ln
2
�

;

then,for any subsets � S of items,the probability that
e(s; t) > � is at most� , where e(s; t) = jf r (s;T ) �
f r (s; t)j is thedifferencebetweenthe frequenciesof s in
T andt, respectively.

# # #
Data transactions. items patterns

(approximately)
M10K 7513 472 100
M31K 23228 714 100
L100K 76025 178 20
LM100K 76326 452 50
M100K 75070 852 100
HM100K 74696 3185 500
H100K 74733 7005 2500
M316K 237243 905 100
M1M 751357 922 100

Table1: Descriptionof datasetsusedin experiments.

Note that in the context of our problem, T is the
matrix of interestand the items in S are the columns
of T . In this respect,the part of the matrix at each
processorcan be consideredas a subsamplet of the
original matrix. Thus, the theoremappliesdirectly with
frequency of item setsin the theorembeing viewed as
the frequency of patternsin CONQUEST. Sincedatasets
in practicalapplicationsare likely to be large, the error
boundand the probability of error areboth quite small.
In addition,we areableto further alleviate this problem
to a satisfactorydegreeby periodicreconciliationamong
processorsto improve the accuracy of patternsthat they
convergeto.

5 Experimental Results

In this section,we �rst evaluatetheparallelperformance
of CONQUEST by examiningits run time propertiesand
its accuracy in termsof discoveredpatternswith respect
to the serialalgorithm. We thenshow CONQUEST's ap-
plicationasa preprocessorin associationrule miningand
comparethe resultswith thoseof the a-priori algorithm
appliedon raw data. We examinethe resultsin termsof
precisionandrecallof discoveredrules.

5.1 Execution Envir onment. CONQUEST is imple-
mentedfor message-passingplatformsusing MPI [11].
The measurementspresentedhereare taken on a set of
eightIntel Xeonservers.

The datamatricesusedin the experimentsaregen-
eratedusing the syntheticdatageneratormadeavailable
by the IBM QuestResearchGroup[1]. We generatetwo
setsof data,onewith varyingnumberof transactionsand
theotherwith varyingnumberof patterns.In the�rst set,
thenumberof patternsis �x edto 100(medium)and� ve
instances,namedM10K, M31K, M100K, M316K and
M1M, containing� 10K , � 31K , � 100K , � 316K
and� 1M transactionsaregenerated,respectively. In the
secondset,thenumberof transactionsis �x edto � 100K
(medium)and � ve instances,namedL100K, LM100K,
M100K, HM100K andH100K, thatcontain20 , 50, 100
, 500,and2500patternsaregenerated,respectively. We
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RunTime # patterns Average
# of trans. serial parallel serial parallel ham.dist.
10K 0.40 0.07 303 409 4.85
31K 0.96 0.16 275 501 4.8
100K 7.90 0.99 246 544 4.51
316K 27.62 2.35 207 463 2.59
1M 76.78 7.25 180 443 2.52

Table 2: Comparisonof patternsdiscoveredby parallel
and serial formulationsfor varying numberof transac-
tions.

RunTime # patterns Average
# of pat. serial parallel serial parallel ham.dist.
20 5.66 0.49 192 228 1.82
50 7.05 0.64 224 395 2.41
100 7.90 0.99 246 544 4.51
500 10.6 1.40 950 2407 4.68
2500 18.13 4.94 5370 12650 6.13

Table 3: Comparisonof patternsdiscoveredby parallel
andserialformulationsfor varyingnumberof underlying
patterns.

set the averagenumberof itemsper transactionand the
averagenumberof itemsperpatternboth to 10. We also
setthe averagecorrelationbetweenevery pair of pattern
to 0.1 andtheaveragecon�denceof a rule to 90%. Note
that althoughother choicesof theseparametersare ex-
plored,we are restrictingour discussionto a singleset-
ting for simplicity, which is chosento bereasonableand
observedto berepresentative for generalperformancere-
sults. As might be guessedintuitionally, the numberof
discoveredpatternsgrows by increasingbetween-pattern
correlation,for both serial and parallel algorithms. Ta-
ble 1 shows theexactnumberof transactions,numberof
items,andnumberof patternsin all datasets.

For all experimentsreportedin thissection,wesetthe
boundon the normalizedHammingradiusof identi�ed
clustersto 0.01andusethePartition initializationscheme.
For detailson theseparameters,pleasesee[24].

