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Abstract

We analyze the performance of a simple randomized algorithm for finding 2-factors in directed

Hamiltonian graphs of out-degree at most two and in undirected Hamiltonian graphs of degree at most

three. For the directed case, the algorithm finds a 2-factor inO(n2) expected time. The analysis of our

algorithm is based on random walks on the line and interestingly resembles the analysis of a randomized

algorithm for the 2-SAT problem given by Papadimitriou [15]. For the undirected case, the algorithm

finds a 2-factor inO(n3) expected time. We also analyzerandomversions of these graphs and show

that cycles of lengthΩ(n/ log n) can be found with high probability in polynomial time. This partially

answers an open question of Broderet al. [4] on finding hidden Hamiltonian cycles in sparse random

graphs and improves on a result of Kargeret al. [13].

Keywords: Graph Algorithms, Randomized Algorithms, Random Walks, Sparse Graphs, 2-Factor, Hamil-

tonian Cycle, Long Cycle.

1 Introduction

In this paper, we analyze the performance of a simple randomized algorithm in directed Hamiltonian graphs

of out-degree at most two and in undirected Hamiltonian graphs of degree at most three. For the directed

case, the algorithm finds a Hamiltonian cycle or terminates with some 2-factor inO(n2) expected time (cf.

Theorem 1). In fact, it finds a 2-factor in any directed graph with out-degree at most 2 that has a 2-factor

in O(n2) expected time. The analysis of our randomized algorithm is based on analyzing the expected

time of a random walk on a line to hit one end of the barrier (also called the “gambler’s ruin” problem, see

e.g., [12]). Papadimitriou [15] used a similar random walk based approach to analyze a simple randomized

algorithm for the 2-SAT problem. The randomized algorithm was surprisingly simple and yielded a new

O(n2) expected time algorithm for 2-SAT.1 This raised a curious question whether a similar approach can

be used for other problems. For the undirected case, the algorithm terminates with a 2-factor inO(n3)
expected time, (cf. Theorem 2). The proof interestingly involves studying a random walk on a graph with
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changingedges — thus “standard” results on random walks don’t directly apply, however, by appealing to

special structure of the walk (in particular, its reversibility) we are able to show the desired bound. One may

consider using a “gambler’s ruin” type of random walk to “discover” the Hamiltonian edges (as in proof

of Theorem 1); unfortunately, this yields only an exponential time algorithm to find a 2-factor.2 Although

somewhat more efficient deterministic algorithms exist for finding 2-factors in graphs (e.g., anO(
√

n|E|)
time algorithm [11]), our randomized algorithm is extremely simple and naturallyreusesalready found paths

(i.e., makes only local changes in each step). Reusing already found paths is intuitive and has been a feature

of the rotation based algorithms for theGn,p random graphs (see e.g., [1]).

Our randomized algorithm finds application in finding long cycles or paths in certain sparserandom

graphs used to model NMR data of proteins [5]. In fact, one of our motivations for this work (see [5]) is

the problem of finding Hamiltonian or long cycles/paths in sparse Hamiltonian graphs. Finding Hamilto-

nian cycles in graphs is a difficult NP-hard problem and remains NP-hard even when restricted to sparse

Hamiltonian graphs, e.g., directed Hamiltonian graphs with maximum out-degree two [16] or undirected

Hamiltonian graphs with degree at most three [10]. The problem has been shown hard to approximate in di-

rected graphs: Bjorklundet al. [3] show that it is not possible to find paths or cycles of superpolylogarithmic

length even in constant out-degree Hamiltonian graphs unless Satisfiability can be solved in subexponential

time. For undirected Hamiltonian graphs, for a long time, the best known results yielded only paths of poly-

logarithmic length (e.g., [2]), even when restricted to bounded-degree graphs. Gabow [9], recently, gave a

polynomial algorithm that finds paths and cycles of superpolylogarithmic length: he showed that if a graph

has a cycle of length̀, then one can find in polynomial time a cycle of lengthexp(Ω(
√

log `/ log log `)).
This is the best bound known at the present time, and is improved for graphs of degree bounded byd to

`Ω(1/ log d) by Feder and Motwani [8]. In particular, they show that a cycle of lengthnΩ(1/ log log n) can be

found in Hamiltonian graphs in polynomial time. For the special case of undirected Hamiltonian graphs

with degree at mostthreeFederet al. [7] give a polynomial time algorithm to find a cycle of length at least

n(log3 2)/2.

