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Abstract

Large-scale graph-structured datasets have become increasingly prominent — with

web applications serving millions of users — prompting effective, efficient large-scale

graph analysis. Earlier, graph analysis was mostly used in the context of relatively

smaller graphs mostly on single processors or at most small clusters. These existing

techniques do not scale to large-scale graphs due to the large working sets involved.

On the other hand, recent research has studied scalable solutions for data analysis re-

sulting in several distributed execution environments to exploit the independent data

parallelism exhibhited by these applications. The earlier attempts at realizing graph

analysis using these scalable distributed execution enviroments are inefficient due to

the workload distributions they adopt.

In this paper, we study iterative matrix-vector product in MapReduce, which is

the key underlying operation in several graph algorithms. By studying the effect of

workload distribution on resource utilization and other communication overheads, we

propose an efficient implementation of mat-vec in MapReduce. We evaluate the pro-

posed mat-vec implementation in the context of finding topographical similarity be-

tween nodes in large-scale graphs. By using the proposed mat-vec in conjunction with

a novel, scalable decomposition technique, we compute graph similarity in billion-node

graphs.

1. Introduction

Graphs are ubiquitous; graph structured datasets are used in diverse domains to

efficiently capture the relations between various data items. Modern applications —

web applications, social networks, complex scientific computations, etc.— often store

the exceedingly large amounts of data they operate on as graph data structures yielding

graphs of unprecedented sizes. For instance, Facebook social network contains 500

million nodes (users) with an average degree (number of friends) of 1301. Effective
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analyses of these graph datasets can lead to significant insights into application perfor-

mance and possible optimizations in terms of data placement and processing.

Most of the existing graph analysis techniques are proposed for relatively smaller

graphs and do not scale to web-scale graphs mostly due to the large working sets in-

volved. Traditional graph analysis techniques assume the graphs to be small enough

for the working sets to fit in memory. The working sets of large-scale graphs do not fit

in memory on medium-sized clusters (10’s of machines) and hence the existing graph

analysis techniques do not apply. Also, the data in these large-scale datasets often

comes from multiple sources and existing algorithms do not address this distributed

nature of data.

Distributed execution engines offer highly desirable features like scalability and

fault-tolerance and are being extensively used in data analytics. Data analytics is the

analysis of large-scale data where data items can be analyzed independently. MapRe-

duce [7], in particular, allows expressing the functionality in map and reduce functions

abstracting away the intricacies of programming complex distributed systems. Though

significant progress has been made in data analytics, the proposed approaches do not

readily apply to graph analysis; graph analysis involves the interaction across multiple

data points while data analytics adopt an independent view of the data points. MapRe-

duce promises scalability and fault-tolerance, but MapReduce adaptations of graph al-

gorithms are in relative infancy. Pegasus [13] proposes a graph-mining system using

MapReduce exploiting fine-grained parallelism through 2-D block partitioning of the

graph’s adjacency matrix. However, such fine-grained parallelism does not yield opti-

mal workload distribution in MapReduce-based clusters with long latencies and high

bandwidths.

In this paper, we study alternate workload distributions and relevant optimizations

for iterative computations consisting of pure matrix-vector multiplication (mat-vec)

steps. mat-vec is the key primitive operation in several graph algorithms. Hence, our

approach can easily be adapted to a broad selection of graph-based applications leading

to significant performance improvements. For evaluation purposes of the proposed

mat-vec implementations, we focus on the problem of computing topological similarity

across and within graphs. In particular, by using a scalable decomposition technique

implemented as optimized iterations over mat-vec steps, we compute similarity on a

billion-node graph on just 32 Amazon EC2 machines. To the best of our knowledge,

this is the first successful attempt to compute similarity on graphs of such scale.

The specific contributions of our work are —

1. A coarse-grained parallel mat-vec using 1-D block partitioning, further opti-

mized by accounting for all local edges locally. Our coarse-grained adapta-

tions demonstrate an order of magnitude performance improvements over the

Pegasus system.

2. An optimizing restructuring of coarse-grained mat-vec iterations into a two-level

scheme (inner/outer iterations).

3. A scalable decomposition technique to compute graph similarity that is con-

ducive toMapReduce.