5.2 Parallel Performance. We demonstratethatCON-
QUEST is capableof excellentspeedup,while maintaining
accuracy of thepatternsfoundby comparingtheruntimes
of CONQUEST oneightmachinesandtheserialalgorithm
onanidenticalmachinewith thesameparameters.Tables
2 and3 summarizethe parallelperformancefor varying
numberof rowsandnumberof patterns,respectively.

TheaverageHammingdistancebetweenthepatterns
discoveredby CONQUEST andtheserialprogramis cal-
culatedasfollows:

�H (Y; Y 0) =

kP

i =1
H (yi ; Y 0)

k
whereH (yi ; Y 0) = min

0� j <k 0
jj yi XORy0

j jj , yi 2 Y are

the patternsdiscovered by CONQUEST, y0
j 2 Y 0 are

the patternsdiscoveredby PROXIMUS, k andk0 are the
number of rows (patterns)in Y and Y 0, respectively.
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Figure7: Speedupof parallel formulationon eight ma-
chinesover serialprogramwith (a) increasingnumberof
transactions(b) increasingnumberof underlyingpatterns.

Here,H (yi ; Y 0) measuresthedifferencebetweenpattern
y and the pattern in Y 0 that representsy best. Thus,
�H (Y; Y 0) providesanaveragemeasurementon how well
serialpatternsarerepresentedby parallelpatterns.

As thenumberof rowsin thedatasetgrowsfrom 10K
to 1M, CONQUEST consistentlydemonstratesspeedups
rangingfrom 6 to 12 (Figure 7). A similar behavior is
observed with respectto increasingnumberof patterns.
The super-linear speed-up,observed in somecases,is
attributedto theeffect of sub-sampling.CONQUEST and
PROXIMUS performdifferentamountsof computation–
anddueto sub-sampling,CONQUEST oftenperformsless
computationthanits serialcounterpart.The tradeoff for
this lowercomputationalcostis thatCONQUEST returnsa
largernumberof patternvectors.

Table 4 shows the parallel performanceon dataset
of 1M rows and100 patternswith increasingnumberof
processors.Figure8 shows thatCONQUEST discoversas
many as1.2to2.5timesthenumberof patternsdiscovered
by the serialprogram. While this is an undesirablecon-
sequenceresultingfrom thechoicemadein thedesignof
theparallelformulationin orderto avoid largecommuni-
cationoverhead,Figure9 shows that theaveragenumber
of bit differences(Hammingdistance)betweentheparal-
lel patternsand the serialpatternsis in fact quite small.
This indicatesthat while thereare more patternsfound,
most of these“new” patternsare quite similar to those
patternsidenti�ed by the serial algorithm. This means
that somepatternsdiscoveredby the parallel algorithm
areredundant,which is naturalandwould beexpectedin
a real-lifesettingastheremightbesimilarpatternsin dif-
ferentsiteswhicharepartiallydifferent.Thus,signi�cant
intersectionmaynot meanredundancy in somecontexts.
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Figure 8: Increasein number of discovered patterns
with (a) increasingnumberof transactions(b) increasing
numberof underlyingpatterns.

# proc. Runtime # patterns Avg. ham.dist.
1 76.78 180 0
2 32.55 194 0.15
4 14.46 248 0.48
6 8.68 288 0.73
8 7.25 443 2.52
10 4.80 361 1.97
12 3.90 390 2.43

Table4: Performanceof CONQUEST on M1M datawith
increasingnumberof processors.

Although CONQUEST addressesredundancy to a certain
extent taking advantageof the formulation of the prob-
lem, i.e., eachtransactionis representedby exactly one
patternandthedistancebetweenatransactionandits rep-
resentative patternis bounded,it is necessaryto provide
aquantitativede�nition of redundancy in orderto explore
theopportunitiesto furtherreducethis overhead.