While our randomized algorithm is guaranteed to find only a 2-factor (even in a Hamiltonian graph), it

turns out that in sparserandomversions of these graphs, i.e., directed 2-regular random Hamiltonian graphs

and undirected 3-regular random Hamiltonian graphs, the algorithm can find a long cycle. We show that

the algorithm finds a cycle of lengthΩ(n/ log n) with high probability (w.h.p.)3 in polynomial time (cf.

Theorem 3). This is because we show that (cf. Lemma 1) finding a 2-factor is enough to find a cycle of

length at leastΩ(n/ log n) in these random graphs. Our results partially answer an open question of Broder

et al. [4] who showed that forrandomHamiltonian graphs with average degree much larger than three,

there is a polynomial time algorithm that actually finds an Hamiltonian cycle. However, they left open the

question of whether an Hamiltonian path/cycle or even a long path/cycle can be found in sparse random

graphs, e.g., graphs of degree 3. Our result on 3-regular random Hamiltonian graphs improves on a result

of Karger et al. [13] who give a polynomial algorithm which finds a path of length onlyΩ(
√

n/ log n) with

high probability. It will be interesting to give a polynomial algorithm that will actually find an Hamiltonian

2For undirected Hamiltonian graphs of degree at most three, this can be shown to takeO(2n/2) expected time.
3with probability at least1− 1/nΩ(1).
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cycle in the above types of random graphs.

2 The Randomized Algorithm and its Analysis

For a graphG = (V,E), define afragment coverC to be a set of simple paths or cycles (each path or cycle

is called afragmentand can be of length zero) such that each vertexv ∈ V appears in exactly one fragment.

We say that an edge belongs toC if it appears in any of the fragments inC. A fragment cover will be an

Hamiltonian cycle (or a 2-factor) if there is only one fragment which forms a cycle (or if fragments form

disjoint cycles). We discuss a simple randomized algorithm for directed graphs; later we will modify the

algorithm to handle undirected graphs. Refer Figure 1. LetC denote a fragment cover. InitiallyC = V , i.e.,

each vertex is a fragment by itself. Letsucc(u, C) andpred(u, C) denote the successor and predecessor

of u in a coverC (these can benull). In every step of the while loop, we extend a vertex (sayu) which

does not have a successor (i.e., an outgoing edge), by choosing an outgoing edge with uniform probability

(i.e., with probability1/d(u) if d(u) is the out-degree ofu), and potentially swapping a chosen edge for a

previously chosen edge. In the algorithm, the setV − W maintains the vertices with no successors. We

repeat the while loop till every vertex has a successor. Thus when the algorithm terminatesC will consist of

either a Hamiltonian cycle or a collection of vertex-disjoint cycles coveringV (i.e., every vertex will belong

to a non-trivial cycle) — a2-factorof G.

GivenG = (V,E)
Let initial fragment coverC = V
Let W = ∅

1 While V −W is not emptydo
2 Chooseu from V −W
3 Choose an edge(u, v) uniformly at random among all incident edges
4 If predecessor ofv in C is null then
5 Join the two fragments inC
6 Else
7 Create two fragments inC: 〈. . . u, v . . .〉, and〈. . . , pred(v)〉
8 Removepred(v) from W
9 Addu to W
10endwhile

Figure 1: The randomized algorithm for directed graphs.

We analyze the algorithm on sparse directed graphs which have a 2-factor, in particular those with out-

degree bound of two. (As mentioned before, it is NP-hard to find a Hamiltonian cycle if the graph contains

a Hamiltonian cycle.)
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Theorem 1 Let G be a directed graph onn vertices such that each vertex has at most two outgoing edges

and letG contain a 2-factor (e.g., a Hamiltonian cycle). Then the randomized algorithm will terminate with

a 2-factor ofG in expectedO(n2) steps or inO(n2 log n) steps w.h.p.