4. Demonstration of the proposed technique and implementation designs to com-

pute similarity on a billion-node graph (with 20 billion edges).
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2. Background and Related Work

2.1. Graph Analysis and Graph Mining

Several algorithms (and their parallel adaptations) have been proposed to solve a

variety of graph problems — graph partitioning [14, 1], classification [15] and cluster-

ing (eg., k-means), contraction [22], detecting network motifs [28], node ranking [17,

26, 4], etc. Many graph mining algorithms have been proposed for pattern mining (by

approximation [5] and constraint pushing [31], on substructures [29], for compression-

based datasets [16] and semistructured data [27]), apriori-based graph mining [30],

frequent subgraph discovery [19, 9], etc. Unfortunately, most of these algorithms fail

to scale either in graph sizes (to billions of nodes) or in the number of machines (to

datacenters). The main reason behind the limited scalability is the requirement for the

working sets to fit into memory or at least on one disk. Web-scale graphs run into

terabytes and petabytes much higher than the memory that even datacenters can offer.

Pegasus [13] proposes usingMapReduce to achieve scalability; however, we identify

that theMapReduce adaptations in Pegasus are highly sub-optimal. This work is the

first successful attempt at efficient large-scale graph analysis and we demonstrate it in

the context of graph similarity.

2.1.1. Graph Similarity

Applications often require measuring the similarity of objects naturally participat-

ing in interrelation structures as captured in graph abstractions; eg., in the analysis

of complex networks of biological data, Web or general hypertext structures. In the

context of web-scale graphs, similarity of graphs can be used in tracking the growth

of the application data and identifying the system level enhancements in storing and

accessing such data for performance improvements.

Graph similarity is traditionally computed through (1) iterative diffusion-based

methods, or (2) exhaustive enumeration of topologically common subgraphs in the

vicinity of a node. The enumeration approach, although straightforward, is compu-

tationally demanding since the number of topologically distinct subgraphs — called

graphlets in [24] — grows exponentially with the number of nodes, severely limiting

the applicability of these methods to graphs up to a few thousand nodes.

Similarity is recursively encoded in diffusion-based approaches – “Two nodes are

similar if their neighbors are similar”. Melnik et al. [20] use similarity flooding (as the

diffusion process) to match elements of data schemas or instances; while SimRank [11]

introduces a general algorithm for capturing the aforementioned recursive nature of

similarity. Blondel et.al. [3] emphasize the connection of similarity computation with

HITS ranking [17] and they apply their method for the automatic extraction of syn-

onyms from a dictionary of word definitions. IsoRank [26] is essentially PageRank [4]

over the product graph of the two networks under comparison (namely Protein-Protein

Interaction networks - PPI) and therefore it opts for the inclusion of pre-existing knowl-

edge about the node similarity and the variation of the contribution of the networks

themselves in the diffusion process.

The diffusion-based methods are typically implemented as iterations of triple-matrix

products. The matrices are effectively the adjacency matrices of the two graphs, and

the matrix of similarity scores of all tentative node pairs; when iterations converge, the
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best matching of nodes is extracted. However the presence of triple-matrix-product

severely suppresses potential advantages from the parallelization of these methods. To

remedy this, our decomposition technique, NSD, transforms the triple-matrix-product

into a series of sparse mat-vecs also reducing the final matching extraction phase into a

trivial mapping of two sorted vectors. These advances permit the parallelization of the

diffusion-based similarity methods and also lead quite naturally, in the presence of very

large graphs, to the idea of porting NSD to a fault-tolerant platform like MapReduce

and analyzing its performance.

2.2. Hadoop Background

Dean and Ghemawat proposedMapReduce [7] to facilitate development of highly-

scalable, fault-tolerant, large-scale distributed applications. The MapReduce runtime

system divests programmers of low-level details of scheduling, load balancing, and

fault tolerance. The map phase of a MapReduce job takes as input a list of key-value

pairs, < key, value >: list, and applies a programmer-specified (map) function, inde-

pendently, on each pair in the list. The output of the map phase is a list of keys and

their associated value lists – < key, value : list >: list, referred to as intermediate

data. The reduce phase of theMapReduce job takes this intermediate data as input, and

applies another programmer-specified(reduce) function on the map output to generate

a list of final values.

In the open source implementation of MapReduce, Hadoop 2, map and reduce

phases are split into multiple tasks operating on parts of the input, with each task

potentially executing on multiple nodes. When a node fails, the corresponding tasks

are re-executed on another node. The output of map tasks is sorted and stored locally.

Each reduce task pulls its input from multiple map tasks, this transfer phase is often

refered to as the shuffle phase. The reduce tasks wait for the map phase to complete

before applying the reduce functions to ensure all values corresponding to each key are

available.

