Patially Ordered Sets

Backgound br ProgramAnalysis

Parial ordering

¥ A pattial odeiingis a elation:
:L" L# {true false}
¥that is:
¥reRexive 11:1" |
¥tran5itiVE g, Do, I3 11" Lb#L" 138 11" I3

¥anti-symmatr !, 1z2: 10" #1118 13= 1,



Patially ordered set

¥ A pattially odeed sefL,! )
IS a sefL equipped with a pi#al ordering !

¥|2! " 11 # |y

il ! " #1181

Bounds

¥Y! L hasi! L as ampper bound
Y s # |

and ! L as dowver bound
P Y 1 #



Least upper bound

¥A least upper bounaf Y is an upper
bound of Y that satisbdd |, whewer lo
IS another upper bound of

¥ A subsety need not he a least upper
bound but if one exists then it is unique
(since is anti-symmetric)

¥ The least upper bound of is written Y
¥l " {512}

Greatest laver bound

¥ A greatest lover bound of Y is a laver
bound of Y that satisbds! | whever g
IS another laver bound ofY

¥ A subsety need not he a geatest laver
bound but if one exists then it is unique
(since is anti-symmetric)

¥ The geatest laver bound ofY is written Y
¥l " {Ig,l5}



Complete lattice

¥ A complete lattice = (L,! )= (L,!, , ,",#)
IS a patially ordered set(L,! ) whee all
subsets hae an lub and a glb

¥ = "= Listheleast element

= "= L isthegratest element

Example
¥ For some setsS

! #
L=(P(S),!) oty

$ = %

& = §

- #

L = (P(S),' ) ! | Y = i

$ = S

% = &



Example 1

S={1,23}

! {1,2,3
L = (P(S),!) L = (P(S),!)
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Lemma 2

For a pattially ordered set. = (L,! ) the claims
() L is a complete lattice

(ii) every subset ofL has a lub

(ii)) every subset of. has a glb

are equivalent



Proof

Clearly, (i) implies (ii) and (iii).
To show that (ii) implies (i) lev ! L and debr

Y= {IULMIEY Y I# 1Y

Now, prove this dePnes a glb:

RHS set elements arall Ibs so the equatic
debnes a lbSince an Ib will be in the set |
follows that the equation debnes the glb

Similay,for Y= {11 L|"I'L Y I #1)
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Moore famiy

¥A Mook familyis a subsey¥ of a complete
lattice L = (L,! ) thatis closed under glbs

Y™ Y. Y'#Y

¥ Thus,a Moore famiy alvays contains a lea
element, Y,and a geatest element, !,
which equals the gatest element;, fromL

¥ A Moore famiy is nerer empty



Example 3

Consider the complete lattice = (P(S),! )
S=1{1,273
t1,2,3) ({2},{1,2},{2,3},{1,2,3}}
{,{1,2,3}}
are both Moore families

(1,2 2,3}

3 {{1}.{2}}
{t.{1}.{2},{1 2}}
! are not Moore families

Properties of functions

¥ A functionf : Ly ! L, between posets

Li= (Ly,! 1) and Ly = (La,! 2)
Yisontoif 11" Ly:#ly " Ly:f(ly) =1,
Yis 1-1if1 1,1 Ly f()=f()# 1= 1!
Yismonotond 1,1'" Ly :1#,1'$ f(1)#,f(1")
Yisadditivaf 113,1," Ly f (I #15) = f(11) #f (I2)

IS multiplicative
¥ P Hg lo " Ly f(In#12) = f () #1(12)
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Properties of functions

¥ The functiorf iscompletely additiifdor
ally ! Ly

fFCLY)= L{f) I Y}
wheneser Y exists
¥ It is completely uftiplicativé for ally ! L :
f( 1Y)= {f()|I'! Y}

whene/er 1Y exists

Properties of functions

¥Cleary ,Yand .Y existwhen; isa
complete lattice

¥ WhenL; is not a complete lattice the
above statements alsoaquire the
appropriate lubs and glbs to existlin

¥ The function isafbndf forally | Ly, Y = #
FC oaY)= of ()1 Y}

wheneer Y exists (andr £ " )
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Properties of functions

¥ The function isafbnef forally | Ly, Y & #
FC oaY)= L{faY) 1" v}
wheneer Y exists (andr £ " )
¥ The function isstrictif f (! 1) = ! »

¥Note that a function is completgladlitive
Iff it is both afPne and strict

Lemma 4

IfL=(L,!,",#%,% andM = (M,! ," #,%,%)
are complete lattices and is bnite then the
three conditions:

(i)! :M ! L is monotone
i)!'¢)=",and
i) (m2! m2) = 1 (m1) ! I (m2) wheneser

mi!" meo#mo!" my
are jointly equivalentta :M ! L being
completey multiplicative
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Proof

First note that if is completglmultiplicative
then all thee conditions hold.