Proof: Let H be a 2-factor inG. We focus on the algorithm findingH. We view the algorithm as a

random walk on a line numbered0, . . . n as follows. In some step (one execution of the while loop), sayt,

the algorithm is stationed at numberk wherek is the number of “correct” edges, i.e., those belonging toH;

in the beginningk = 0. We claim that in stept + 1, the algorithm can move tok + 1 with probability at

least 1/2. The reasoning is as follows. Letu be the vertex (does not have a successor yet) considered this

step, then the probability that the correct edge, say,(u, v) is chosen is at least 1/2. Now, does this affect the

probability of some other edge? The only other edge which is affected is(pred(v, C), v). There are two

cases: (a)pred(v, C) is null, in which case we havek + 1 correct edges; (b) otherwise, we lose the edge

(pred(v, C), v); but the probability that that edge is correctconditionedon the fact that(u, v) is correct is

0. Thus with probability at least 1/2 we add one correct edge. With probability at most 1/2, the algorithm

can move tok − 1 or stay atk. We are interested in the expected number of steps needed to reachn. By

setting up a difference equation (for example, see [12, pp. 73–74]), we can show that the expected number

of steps needed to reachn is at mostn2. The high probability result follows from repeating the algorithm if

it does not terminate in2n2 steps.

The above analysis assumes that in every step there is a vertex that does not have a successor. If not, this

implies thatC will consist of a set of disjoint (non-trivial) cycles covering every vertex, i.e., a 2-factor.�

A few simple modifications of the randomized algorithm of Figure 1 are needed to apply it for undirected

graphs. See Figure 2.C is a fragment cover as before and initiallyC consists of|V | zero length fragments.

Let r(v) denote the degree ofv restricted to the edges inC. Note thatr(v) ≤ 2. We start with an arbitrary

vertexs. In each step, we try to extend the end vertex ofP (call it u), by choosing an edge uniformly at

random among the incident edges (ifr(u) = 1, we don’t choose the edge that is already inC). Let the

chosen edge be(u, v). There are three possibilities. Ifr(v) = 0 or r(v) = 1 we extendu to v (step 8 or

10); if r(v) = 1, this will complete a cycle ats and we start extending from a new vertex withr-value 0, if

one exists. Ifr(v) = 2, then there are two possible scenarios:v is in P or v is in a simple cycle. In either

case, we randomly delete one of the incident edges ofv and add(u, v) to C (step 14). Note that ifv is in P ,

this can create a new cycle or a path which is arotation (see e.g., [1]) ofP and if v is in a cycle it creates a

(longer) path starting froms.

We now analyze the algorithm onHamiltoniangraphs with degree at most 3 and show that the random-

ized algorithm will find a 2-factor in polynomial (O(n3)) expected time. (However, as noted before, finding

an Hamiltonian cycle is NP-hard.)

Theorem 2 Let G = (V,E) be an undirected Hamiltonian graph onn vertices where each vertex has

degree at most three. Then the randomized algorithm of Figure 2 will terminate with a 2-factor ofG in

expectedO(n3) steps or inO(n3 log n) steps w.h.p.
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GivenG = (V,E)
Let initial coverC = V
r-value ofv denoted byr(v) (≤ 2) denotes the degree of a vertexv restricted toC
Fix an arbitrary starting vertexs

1 While there is a vertex withr-value less than 2do
2 Letu be the end point of the path starting froms (can bes itself)
3 If r(u) = 0 then
4 Choose an edge(u, v) uniformly at random among all incident edges
5 Else(i.e.,r(u) = 1 and let(u, w) appear in a fragment inC)
6 Choose an edge(u, v) uniformly at random among all incident edges except(u, w)
7 If r(v) = 0 then
8 Extendu to v
9 If r(v) = 1 then
10 Extendu to v (= s) and complete the cycle
11 If C hasn edgesthen stop
12 Elsesets to be an arbitrary vertex withr-value 0
13 If r(v) = 2
14 Delete one of the two incident edges ofv with equal probability and add(u, v) to C
15endwhile

Figure 2: The basic randomized algorithm for undirected graphs.