A number of research efforts have targeted improving both the systems and appli-

cations aspects of MapReduce. The MapReduce programming model has been val-

idated on diverse application domains like data-analytics and data-mining. Pig [21]

offers a high-level SQL like language for easier analysis of large-scale data, while

HadoopDB [2] builds a distributed database by using Hadoop for (storage and analy-

sis) distribution over single-node databases. Dryad [10] supports a more general data-

flow model expressed as acyclic graphs. To extend the applicability of MapReduce,

MapReduce Online [6] supports online aggregation and continous queries, while [12]

extends MapReduce to support asynchronous algorithms efficiently through relaxed

synchronization semantics.

2Apache Hadoop. http://hadoop.apache.org/
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3. Mat-Vec design and implementation

In this section, we study the effects of workload distribution on mat-vec inMapRe-

duce to propose optimized versions of both single and multiple3 mat-vecs. To arrive at

the optimal implementations, we analyze the performance trade-offs of multiple imple-

mentations through execution on smaller datasets. In these experiments, we monitor

the resource utilization on each machine, and the duration ofMapReduce stages to pro-

pose improvements to the naive technique. We stress out the fact although these exper-

iments have been performed in the context of computing graph similarity, the proposed

improvements are general and apply to several other sparse graph algorithms.

Table 1: Testbeds, Software

Amazon EC2 4 64 bit EC2 Compute Units

Instances 7.5 GB RAM, 850 GB storage

Software Hadoop 0.20.2, Java 1.6

Map Capacity 16 map tasks; 4 per node

Reduce Capacity 16 reduce tasks; 4 per node

Heap space 512 MB per map/reduce task

Our experiments were conducted on Amazon EC2 nodes to mimic a typical cloud

setup. Table 1 outlines the corresponding setup details. Our analyses mostly use 4 EC2

large instances; each instance running 4 map tasks and 4 reduce tasks. For scalability

testing, we use 4, 8, 16 and 32 instances. Given the scalable nature of MapReduce and

cloud setups, we believe the results translate to computing similarity on bigger graphs

on larger clusters.

Input Graphs. The input graphs used in the analyses are randomly generated using

MapReduce. Generating the graphs in the EC2 cluster is economical, avoiding the need

for moving large datasets to the cluster. Each map generates the adjacency lists for

nodes within a particular range, with an average out-degree of 20. The subgraph to be

generated by a map is determined by the input parameters — start and subgraph-size.

The parameter border-edge-fraction determines the fraction of edges to nodes outside

the subgraph. An input graph with 2a nodes and a subgraph size of 2b is labeled as

graph-a-b.

3.1. Optimizing the single Matrix-Vector Product

Expressing mat-vec in MapReduce entails making design choices like the matrix/-

graph representation and the functionality of map and reduce functions. Here, we

examine some of these design choices to provide an optimized mat-vec, and also com-

pares against the Pegasus system 4.

3These are the iteration steps, also referred as iterative mat-vecs in the 4
4Pegasus. An open-source, scalable graph-mining system. http://www.cs.cmu.edu/ pegasus
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3.1.1. Pegasus– 2-D partitioning

Pegasus focuses on reducing the number of iterations required for an iterative

mat-vec to converge. However, there is scope for significant improvement in the single

mat-vec implementation. The main reason for the sub-optimal performance is the use

of 2-D partitioning adjacency matrix in Pegasus. Pegasus mat-vec uses an edge

list representation of the graph/matrix to allow block multiplication, further enabling

optimizations like clustered edges and diagonal block iterations. These optimizations

prove to be very effective in lowering the number of iterations to converge on iterative

mat-vecs. However, the edge list representation leads to the mat-vec requiring two

MapReduce jobs. With eachMapReduce job requiring a global synchronization before

and after a reduce operation, the associated I/O overheads result in significant overhead.

[12] shows that the execution time of most sparse graph algorithms in MapReduce

is proportional to the number of jobs due to the huge overheads involved in global

synchronization.

The Pegasus mat-vec implementation used in our experiments corresponds to the

naive mat-vec in PageRank implementation. Pegasus implements PageRank as a se-

ries of mat-vecs; the number of executed iterations is bounded by a specified maximum

number of iterations and a threshold on the maximum difference in ranks between two

iterations. Our experiments set the threshold to 0 and maximum iterations to 1. We

notice that, for a single mat-vec, their naive implementation significantly faster than

their blocked version, though the blocked version significantly reduces the number of

iterations if we are interested in convergence. The Pegasus implementation scales

sub-linearly with the graph size on a given number of machines, and linearly with the

number of machines.

