Conditioned on E; we have > " | Y; = p;41.

Since Vi1 < iy,

Pr(via1 > k|E;) < Pr(pie1 > k|E;)

_ Pr(zn:Yt > k|E;) < Pr(zn:Yt > k)/ Pr(E;)

< Pr(B(n, (8i/n)") > k)/ Pr(E;)

Pr(vit1 > Bit1|E:)

< Pr(B(n, (8i/n)") > 2n(Bi/n)?))/ Pr(E;)

< = B/MN/3(1 ) Pr(E))

< W(Ei) whenever n(3;/n)? > 61nn.

Thus, Pr(—-E;;1|F;) < n2P1(EZ_) whenever
n(B;/n)% > 61nn.
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Next we remove the conditioning.

Pr(—=Ei1)

e Pr(_'E'L—I—l‘E’L) PI'(EZ) + PI'(_' i—{—ll_'Ei) Pr(_'EZ)

< Pr(=E;11|E;) Pr(E;)+Pr(-E;) < Pr(=E;)+1/n

Hence, whenever n(3;/n)?) > 61nn and E; holds,
then so does F; ;.

We can show that when ¢ = i* = B2 4 (1),
then n(3;/n)? < 61nn.

Use induction to show that 3,14 < n/2d7’.

Thus, Pr(—FE;+) < i*/n”.
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We now handle the case where n(3;/n)¢ < 6Inn.
We have

Pr(vi«y1 > 18Inn|Ei+) < Pr(p+11 > 181Inn|E;+)

1
< Pr(B(n,6lnn/n) > 181Inn)/ Pr(E;) <

o n2 PI‘(EZ*)
Pr(vp«i1 > 18Inn) < Pr(—=Ex)+1/n? < (i*41)/n?.
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PI’(Vv;*+3 Z 1) § Pr(ui*+3 Z 1) S PT(ILLZ'*+2 Z 2)

Pr(pxqo > 2|vx41 < 181nn) < Pr(B(n,(18Inn/n)*>2)

Pr(v;x,1<18Inn)

(g)(lS In n/n)2d

Thus,

PI'(VZ'*_|_3 Z ].) S PI'(IIL,L'*_|_2 Z 2)

S PI‘(/Li*_|_2 Z 2|Vz‘*_|_1 S 181Il77,) PI‘(’Ui*_|_1 S 18 In n)

+ Pr(vi«41 > 181nn)

(181nn)2d
= 2d—2

+ (i* +1)/n? = o(1)

if d > 2.

Thus the probability that the maximum loaded bin
is more than i* +3 =Inlnn/Ind + O(1) is o(1/n).
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