Proof: It is clear that the algorithm will terminate with a 2-factor since every vertex inC will have a degree

of two. We bound the expected time needed for termination. For the analysis, we divide the algorithm into

phases as follows. In a phase, we always try to extend a path starting from a fixed vertex, sayu, till u

becomes part of a cycle. In the next phase, we pick an arbitrary vertex (sayw) such thatr(w) = 0 (if no

such vertex exists then the algorithm is finished — step 11) and try to extend a path starting atw and so on.

In some step (i.e., one execution of the while loop) of the randomized algorithm of Figure 2, letk < n−1
be the number of edges in the fragment coverC. We note that the number of edges inC in any subsequent

step can never decrease: we either add a new edge toC (in the case whenr(v) = 0) or keep the same

number of edges (in the case whenr(v) = 2 we add and delete an edge). What is the expected number of

steps before we increase the number of edges inC to k + 1? LetC ′ be the subgraph ofC induced by the

vertices withr-value at least 1. Let the algorithm be currently stationed at vertexx and let the start vertex

at the beginning of this phase bes (s could bex itself). Note that if we reach (i.e., make as end vertex) any

vertex which has a neighbor inV −C ′ (we will call such vertices asbridgevertices), then with probability at

least1/2 we will add one more edge toC. There are at leasttwobridge vertices inC ′ sinceG is Hamiltonian

and we have less thann vertices inC ′. It is clear that the algorithm will eventually visit some bridge vertex

in C ′ (starting fromx) unless we reach and complete a cycle withs before reachingy. This is easy to see,

because, if we just keep extending a path starting froms, sinceG is Hamiltonian, we will eventually visit

some vertex inV − C ′ (unless of course, we complete the cycle ats and end this phase).
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Assume that in the current phase the algorithm is trying to extend a path (call itP ) starting from some

fixed vertexs and, without loss of generality, letr(s) = 1. Let x be the current endpoint of the path starting

from s. In each step of the algorithm in this phase, theend vertex ofP changes as follows: ifv1 is the

current end vertex, there is a transition fromv1 to v2 (i.e., we can “reach”v2) if there is av3 ∈ C ′ such

that(v1, v3) ∈ E(G) and(v3, v2) ∈ E(C ′) — this captures how the end vertex ofP can change in step 14.

(Note that, if there is a transition from(v1, v2) then there can also be a transition from(v2, v1), and hence

the walk is reversible. However, note that the edges ofC ′ are changing as the random walk proceeds, thus

we cannot directly apply the standard results from random walks on graphs.)

We show by induction onl — the number of vertices inC ′ (we also include the start vertex inC ′,

even though itsr-value may become zero during the phase) — that we will add one more edge in at most

l2 expected steps (either by adding a new vertex toC ′ or by completing the cycle to the start vertexs).

The induction hypothesis consists of two assumptions: (1) starting from any vertexx (as end vertex), the

algorithm will add a new edge in at mostl2 expected steps on setsC ′ of size≤ l and (2) starting from any

bridge vertexu, the algorithm will add a new edge in at mostl expected steps on setsC ′ of size≤ l.

The base case (l = 1) is trivial. We will show that the hypothesis is true for sets of sizel + 1. Let x

be the current end vertex and let|C ′| = l + 1. We know that, sinceG is Hamiltonian, there are at least

two bridge vertices inC ′ (sayv1 andv2) and at least one of them (sayv1) is reachable fromx (note thatv1

can bex itself, and assume thatv2 6= x). If only one of them is reachable, then we remove the unreachable

vertex and merge the edges (inC ′) incident on it and apply the induction hypothesis. Otherwise, we proceed

by assuming that bothv1 andv2 are reachable. For the sake of argument pretend that the random walk is

made by the algorithm on a graphH obtained fromC ′ by removingv2 and merging its two4 incident edges