For the converse note that ly monotonicity of*

we hare! (m:! my) =1 (mg)! '(m2) also when
mi! mao" me! my
By induction on the (Pnite) cdmnality ofM*'! M

we prove that! ( M) = {I(m)|m! M’}

If the cadinality ofM ' is O then the equation
follows from (ii). If the cadinality ofM " is large
than O then ve writeM' = M*! {m"} wherem" I"M"
to ensuee that the cadinality ofm * is stricy

less than that ol * hence:

(MY !(I( M"Y m")

YERYRIRIGS
|

= ( {{mm" M"Y IrmY
= {I(m)[m" M



Lemma b

A functionf : (P(D),! )" (P(E),!) isafbnaff
there exists a function :D! P(E) and an
element! , ! P(E) such that

F(vy= {t(@fdl y}*1!,

The functiorf is completgladitive iff
additionally! , =

Proof
Suppose is as dispéal and assumet " then
{f(¥)|Y!ry} = { {t(d)|d! Y}" !, |Y!Y}
= !{! {H@dildt Y[yt yp"t,
= !{!(d)|d!! Yl
= f(! Y)

showing that is afPne



Next, suppose that is afbne and delb(d = f ({d})
and , = f(!).ForY ! P(D)lety = {{d} |d! Y}" {#
and notethatr = Y and £" Then

f(Y) = f( Y)
!
ECUCHICERSRRUC))
= {]d Yy {1

|
= {1(d)[d! Y}" 1!,

sof can be written in theequired form.

Completel adlitive follows straightbrwardly.
|

Isomorphism

An isomorphisrinom a posetL;,! 1) toa
poset(L,,! ») IS anonotondéunction! : L, ! L,
such that thee exists a (necessarilinigue)
monotone functiord' *: L, ! Ly with ! ' =id,
and'' t!! =id; (wheeid; is the identity
function overL;,i = 1,2.



Construction of
Complete Lattices

¥ Complete lattices can be combined to
construct nev complete lattices.

¥ Catesian prduct
¥ Total function space

¥ Monotone function space

Cartesian Poduct

LetL; = (L1,! 1) andL2 = (Lo,! ») be pose’[S.
Debnda. = (L,' ): L]_" |_2 w
L= {(sl2)[la! La" I2! L2}

and (13;,151) 1 (liz, lo2) it 11! 112" Tog ! Igo

It is then straightdrward to verify thatL is a
poset. If adlitionally each.; = (Li,! i,"i,#i,%i,%)
IS a complete lattice then solis= (L,! ,",#,$,%)

and futhermore
Y=( aflal2:(002)" Yy, 2l V(e 12) " Y}

andt = (! 1,! ») and similaylfor ! Y andr .
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Total function space

LetL, = (L;,! 1) be aposetand I8 be a set
Debnel = (L,! )=S" L; ly
L={f:S! L;|f isatotal function}

f1 fil "s#S:f(s)! 1f'(s)
It is then straightfrward to verify thatL Is a
poset. If additionallyL; = (L1,! 1," 1,#1,%$1,%)

and

IS a complete lattice then sols= (L,! ,",#,$,%)
and futhermore Y =1!s. {f(s)|f ! Y}
and =!s!; and similaylfor! Y and .
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Monotone function
space

LetL; = (L1,! 1) andL2 = (Lo,! ») be pose’[S.
Debnea. = (L,I ): L]_" |_2 b
L={f :Ly! Lo|f isamonotone function}

and - |

frfil "|1# Llif(ll)! 2f(|1)
It is then straightdrward to verify thatL is a
poset. If additionally each.; = (Li,! i," i, #i,%i, %)
IS a complete lattice then solis= (L,! ,",#,$,%)

and futhermore
Y =11, off()|f! Y}

and! =1!1;.! ; and similaylfor! Y and .
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Chains