Wenow examinethebandwidthrequirementof CON-
QUEST. As indicatedin section4.2.2eachprocessoris
requiredto performat-mostoneall-to-all broadcastof its
patternvectorwithin its own work groupat eachrecur-
sionstep.We canmeasurethebandwidthrequiredin this
processby recordingthenumberof byteseachprocessor
sendsand receives during the all-to-all communication.
Sinceprocessorsmayjoin differentwork groups,andthus
generatedifferentamountof network traf�c, we choose
the processorthat generatesthe most traf�c as a mean-
ingful measureof thebandwidthrequiredby CONQUEST.
Figures10 and 11 show the maximum network traf�c
generatedduringtheexecutionof CONQUEST on various
datasets.Theseresultsshow thattheheaviesttraf�c, gen-
eratedduring the executionon a datasetof 100K trans-
actionswith 2500patterns,is about80K bytes,which is
well within thecapabilityof typicalwideareanetworks(it
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Figure 9: AverageHammingdistancebetweenpatterns
discoveredby parallelformulationoneightmachinesand
serialprogramwith (a) increasingnumberof transactions
(b) increasingnumberof underlyingpatterns.

takesmillisecondsto transfer80KB of dataovera1Mbps
network link). Furthermore,comparingthis communica-
tion time to thetotalparallelrun time,we cansafelycon-
cludethat the time it takes to transferthe small amount
of datageneratedby CONQUEST is indeeda very small
fractionof theoverall run time.

5.3 Application to Association Rule Mining . In this
section, we illustrate an application of CONQUEST as
a tool for gatheringlarge amountsof datathat are dis-
tributedamongvarioussitesfor applyingexpensive data
mining algorithmson the collection. The ideais to con-
structasummaryof distributeddataandminingthissum-
maryfor associationrulesusinga conventionalalgorithm
sequentially. This is generallymoreef�cient thancollect-
ing all of thedataat onesiteor runningparallelizedver-
sion of the conventionalalgorithm sincethe underlying
algorithm hasconsiderableparallelizationoverhead,es-
peciallyfor geographicallydistributedplatforms.

Associationrule mining is a well-known andexten-
sively studiedproblemin datamining[3]. Givena setof
transactionsover a setof items,associationrule mining
aims to discover rules betweenitemsetsthat satisfy the
minimum supportandcon�denceconstraintsprescribed
by theuser. An associationrule is anassertionof thekind
“ f bread,milkg) f butterg”, meaningthat if a transaction
containsbreadandmilk, it is alsolikely to containbutter.
Thesupportof a rule in a setof transactionsis de�ned as
thepercentageof transactionsthatcontainall itemsof the
rule over all transactionsin the set. The con�denceof a
rule is the conditionalprobability of observingthe right

9
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Figure 10: The maximum network traf�c generated
by CONQUEST ondatasetswith differentnumberof trans-
actions,rangingfrom 10K to 1M.

handside,giventheleft handside.
We illustratethe useof CONQUEST for the purpose

of associationruleminingwith anexample.Givenasam-
ple setof 6 transactionsasshown in Figure12(a),we can
constructabinarytransactionmatrixby mappingtransac-
tionsto rowsanditemsto columnsandsettingentryt ij of
thetransactionmatrixT to 1 if itemj is in transactionTi .
Theresultingmatrix is shown in Figure12(b). As shown
in Figure13(a)two rank-oneapproximationsdecompose
T into a setof orthogonalpresencevectors(x i ) anda set
of patternvectors(yi ), with x1 = [0 0 1 1 1 1]T and
y1 = [0 0 1 1 1] in onepair andx2 = [1 1 0 0 0 0]T and
y2 = [1 1 1 0 0] in another. We canconstructasetof vir-
tual transactions,usingthepatternvectorsastransactions
andthenumberof non-zerosin presencevectorsastheir
weights(Figure13(b)). We cannow analyzethis smaller
approximatetransactionsetusingany existingassociation
ruleminingtechnique.Notethatthissummarycanbeob-
tainedusingCONQUEST if thetransactionsaredistributed
amongvarioussites.

We show the validity of this techniqueby using
existing associationrule mining software to mine the
original datasetM1M (above) and the approximateset
generatedby CONQUEST. Thesoftwareweuseis anopen
sourceimplementation[6] of the well-known a-priori
algorithm. We also createa slightly modi�ed version
of this software which is capableof mining weighted
approximatetransactionsets.