3.1.2. Naive Mat-Vec

Our naive implementation adopts a 1-D partitioning of the adjacency matrix —

each map or reduce operates on one row of the adjacency matrix. Each map (per

node) emits the node’s rank to each out-going neighbor, and each reduce accumulates

all such ranks from its in-coming neighbors to compute its own rank. In the context

of the adjacency matrix, each map reads a row of the matrix and multipies it by the

corresponding vector element, and each reduce aggregates the elements corresponding

to one element in the output vector. Unlike Pegasus, our implementation requires

a single MapReduce job immediately improving performance. However, it does not

allow the optimizations proposed in Pegasus to decrease the number of iterations.

Figure 1 shows the resource utilization (cpu, disk, and network) for naive mat-vec

on the input graph graph-25-19. The map and reduce phases are clearly distinguish-

able — the map phase has significantly high CPU utilization, and very little disk and

network utiizations, while the reduce phase has low CPU utilization and high disk and

network utilizations. Even though both map and reduce phases operate on roughly the

same amount of data (the graph), the map phase takes significant proportion of the

time, two-thirds in this case, under high CPU utilizaiton.

To determine the cause for such unexpected behavior, we compute the fraction of

time spent in each stage ofMapReduce— map, shuffle, reduce; we split the map phase

further into map-compute, map-disk-spill and map-merge. Figure 2 shows the duration

of these micro-stages as percentages of the total execution time — map, spill, merge
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Figure 1: Resource Utilization for naive mat-vec on graph-25-19

correspond to the map-compute, map-disk-spill, and map-merge stages respectively.

The stages overlap and hence the percentages do not add up to 100%. Interestingly,

disk spill of the map outputs to the local disk and map-merge (merging of the sorted

files on disk) dominate map execution. The disk spill and local sort overheads are

more pronounced in jobs with larger intermediate data. Though the shuffle fraction is

significantly high, most of it is due to the waiting for map tasks to finish. Once the

map tasks finish, shuffle moves the data from map tasks to reduce tasks. This transfer

of data over the network benefits from lesser intermediate data.

The map-disk-spill, map-merge, and shuffle overheads in MapReduce can be ad-

dressed by

• reducing the intermediate data generated at the application level

• MapReduce implementations with efficient disk spill and local sort.

3.1.3. Partitioned Mat-Vec

The partitioned mat-vec adopts a 1-D block partitioning of the adjacency matrix to

reduce the intermediate data. The partitioned mat-vec takes a graph partition as input

(i.e., few adjacency lists), as opposed to an adjacency list in the naive implementa-

tion. The graph partition can be as big as the subgraphs in the input, because each

subgraph is written to a different file (i.e., partition-size <= subgraph-size). In the

map phase, all nodes partially accumulate the ranks from the in-coming neighbors that
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Figure 2: Hadoop stages: percentage split-up of times. Percentages do not sum up to 1
because of overlap.

are in the partition, and the map output corresponds to only those edges that connect

nodes across partitions. The nodes with all their in-coming neighbors in the partition

end up computing their final ranks in the map phase itself. The size of the intermediate

data depends mostly on the partition-size. The optimal partition-size depends on (i)

physical resources and (ii) graph structure. The memory available forces a hard limit

on the size of the partitioned that can be operated on locally. For instance, a heap size

of 512MB used in our experiments holds partitions of size 219 nodes. Figure 3a shows
the variation of execution times with partition-sizes on an input graph, graph-23-19
with a 20% border-edge-fraction. Larger partitions yield better performance. In ad-

dition to the physical resources, graph structure also effects performance. For graphs

with many small strongly-connected components, smaller partitions allow exploiting

the parallelism available.
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Figure 3: Partitioned mat-vec performance: (a) Dependence on subgraph sizes on

graph-23-19, border-edge-fraction = 0.2; (b) Dependence on ratio of edges on graph-

24-18, partition-size = subgraph-size = 218

Partitioned mat-vec works very well in practice as most practical large graphs fol-
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low a power-law like distribution, with very few edges cutting across strongly con-

nected components. The performance of partitioned mat-vec can be augmented by

optimally partitioning the graph. Most graph datasets are interently well partitioned;

the crawlers used to collect such data induce locality as they crawl neighborhoods be-

fore crawling remote sites. Also, tools like Metis can be used for partitioning graph

datasets. For our analyses, we generate a random graph with a pre-specified fraction

of edges to nodes in other subgraphs. Figure 3b shows the variation in execution times

with the ratio of edges across subgraphs. As expected, execution time increases with

more edges connecting nodes across subgraphs.
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Figure 4: Mat-Vec performance: Pegasus Naive vs Naive vs Partitioned; subgraph-size

= 219, partition-size = 218, fraction of border edges = 20%

Figure 4 compares the naive and partitioned mat-vec implementations, against the

Pegasus implementation for graphs of different sizes. The results are very consis-

tent across different cluster sizes. The partitioned mat-vec consitently performs better

across different graphs — the naive mat-vec takes 1.3x longer for the chosen partition-

size and border-edge-fraction. Larger partition-sizes and smaller border-edge-fractions

yield further gains, while a partition-size of 1 boils down to the naive case.