(in C ′) into a new edge — call itf . Using part (1) of the induction hypothesis onH, the algorithm will add

a new edge in expectedl2 steps unless it uses (removes) edgef before that. That is, we reachv2
5 and with

probability at least1/2 we add a new edge. Otherwise, consider the random walk on the graph obtained by

mergingv1 and its incident edges (inC ′). Now starting fromv2 and using part (2) of the hypothesis, we

will either add a new edge inl steps or reachv1
6; if we reachv1, we repeat the argument withv1 as the

starting bridge vertex. Thus, overall, the expected number of steps needed to add an edge starting from a

bridge vertex is at most(1/2)1+ (1/2)(2l +1) = l +1; thus induction step for part (2) is proved.7 To show

for part (1), we see that the expected number of steps needed to add an edge starting from any vertex is at

mostl2 + l + 1 ≤ (l + 1)2.

If l = n (i.e., the number of edges inC ′ is k = n−1 and the algorithm will be in the last phase), then we

only need to close the cycle with the start vertex of this phase. In this case, we compute the expected time

to reach a neighbor ofs. The above argument does not directly extend since there are no bridge vertices.

4If v2 is s, then there will be one incident edge inC′.
5Note this is the only way to removef , asv2 has degree three and two of its neighbors are inC′ and the remaining neighbor is

in V − C′ (thus the only other way to removef is by reaching this “outside vertex”, in which case we would have already added

an edge). However, if the degree is greater than three, this argument will not work.
6Note that the reversibility of the walk guarantees thatv1 andv2 are mutually reachable if they are both reachable fromx.
7We remark that, if the degree is greater than three, a similar induction argument gives only an exponential time bound.
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However, there are at least two vertices that we can use to complete the cycle withs: the two neighbors ofs

in the Hamiltonian cycle ofG — these two vertices serve the same role asv1 andv2 in the above argument

as follows. Again, let the end vertex at the beginning of this phase bex. We will assume, for now, thatr(s)
never becomes zero in this phase. Letv ( 6= v1, say) be the vertex adjacent tos in the pathP . If one ofv1 or

v2 is unreachable fromx, then we merge the two incident edges on that vertex and use induction hypothesis.

Hence we will assume that all vertices are reachable. As before, we merge the two incident edges onv2

(into a single edgef ) and argue that withinl = (n − 1)2 steps we either close a cycle withs or we reach

s or we reachv2 before we remove edgef . This is because there are only two ways of removingf , either

reachingv2 (in which case with probability at least 1/2 we close the cycle) or reachings and adding the edge

(s, v2). In the former case, it follows that inn2 steps we will either reachs or complete a cycle withs. On

the other hand, if we reachs, thenr(s) = 0 which implies that all the rest of vertices are part of some cycle.

An easy fix to includes also in a 2-factor is to add a dummy start vertexs′ by subdividing an Hamiltonian

edge containings which is not inP . That is, if(s, v2) is an Hamiltonian edge not inP at the beginning of

the (last) phase, then we remove the edge(s, v2) and add the edges(s′, s) and(s′, v2) to G, with s′ being

the new start vertex (and(s′, s) is added toP ). Since we don’t know which of the (possibly) three incident

edges ofs belongs to the Hamiltonian cycle, we try all three possibilities in parallel.

Summing up the number of steps needed to add each edge,C will haven edges in expected
∑n

l=1 l2 =
O(n3) steps. �

Remark: Unlike Theorem 1, it is not clear whether the above Theorem applies not just for Hamilto-

nian graphs, but for any graph (with out-degree at most 3) which contains a 2-factor. But the above proof

technique works only for Hamiltonian graphs: here the existence of bridge vertices is guaranteed till the

penultimate phase. However, it will be interesting to show that the algorithm (or some slight modification

of it) only needs the presence of a 2-factor inG to find a 2-factor in polynomial time.

3 Random Hamiltonian Graphs

A directed 2-regular random Hamiltonian graph can be viewed as a directed Hamiltonian cycle plus a ran-

dom permutation. An undirected 3-regular random Hamiltonian graph can be viewed as a Hamiltonian

cycle with a random perfect matching added. We refer to the edges on the Hamiltonian cycle asHamilto-

nian edges, and refer to the other edges asrandom edges. We show that finding a 2-factor is enough to find

a cycle of length at leastΩ(n/ log n) in these random graphs. Thus our randomized algorithm will find a

long cycle in these graphs in polynomial time.