Table5 shows thecomparisonof resultsobtainedby
running the a-priori software on the original 1M trans-
actionmatrix andon the approximatetransactionmatrix
generatedby runningCONQUEST using8 processors.The
a-priori softwarewasrun with 90%con�dencein all in-
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Figure 11: The maximum network traf�c generated
by CONQUEST on datasetswith differentnumberof pat-
terns,rangingfrom 20 to 2500.

min. time time rules rules rules
sup. orig. apprx. orig. apprx. match prec. recall
% sec. sec. # # # % %
2.0 28.45 0.38 63503 53280 53280 100.0 91.0
2.5 12.69 0.14 27090 20299 20299 100.0 75.0
3.0 10.99 0.14 20353 19527 19527 100.0 98.1
3.5 10.56 0.13 19617 19527 19527 100.0 99.5
4.0 9.23 0.08 12793 12793 12793 100.0 100.0
4.5 9.27 0.08 12787 12789 12787 100.0 99.98
5.0 8.98 0.06 12398 10955 10955 100.0 90.9
5.5 7.20 0.05 6740 6732 6732 100.0 99.88
6.0 7.12 0.05 6732 6732 6732 100.0 100.0

Table5: Associationrule mining performanceof CON-
QUEST onM1M dataset.

stances.The�gures in thetableincludeminimumsupport
for the rules,total time spentmining theoriginal matrix,
total timespentminingapproximatematrix, rulesdiscov-
eredfrom the original matrix, rulesdiscoveredfrom the
approximationmatrix, rules matchedin the two cases,
precisionandrecall. Precisionis de�ned asthe number
of matchingrulesoverall rulesthatarediscoveredon the
approximatetransactionset, measuringhow precisethe
resultsobtainedon theapproximatesetare. Recallis de-
�ned asthefractionof therulesdiscoveredin theoriginal
transactionsetthatarealsodiscoveredin theapproximate
set,measuringhow successfulthe compressionis on re-
calling therulesthatarepresentin theoriginaldata.

As we observe from our results,CONQUEST demon-
stratesexcellentoverall accuracy. Precisionvaluesin all
casesare 100%. Recall valuesare almost all close to
100%;droppingbelow 90%in onecase(75%)(Figure14),
andimmediatelyrising up to 98%. This phenomenonis
sometimesobserved andis due to the suddenchangein
the supportvalueof a large groupof data(an artifact of



T1 : f beer, snacksg
T2 : f beer, snacks,breadg
T3 : f milk, breadg
T4 : f milk, bread,butterg
T5 : f milk, butterg
T6 : f bread,butterg

(a)

beer snacks bread milk butter
T1 1 1 0 0 0
T2 1 1 1 0 0

T= T3 0 0 1 1 0
T4 0 0 1 1 1
T5 0 0 0 1 1
T6 0 0 1 0 1

(b)

Figure12: (a) A sampletransactionsetof 6 transactions
on5 itemsand(b) its correspondingtransactionmatrix.

theQuestdatagenerator).While maintaininghigh accu-
racy, CONQUEST provides a speed-upof several orders
of magnitudeover a-priori operatingon un-preprocessed
data.Notethatthetime for constructingthesummaryfor
M1M datasetis 7.25 seconds,which is well below the
time spenton mining the original transactionset for al-
mostall meaningfulsupportvalues.

This demonstratesthat, in additionto beinga useful
tool for thepurposeof correlatinglargehigh-dimensioned
datasets,CONQUEST canbeusedasapowerfulpreproces-
sorfor creatingsummariesof distributeddatafor conven-
tional datamining techniqueswithout incurring the ex-
pensive overheadof transferringandcentrallystoringall
of theoriginaldatasets.

6 Conclusions

In this paper, we have presentedCONQUEST, a novel
parallel formulation of a powerful new techniquefor
analysisof largehigh-dimensionalbinaryattributedsets.
This parallel formulation is designedto conserve net-
work bandwidthandalleviatetheproblemof loadbalanc-
ing facedin otherconventionalparallelizationtechniques.
Thesepropertiesmake it idealfor miningextremelylarge
datasetsover geographicallydistributed locations. We
alsoshow thatCONQUEST successfullyreliesontheprin-
ciple of sub-samplingandperiodicconsolidationamong
processorsto achieveexcellentspeed-upswhile maintain-
ing high accuracy. Finally, we demonstratethe applica-
tion of CONQUEST in associationruleminingasapower-
ful pre-processingtool to signi�cantly accelerateexisting
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Figure 13: (a) Decompositionof transactionmatrix of
thetransactionsetof Figure12and(b) thecorresponding
approximatetransactionset.
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dataminingsoftware.
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