In comparison to Pegasus, both our implementations perform an order of magni-

tude better than Pegasus mat-vec. The Pegasusmat-vecs were taking considerably

longer than our implementations, hence we did not run it on 32 machines. The main

reasons behind the improved performance are —

• Our implementations span a singleMapReduce job due to the 1-D partitioning of
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Figure 5: Mat-Vec Scalability: Naive and Partitioned; subgraph-size = 219, partition-
size = 218, fraction of border edges = 20%

the matrix, while the Pegasus implementations require twoMapReduce jobs.

• Implementation Detail: Our use of integers for graph nodes and floats for node

ranks, instead of longs and doubles respectively, reduces the I/O by almost a

factor of 2.

Scalability. In Figure 4, for each cluster size, the execution times increase linearly

with graph sizes demonstrating scalability in input sizes. Figure 5 shows the strong

and weak scalability of the proposed naive and partitioned mat-vec implementations.

Strong scaling is the variation of execution times with number of computing nodes for

fixed graph size, while weak scaling is the variation of execution times with number of

computing nodes for fixed per-core graph size. We use graphs of sizes 223, 224 and 225

for strong scaling, and 219, 220 and 221 for strong scaling. Both naive and partitioned

mat-vecs exhibit satisfactory strong and weak scaling properties.

3.1.4. No-Reduce Matrix-Vector Product

In both the naive and partitioned mat-vecs, the implementation has two phases —

all nodes disseminate their ranks in the first phase, and the disseminated ranks are ac-

cumulated in the second phase. The communication cost isO(edges) in the naive case,
and theO(edges across subgraphs) in the partitioned case. Both implementations op-

erate on input graphs represented as adjacency lists listing out-going edges, requiring
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two phases and the inter-phase communication of O(edges). The transpose of such

input graph yields a graph representation of adjacency lists listing in-coming edges.

Mat-Vec on the transformed graph (theoretically) requires only one phase — comput-

ing the new rank of a node involves looking up the ranks of the in-coming nodes listed

in the adjacency list. Such a modified implementation requires communicating the

ranks of nodes after every iteration, reducing the communication cost to O(nodes).
For smaller datasets, the node ranks (initial or from the previous iteration) can be

cached in memory; in Hadoop, one can use DistributedCache to replicate the ranks

which can then be fetched during map setup. However, such an approach does not

scale with the number of nodes due to memory constraints. Disk-resident hash tables

like memcached 5, or distributed key-value stores like HBase 6 or Cassandra 7 can be

used to address large graphs. However, our implementations suffer from a significantly

high look-up latency, which negates any performance gain achieved by avoiding inter-

phase communication, rendering the approach practically infeasible.

3.2. Optimizing Mat-Vec iterations: The Inner/Outer case

The goal of iterative mat-vecs is to find an ordering (by rank) of the graph nodes.

We are interested only in the final ordering of the nodes, and not their exact rank val-

ues. The relaxed problem allows asynchronous iterations ofmat-vecs; inner/outer asyn-

chronous iterations [8] yield significant performance gains in parallel environments by

reducing the number of outer iterations, which require heavy global synchronization.

The synchronous iterative mat-vec requires global synchronization, of all nodes, in

every iteration. The above mentioned naive and partitioned mat-vecs are instances of

synchronous mat-vec. The reduce phase performs the global synchronization, where

every node computes its rank based on the ranks of all of its in-coming neighbors.

An asynchronous iterative mat-vec allows frequent partial synchronizations and in-

frequent global synchronizations, significantly decreasing the communication costs.

Partitioned mat-vec can be augmented to implement inner/outer iterations by iterating

over the mat-vec on the subgraph inside the map, using the (partial) ranks produced

after every such (inner) iteration to compute the new set of ranks in the subsequent

iteration. At the end of the inner iterations, the reduce can synchronize the partial

ranks (updated with subgraph edges) to compute the global ranks. By performing the

subgraph-specific updates locally, one can decrease the number of outer iterations; each

outer iteration requiring a heavy reduce operation and the associated all-to-all commu-

nication. Even though the total computation is higher in the inner/outer approach, the

high communication costs avoided by reduced number of outer iterations yields signif-

icant performance gains.