A subsety ! L ofaposdt = (L,!) Isehainif
g, " Y (i # 1) $ (I # 1y)

Thus a chain is a (possitl@mpty) subset af
that is totally ordered. It is abnite bainif it is a
Pnite subset af

A sequencél,), = (In)n:n  Of elementsin is
anascendinghainifn! m" I, # Iy

Writing (In)n also Br{l, | n! N}itis clear that
an ascending chain is also a chain.
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Similan, a sequencg,), is @escendindnainif
n' m" I, # Iy

and cleayl a descending chain is also a chait

A sequencén)n eventually stab@iff
Ing" N:#n" N:n$ng% I, = g

For (I,)n we write  , I, for {l,|n! N}

and similagt we write [, for {I,|n! N}
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Ascending Chain and
Descending Chain Conditio

¥ A posetL = (L,! ) has bnite height iff all chail
are pnite

¥ It has bnite height at mostif all chains contai
at mosth+1 elementsit has Pnite height if
additionall there is a chain witln+1 elements.

¥ The poset satisPes thescending Chain Cond
iff all ascending chaingemtualy stabilize
Similan, it satisbes th®escending Chain
Conditionff all descending chaingemtualy
stabilize
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Lemma 6

A posetL = (L,! ) has bnite height iff it satisk
both theAscending and Descending Chain
Conditions.



Proof

First assume that has Pnite heigffl,)» Is an
ascending chain then itust be a bnite chain
and hence eentuall stabilizethusL satisbes
the Ascending Chain ConditiorSimilany for
the Descending Chain Condition.

Next assume thdt satisbes both tAecendinc
and Descending Chain Conditioasid conside
achairy ! L We prove thaty is a bnite chain
This is obvious ¥ is empty so assume itisr
Then alsqY,! ) Is a non-empty poset satisfyi
the Ascending and Descending Chain
Conditions.



As an auxiliay result we now show that

each non-empty'! Y contains a least
element

Construct a descending chdin., Yh as
follows:brst letl; be an arbitray element

of Y'. For the inductie step let;,,, = I, il IS
the least element of ' gtherwise we can
bPnd,.,! Y suchthat, ! I," I,.{#I]
Clearly(l,)n is a descending chainyinsinceY
satisbes the Descending Chain Condition th
chain will eentualy stabilize:

l.e.Ing:"n# ng: I, = I, and the construction
is such that,, is the least element\of
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Back to the main pyof:construct an ascendin
chair{ln)n InY .Using the sideesult each, s
chosen as the least element of the

sety \ {lo,..., I,y 1} as long as the latter set is
non-emptyand this yieldg, 1! 1In" In 1 # I
wheny \ {lo,...,Ih 1} IS empty set, = 1., ; and
sincey £ " ve know thatn > 0. Thus we have
an ascending chain¥n and usingAkeending
Chain Conditionwe haveng:"n# no : ln = In,
But this means that\ {lo,...,In,} =! since tl
IS the ony way that we can achii,,+1 = In,.

It follows thaty is Pnite
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Example 7

¥ o ¥!
¥ b1
¥ b2 ¥ 2
¥1
¥ B ¥0
Ascending Chain but does notDescending Chain but does
have bnite height not have Pnite height
Presewvation

¥IfL, andL, each satisfy one of the
conditions bnite heighéiscending chain,
descending chainthen! L, also satisk
that condition.

¥IfSis bnitethes! L prsewnes the
conditions oL .

¥L:! L,does notin general @sene the
conditions.

Wednesday, November 14, 2007
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Lemma 8

For a posetL = (L,! ) the conditions

(i) L is a complete lattice satisfying the
Ascending Chain Conditioand

(L has a least element,and binay lubs and
satisbes thAscending Chain Condition

are equivalent.

Proof

It is immediate that (i) implies (i) soenprove
that (ii) implies (i).Using Lemma 2 it sufbces
prove that all subsets af Keaalub Y .Ify
is empty cleagl Y =1 . If Y is Pnite and nor
empty then ve can writey = {yy,..., yn} 6rnt 1
and it bllowsthat Y =(..(ya!y2)! ..)! yn.



