The Probabilistic Method

1. If a random object in a set satisfies some property
with positive probability then there is an object in
that set that satisfies that property.

2. If E|X] = C, then there are values ¢; < C' and

co > C such that Pr(X = c¢;) > 0 and Pr(X =
CQ) > 0.
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Monochromatic Complete Subgraphs

Given a complete graph on 1000 vertices, can you
color the edges in two colors such that no clique of 20
vertices is monochromatic?

Theorem 1. [fn < 25/2 then it is possible to edge
color the edges of a complete graph on n points (K,,),
such that it has no monochromatic K, subgraph.
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Proof. Consider a random coloring.

For a given set of k vertices, the probability that
the clique defined by that set is monochromatic is
bounded by
k
2

2 % 27 (2),

There are ('Z) such cliques, thus the probability

that any clique is monochromatic is bounded by

k

n —(&y N 5—k(k—1)/2+1
(k)2><2 (2)§ I X 2

1
(k/2)+1
< 2 I < 1.

Thus, there is a coloring with the required
property. U
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Maximum Satisfiability

Given m clauses in CNF (Conjunctive Normal
Form), assume that no clause contains a variable and
its complement.

Theorem 2. For any set of m clauses there is a truth
assignment that satisfy at least m/2 of the clauses.

Proof. Assign random values to the variables. The
probability that a given clause (with k literals) is
satisfied is

| gk L
2

CS590R Fall 2005 G. Pandurangan Purdue University 4



Maximum Cut

Theorem 3. Given any undirected graph G = (V, E)
with n vertices and m edges, there is a partition of V
into two disjoint sets A and B such that at least m /2
edges connect a vertex in A to a vertex in B.

Proof. Construct sets A and B by randomly assign
each vertex to one of the two sets.

The probability that a given edge connect A to B is
1/2, thus the expected number of such edges is m /2.

Thus, there exists such a partition. O
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A Las Vegas Algorithm

We lower bound the probability that the cut
produced is of value at least m/2.

Let C'(A, B) be the set constructed by the random
partition. Then p = Pr(C(A, B) > m/2).

E|C(A,B)] = > i<m/2—11Pr(C(A, B) =1)
+ 2 ismy2 i Pr(C(A, B) =)
< (I —=p)(m/2—1)+pm

which gives

1
P Z 7
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Derandomization

Using " The Method of Conditional Probabilities”
we derandomize a randomized algorithm to construct
a deterministic algorithm.

Let C'(A, B) be the cut generated by a random
partition.

Initially let A and B be empty.

Place the vertices one by one deterministically in
some order, say vq,...v, according to the following
rule:

Place vk11, k > 1, in the set xp1 (either A or B)
such that

E[C(A7 B)|£U1,[L‘2, »e e 73316]
< E[O(AvB)lxth? v oo 7$k—l—1]

How to find xg.1?
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Suppose you place vi1 with equal probability in A
or B. Let Y, denote where it is placed. Then,

E|C(A,B)|xy,z9,..., x| =

SE[C(A, B)|z1,z2, ..., 2k, Yip1 = A
+2E[C(A, B)|z1, 22, ..., 2k, Yiq1 = B
Thus,

max(F[C(A, B)|xy, o, ..., Tk, Y1 = Al
E|C(A,B)|xy,z9,...,%k, Yri1 = B])

> FE|C(A, B)|xy,za,...,xk

Choose the set which gives a larger conditional
expectation.
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Independent Sets

Theorem 4. Let G = (V, F) be a graph onn vertices
with dn/2 edges. Then G has an independent set with
at least n/2d vertices.

Proof:
Consider the following randomized algorithm:

1. Delete each vertex of G (and its incident edges)
independently with probability 1 — 1/d.

2. For each remaining edge, remove it and one of
its adjacent vertices.
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"Sample and Modify” Technique.

Let X denote the number of vertices that survive
step 1.

EX]|=n/d.

Let Y be the number of edges that survive the first
step.