Figure 6 plots the execution times for an iterativemat-vec in a graph with 223 nodes
for 20 iterations of the naive and partitioned mat-vecs, and the inner/outer approach

running 8 outer iterations each with 5 inner iterations. Partitioned and inner/outer ap-

proaches use a partition-size of 218 nodes. As expected, the partitioned case performs

5Memcached. http://memcached.org/
6Apache HBase. http://hbase.apache.org/
7Apache Cassandra. http://cassandra.apache.org/
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better than the naive case, and the inner/outer case performs significantly better than

both the naive and partitioned cases.

4. Evaluation: Graph Similarity

In this section, we evaluate the proposed approaches to compute iterative mat-vec

in the context of computing topographical similarity within and across graphs. We

compute self-similarity within graphs for convenience of operating on just one graph.

Computing graph similarity through traditional methods in a scalable fashion is not

possible. First, we describe a scalable decomposition technique to compute graph sim-

ilarity using a series of mat-vecs. Then, we implement graph similarity using our pro-

posed implementations of iterative mat-vecs.

4.1. Network Similarity Decomposition

Here, we describe network similarity decomposition (NSD) [18] and its MapRe-

duce adaptation to compute similarity between web-scale graphs. NSD models sim-

ilarity computation as a series of mat-vecs for scalability both in terms of graph size

and computing resources. We represent a graph, GA(VA, EA), by its adjacency ma-

trix of outgoing edges, A, where aij = 1 iff node i points to node j and zero oth-

erwise. VA and EA denote the vertices and edges of GA respectively, and nA de-

notes the total number of nodes in GA. Ã is the normalized version of AT ; formally,

(Ã)ij = aji/
∑nA

i=1 aji for nonzero rows of A and zero otherwise. 1nA
is the column

vector of size nA consisting of 1’s.

Singh et al. [26] propose IsoRank, a two-phased approach to compute similiarty.

The first phase computes the similarity matrix, of two graphs GB and GA with m and

n nodes respectively (m ≤ n), iteratively till the similarity scores converge. Xm×n is

a normalized matrix — its elements add to unity — where xij indicates the similarity

score of the nodes i ∈ VB and j ∈ VA. The second phase uses a maximum-weight

bipartite matching algorithm to find the best matching betwen nodes in GA and GB

based on the final X scores computed earlier.
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IsoRank iteration kernel is of the form

X ← αB̃XÃT + (1− α)H (1)

where H is the elemental similarity scores matrix as inferred from other informa-

tion sources prior to computing IsoRank. For instance, graphs under similarity com-

parison represent Protein Protein Interaction (PPI) networks for pairs of species (nodes

represent proteins and undirected edges connect physically interacting proteins) while

H is the matrix of sequence similarities of proteins as produced by independentBLAST

runs. The computation in Equation (1) — αB̃XÃT (a triple-matrix product) — im-

plements the recursive intuition behind this similarity computation approach that two

nodes are similar if their neighboring nodes are (pairwise) similar. α ∈ [0, 1] is the
damping factor that denotes the relative contribution of this topology-only mechanism

in building X; the remaining 1 − α portion is injected at each iteration step by the

independent similarity information embodied in matrix H .

The basic idea of this, basically diffusive, scheme is explained in Figure 7: For

two networks GA and GB , correspondingly consisting of nodes {a, b, c, d, e, f, g} and
{1, 2, 3, 4, 5, 6} it is given that between nodes of (b, 1), (f, 4) and (g, 6) pairs there
is some similarity (i.e. H information). How to computationally upgrade a similarity

affinity between e.g. nodes c and 2? The adopted approach is to sum the contributions

of all 1-hop, 2-hop, 3-hop,... neighbors in the two networks (along red, green blue

paths,...) that happen to have some similarity affinity already computed or given; pow-

ers of the α parameter decrease higher-hop contributions and also non-terminal nodes

in relevant paths divide by their degrees (multiplicatively entering the sum).