Lemma 1 A directed 2-regular random Hamiltonian graph or an undirected 3-regular random Hamiltonian

graph ofn vertices can be partitioned into at mostO(log n) vertex-disjoint cycles w.h.p. Thus any 2-factor

will consist of a cycle of lengthΩ(n/ log n) w.h.p. (Here, w.h.p is with respect to the probability space of all

random graphs of each type.)
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Proof: Consider a 2-factor in a directed 2-regular random Hamiltonian graph. Let the 2-factor consist ofb

random edges (b ≥ 0) andn− b Hamiltonian edges. We show that the number of vertex-disjoint cycles in a

2-factor isO(log n) w.h.p. This is trivially true whenb = 0 (the 2-factor is simply the Hamiltonian cycle). If

b = n, then the 2-factor is the graph of a random permutation ofn numbers and thus the number of disjoint

cycles isO(log n) in expectation and w.h.p. We claim that this is still true if we add any Hamiltonian edges

for the following reason. Pick an arbitrary set ofn− b Hamiltonian edges and consider theb(> 0) random

edges emanating from theb vertices that do not have successors — call this collection ofb vertices asV ′.

These Hamiltonian and random edges will form a 2-factor only if theb random edges terminate inV ′ as

well. Conditioned on this, note that each vertex inV ′ is equally likely to be the endpoint for a random edge.

Thus, the number of vertex-disjoint cycles is number of disjoint cycles in a random permutation withb nodes

and theb random edges. Hence, the expected number of cycles isO(log b) and a Chernoff bound [14][page

68] shows that the number of cycles is at mostc log n with probability at least1− 1/n3, for a suitably large

constantc. The above argument shows that if we pick a 2-factor then the number of vertex-disjoint cycles

is O(log n) w.h.p. But there can be manydifferent2-factors possible and there are dependencies between

them. To handle this, we bound the number of different 2-factors and show that w.h.p. all 2-factors will have

at mostO(log n) vertex-disjoint cycles.

There can be at mostO(n2) (i.e., polynomial inn) different 2-factors in a directed 2-regular ran-

dom Hamiltonian graph w.h.p. This is because the expected number of different 2-factors is at most∑n
b=1

(
n
b

)
b!(1/(n(n− 1) . . . (n− b+1))) = n, sinceb random edges can be inserted in place ofb Hamilto-

nian edges chosen in
(
n
b

)
ways and there can be at mostb! different 2-factors each occurring with probability

at most1/(n(n− 1) . . . (n− b + 1)). By Markov’s inequality, with probability at least1− 1/n there are at

mostn2 different 2-factors. Now, let (“bad”) eventA denote that some 2-factor inG has more thanΘ(log n)
vertex-disjoint cycles and eventB denote that there are at mostO(n2) different 2-factors. To boundPr(A)
we usePr(A) ≤ Pr(A|B) + Pr(B̄). Pr(B̄) ≤ 1/n andPr(A|B) ≤ O(1/n) by applying the union bound,

since with probability at most1/n3, a 2-factor has more thanΘ(log n) disjoint cycles and we condition that

there are at mostO(n2) different 2-factors.

A similar argument works for a undirected 3-regular random Hamiltonian graph. �

If we apply our randomized algorithm it will produce some 2-factor. But Lemma 1 shows that w.h.p. all

2-factors will consist of a cycle of lengthΩ(n/ log n). Thus we have the following theorem.

Theorem 3 Given a directed 2-regular random Hamiltonian graph, the randomized algorithm of Figure 1

will find a cycle of lengthΩ(n/ log n) in O(n2 log n) time w.h.p. (with respect to both cycle length and time

— note that the probability space is determined both by the space of all such random graphs and the random

choices made by the algorithm). Given a undirected 3-regular random Hamiltonian graph, the randomized

algorithm of Figure 2 will find an Hamiltonian cycle of lengthΩ(n/ log n) in O(n3 log n) time w.h.p.
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