BY] =5 =3

The algorithm outputs a set of size at least X — Y,
SO

EX-Y]=2
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Dominating Set

A dominating set of an undirected graph G =
(V,E) is aset U C V such that ever vertex v € V —U
has at least one neighbor in U.

Given an arbitrary graph, finding the minimum
dominating set is NP-complete.

Theorem 5. Let G = (V,E) be a graph on n
vertices, with minimum degree 0 > 1. Then G has a

L. : 1+1n(5+1
dominating set of size at most n— ;lif )

Proof:

For some p € [0,1] pick randomly and
independently each vertex of V' with probability p.

Let X be the set of vertices picked.
E[|X]] = np.

Let Yx denote the set of vertices in V — X that do
not have any neighbor in X.
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E[[Yx|] < n(1 —p)°*
BIX|+ [Yx|] < np +n(l - p)°*!

Thus there is at least one choice of X C V such
that U = X UYx which is a dominating set of at most
this size.

We can optimize p. A crude bound is:

The RHS is minimized for p = lngijll).
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High Girth and High Chromatic Number

Girth is the length of the smallest cycle in the
graph.

Chromatic number is the minimum number of
colors needed to color the vertices of the graph such
that no two adjacent vertices have the same color.

Theorem 6. For all k.l there exists a graph G with
girth(G) > 1 and x(G) > k.

Proof: If a(G) is the size of the largest independent
set of G then x(G)a(G) > n. We want to show that
there exists a graph with small o and large girth.

Fix & < 1/l and choose a random graph G €
G(n,p) with p = n?~1,

Let X be the number of cycles of size at most .
l n\ (z—1)! 4

BIX] =) 3 (z)( 2 )p

< 22:3 n'p' = 22:3 n’" = o(n)
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since 0] < 1.

Pr(X >n/2) =o(1)

Set z = %ln n.

Pr(a(G) 2 2) < (7)(1-p)&) < [ner(==1/2)" =
o(1)

Let n be sufficiently large so that both these events
happen with probability less than 1/2.

Then there exists a graph G with less than n/2
cycles of length at most [ and with a(G) < %lnn =

3nt=%Inn.

Remove from G a vertex from each cycle of length
at most [. This gives a graph G’ with at least n/2
vertices.

G’ has girth > [ and a(G’) < a(G). Thus

(G 2 gt = s )

— 3nl=flnn =~ 6lnn

for a sufficiently large n.
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First and Second Moment Method

Theorem 7. Let X be a non-negative integer-valued
r.v. Then

Pr(X > 1) < B(X

)
Var(X) _ B(X*)

(BE(X))?  (BE(X))?

J
=4
<
|
=
VAN

Proof:

Pr(X = 0) < Pr(|X — E(X)| > E(X)) < {5557

These help in showing Pr(X =0) — 1 and Pr(X =
0) — 0.
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Thresholds in Random Graphs

Theorem 8. For the G(n,p) random graph model,
let p = cloffbn. If ¢ > 1 then almost all graphs have no
isolated vertices and if c < 1 almost all graphs have at
least one isolated vertex.

Proof:

Upper Threshold: Let X denote the number of
isolated vertices in a random G € G(n,p).

Let X, be the indicator r.v. for a vertex to be
Isolated.

BIX] = 0, Xi = n(1 - p)»!

(1 —p)* = enloell—r) — on(—p—p®/2—p’/3...)
— o~ Pp—np°(1/24p/3+...)

~ e~ " provided np? — 0.
EX]=n(1—-p)" ! ~ne ™ ~npl-ec
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Thus, E(X) —-0if ¢>1 and

E(X)— xifc< 1.
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Lower Threshold:
E[X? =3 B(X?) + 32,4, XX,
= E(X) +n(n—1)E(X1X>)

= E(X) +n(n —1)(1 — p)2n-2+1

_ o) < EX)
Pr(X =0) = zaoe ~ 1

_ 1 n(n—1)(1—p)2(n=2)+1
- E(X) + n2(1—p)2(n—1) -

Nﬁ—ﬂ)ifc<1.
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