Figure 7: The basic idea of similarity computation as a diffussive process

Although semantically appealing, this iteration is hard to apply to graphs running

into hundreds of thousands of nodes or larger as the storage requirements for X out-

grow the physical memory capacity of a typical computing node. Parallelizing and

thus distributing the storage across a computer cluster could be an interesting solu-

tion to this problem, but the triple-matrix-product parallelization introduces significant

communication overheads and implementation subtleties.
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Network Similarity Decomposition (NSD) adopts the approach of IsoRank, but

models the similarity computation as a series of mat-vecs instead to avoid the com-

munication costs of a triple-matrix-product. The series-of-mat-vecs formulation is de-

scribed as follows —

Without loss of generality, we can use H as the initial condition X(0) and so after

t iterations, X(t) takes the form

X(t) = (1− α)
t−1∑

k=0

αkB̃kH(ÃT )k + αtB̃tH(ÃT )t (2)

However, any H can always be decomposed into a set of s vector pairs (compo-

nents), that can generally be expressed as:

H =

s∑

i=1

wiz
T
i , (3)

Substituting decomposition (3) in Equation (2) yields

X(t) =

s∑

i=1

X
(t)
i (4)

where

X
(t)
i = (1− α)

t−1∑

k=0

αkw
(k)
i z

(k)
i

T
+ αtw

(t)
i z

(t)
i

T
, (5)

and w
(k)
i = B̃kwi, z

(k)
i = Ãkzi.

This provides us with the flexibility of computing w
(k)
i and z

(k)
i vectors indepen-

dently through efficient sparse mat-vec iterations. The resulting vectors are partitioned

and forwarded to a p×q process grid (i.e., partitionw
(k)
i in p fragments, w

(k)
i,1 , . . . , w

(k)
i,p

and z
(k)
i in q fragments, z

(k)
i,1 , . . . , z

(k)
i,q ) to generate the naturally distributed similarity

matrix X(t).

However, in practice, parallelization leads to the following road-blocks:

• The number of components, s, can be very large leading to severe performance

issues. Though approximation of H is possible using the r < s most dominant

components, it is not as accurate.

• The subsequent stage of matching should also be performed in parallel (the auc-

tion algorithm as parallelized in [25] has been successfully tested as shown in

[18], necessitating only a minimal adaptation of q = 1 for the process grid).

• Even for moderate-sized clusters, it becomes infeasible to storeX in main mem-

ory (distributedly) for graph pairs of just a few million nodes (a sparsification

scheme like the one in [18] needs to be applied, further compromising accuracy).
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However, for cases where elemental similarity scores are not available, we say all

pairs of nodes are initially “equisimilar”. “Equisimilarity” can be achieved by rep-

resenting X(0) as 1m1n
T with suitable normalization (eg., by elementwise division

respectively by m and n), and using α = 1.
From Equations 4 and 5, we have

X(t) = w(t)z(t)
T

(6)

where w(t) = B̃t1m and z(t) = Ãt1n.
The explicit assembly of the similarity matrix — X(t) in Equation 6 — dominates

the computation time and also introduces (physical memory) scalability problems for

graphs beyond a few millions of nodes, even in the case of NSD. Avoiding this explicit

construction leads to improved scalability and performance. The similarity matrix con-

struction can be avoided by using the greedy matching algorithm [23] to find the best

matching between nodes of GA and GB . Note that in the case of an explicitly con-

structed X the greedy matching algorithm works by iteratively pairing the nodes in

the two graphs: Each iteration (i) finds the maximum score entry in X(t) (eg., the ijth

entry), (ii) reports the corresponding matching pair, and (iii) zeroes the ith row and jth

column of the similarity matrix to enforce reporting a pair at most once. However in

our case, where the explicit construction of X is avoided, the greedy matching opera-

tion can be captured by first sorting w(t) and z(t) vectors and then matching the nodes

in this order. Further, while computing self-similarity (finding distinct nodes which are

similar within a graph), greedy matching boils down to sorting the resulting (single)

vector and matching its successive nodes (i.e., 1-2, 3-4, ...).

Algorithm 1 Identify matching node pairs for graphs GA and GB .

Input: Adjacency matrices A, B and number of iterations t

1: compute Ã, B̃

2: w
(0)
i ← 1m/m, z

(0)
i ← 1n/n

3: for k = 1 to t do
4: w(k) ← B̃w(k−1), z(k) ← Ãz(k−1)

5: end for

6: sortw(t), z(t) in descending order and compute node indices Iw, Jz in this ordering

7: for i = 1 tom do

8: Iw(i) ∈ VB matches to Jw(i) ∈ VA

9: end for

Algorithm 1 descibes the steps involved in computing similarity between nodes of

two graphs using the scalable decomposition technique for node ranking followed by

the greedy matching subphase (lines 7-9).

4.2. Illustrations

Our approach to graph alignment is semantically intuitive; small-scale self-similarity

tests also verify its predictive correctness. To this direction we experiment with two vi-
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sually tractable graphs namely a synthetic random network of 10 nodes and a real,

manually curated webgraph of 500 nodes (harvard5008), as depicted in Figure 8.