Wednesday, Nove

Wednesday, Nove

IfY is inPnite then construct,), of elements
ofL :let 1o be an arbitray elemento ofy and
gienl, talely+1=Ip inthe caséy" Y :y# I,
and taleln.1 = I, ! yn+1in the case wher
somey,,,! Y satisbeg,,!" I, Clearly this
sequence is an ascending ch&mcea. satisbe
the Ascending Chain Condition ibliows that
the chain gentualy stabilizes:
Le,n:ly=1,+1=...

This means thaty" Y :y# 1, becausegif I,
thenl, £ 1, " y Pbr a contradiction.So we hae
constructed an upper bounafyY. Since itis

the lub Dr{y,,...,y,} ! Yitis also the lubdr . .
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Lemma 9

For a complete lattice. = (L,! ) satisfying the
Ascending Chain Condition and a total
functions: L' L the conditions

(Df is adlitive
L€ 11,1 f (11" 12) = f(Iy) " f(I)and

(i) f is afbne
LelY" LLY#S$:f( Y)= {f()|l%Y)

are equivalent and in both cases is a monot
function.

mber 14, 2007
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Proof

It is iImmediate that (ii) implies (fake Y = {1, 1,}
Also, (i) implies that is monotone sinde! |,
IS equivalentta,! I, =1, .

Next, suppose that satisbes (i) anchype (ii).

If Y is Pnite writeY = {y,..., yn} &rn! 1and

FC Y)y=f(yi! ...l ya) = f)! ot T yn)
C{E) | 1#Y)

If Y is inPnite then the construction of the

proof of Lemma8gas Y =1, and,=y,! ...! yo
for somey €Y ando! i! n Then
FC Y)="F(a) = f(ya! ...7 yo)
= Tn)!t...1 T(¥o)
EUOIERS!
Furthermore

fFC Y)Y {f() 1" Y}
follows from the monotonicity of
This completes the mof.



Fixed points

¥ Consider a monotone functidn: L —L 0
a complete lattice = (L,! ,",#,$,%) A
Pyed poinbff isanelement! L :f()=1 .
Write Fix(f) = {1 |f (1) = 1} for the set of
pPxed points.

¥t isreductive atifff (1) ! 1.
Write Red(f) = {I | f(I) ! I} for the set of
elements on which isaductive, and s
thatf itself isreductivefRed(f) = L .

¥ Similan,f is extensive atifff (I) ! 1.
Write Ext(f) = {I|f (1) ! I} for the set of
elements on which is extensand s§
thatf itself isextensivéExt(f) = L.

¥Since_ IS a complete lattice it isnays the
case tharix(f) willhee aglbin :
fp(f) = Fix(f)
Similan,Fix(f) will hae a lub inL :
ofp(f) = Fix(f)
¥ Tarski©Fied BintfTheoemestablishes that
Ifp(f ) is theleast bPed poinoff and thatofp(f )
IS the greatest Fed poinoff.



Proposition 10
Tarski©Fird PintTheoem

LetL = (L,! ,",#,$,%) be a complete lattice
Iff :L! L isamonotone function thefp(f)
andofp(f) satisfy:

fp(f) = Red(f)! Fiz(f)
!
gfp(f) = Ext(f) ! Fiz(f)
Proof
Forifp(f) dePneo =  Red(f) .First shav that
f(lo)! lo sothatly! Red(f).Sinceég! | "I # Red(f)
and 1S monotone w have
fdg)! £()! I,"I # Red

and hence(lg) ! o .

To provely ! f(lg) obsewne thatf (f (Ip)) ! f (lo)
showing that (Ip) ! Red(f) and hendg! f (lo)

by debPnition of, Together this shass thatly is

a bxed point off and s@ ! Fix(f) To see that
lois least irFix(f) note thaiix(f) ! Red(f) SO g
Iifp(f) = lo. Similary for gfp(f ).
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Iteration

lterating to the Ifp ly taking the lub of the
sequenc€ " (! ))n implies needrfcontinuity of

f(i.ef( nln)= n(f(ln)) for all ascending
chaingl,), )and similagt for the glh One can
show that

Profa)" nfa(t) " Ifp(f)

op(f) " of"@)" )" #
However, if L satispes thAscending Chain
Condition then' n: f"(") = f"* (") and hence

fp=f"(! ). Similay for gip(f ).
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