Ideally a self-similarity computation (computing the node matches of a network

with itself) should map each node to itself. This sanity result is indeed the case for

our instances: In Figures 9a, 10a all computed matching node ID pairs lie along the

diagonal.

However it is interesting to note that by enforcing the constraint to skip this trivial

solution, matches seem to happen between nodes of similar neighborhood structure.

For example in (5, 6), (8, 9) and (2, 3) matching pairs, the nodes are of comparable in-

put/output degrees (them or considering also their 1-hop neighbors’ degree structure).

In cases like the (8, 9) match, these two nodes share 3 of their neighbors (2, 3, 5) and
9 has two extra connections (to 1 and 10) compared to only one for 8 (to 6), i.e. dif-
ferent degree; however node 6 is more densely interconnected than either of 1, 10, thus
“balancing” the initially annoying degree mismatch of the two matched nodes.

Essentially “important” nodes (in the PageRank ranking sense) are matched to-

gether in the non trivial solution case and this is evident from self-similarity results

with harvard500: In Table 2 URLs of top matched nodes are listed and highly linked-

to sites (corresponding e.g. to the home pages of key Harvard university schools/de-

partments) are matched. These are the large deviations from the diagonal of the plot in

Figure 10a; they relate the most important nodes of each of the subdomains - manifest

as block submatrices in Figure 10 - across them.
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Figure 8: The synthetic directed random network of 10 nodes (right) and harvard500

test graph (spy plot of its adjacency matrix, left) used in experients.

8Also available from http://www.cise.ufl.edu/research/sparse/matrices/MathWorks/Harvard500.html
as part of the University of Florida Sparse Matrix Collection.
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Figure 9: Self-similarity spy plots for the synthetic graph instance: On the right we

have put the constraint to skip the natural matching of a node to itself that can be

recovered by our algorithm (left).

http://www.harvard.edu http://www.hbs.edu
http://www.med.harvard.edu http://search.harvard.edu:8765/custom/query.html
http://www.hms.harvard.edu http://www.gocrimson.com
http://www.gse.harvard.edu http://www.radcliffe.edu
http://www.hsdm.harvard.edu http://www.hsdm.med.harvard.edu
http://www.hsph.harvard.edu http://www.ksg.harvard.edu
http://whitepages.med.harvard.edu http://www.studentadvantage.com
http://gocrimson.ocsn.com/tickets/harv-tickets.html http://www.hds.harvard.edu
http://www.dana-farber.org http://www.radcliffe.edu/events/index.html
http://www.radcliffe.edu/fellowships/index.html http://www.radcliffe.edu/research/index.html

Table 2: Top 10 matched URL pairs from the self-similarity computation over har-

vard500 test graph (skip self-match constraint).

4.3. Results

Graph similarity, in our implmenetation, is implemented in MapReduce. The mat-

vec iterations are implemented using the inner/outer approach; sorting and pairing steps

are also implemented inMapReduce. All our approaches are inherently scalable as they

use MapReduce. We compute similarity on a billion-node graph (double the number

of Facebook users) on the largest of testbeds (32 machines) with a configuration as

described in Table 1. The input graph is randomly generated using MapReduce, each

map generating the adjacency lists for 219 nodes. The inner/outer approach with 8

outer and 5 inner iterations takes an acceptable 11 hours and 21 minutes to compute

self-similarity. Even larger clusters (as used in many research lab and industry settings)

can compute the similarity even quicker.
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Figure 10: Self-similarity spy plots for harvard500: On the right we have put the

constraint to skip the natural matching of a node to itself that can be recovered by our

algorithm (left).

5. Conclusion

Large-scale graph analysis is more important than ever, thanks to the growing de-

mands of modern applications using exceedingly large graph datasets. The scalabil-

ity and fault-tolerance requirements of graph analysis can be addressed by existing

distribution execution environments. In this paper, we study work-splitting in mat-

vec, which is the key underlying operation in several graph algorithms. We identify

that coarse-grained splitting (1-D and 1-D block partitioning) of the adjacency matrix

yields best performance in MapReduce. We propose the use of inner/outer iterations

for improved performance of iterative mat-vec when using 1-D block partitioning. We

evaluate the proposed techniques in the context of graph similarity using scalable de-

composition of the similarity matrix. The proposed coarse-grained parallelism allows

us to compute graph similiarty on a billion-node, 20 billion edges graph on just 32

Amazon EC2 machines.
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