Two Choices Paradigm

Theorem 1. Let n balls be sequentially placed into
n bins in the following manner. For each ball, d > 2
bins are chosen independently and uniformly at random
(with replacement). Each ball is placed in the least full
of the d bins at the time of placement, with ties broken
randomly. After all the balls are placed, the maximum
load of any bin is at most Inlnn/Ind + O(1) with
probability 1 — o(1/n).
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Proof Idea

Bound the number of bins with at least 7 balls for
all 7.

We will find a sequence of values 3; such that the
number of bins with load at least 7 is bounded above

by 5;, whp.

Height of a ball = 1 4 the number of balls in the
bin where it is placed.

No. of bins with with at least ¢ balls <= No. of
balls of height at least 7.

Bit1 < en(Bi/n)?.

We will show, whp, 231 < 2(8i)d
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Notation

Time t refers to the state immediately after the tth
ball is placed.

h(t) — height of the tth ball.
v;(t) — no. of bins with load at least i at time ¢.

1i(t) — number of balls with height at least 7 at
time ¢.
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Lemmas

Lemma 1. Let B(n,p) be a binomial r.v. with
parameters n and p. Then

Pr(B(n,p) > 2np) < e~ "?/3

Lemma 2. Let X1, Xs,...,X,, be asequence of r.v.
in an arbitrary domain and let Y1,Y>,...,Y, be a
sequence of 0-1 r.v. with the property that Y, =

Yi(Xy,..., Xa).
IfPr(Y; = 1‘X1, e 7Xi—1) < p, then

Pr(zn:Yi > k) < Pr(B(n,p) > k)

1=1

CS590R Fall 2005 G. Pandurangan Purdue University 4



Proof of Theorem

We will construct (3; such that, whp, v;(n) < 3; for
all 2.

Let 84 = n/4 and let 3,11 = 26%/n?"1 for 4 <
i < 1*, for some i* (chosen later).

Let F; denote the event that v;(n) < ;.

We show that, whp, if E; holds then E;.; holds,
for 4 <1 <.
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Fix a value 7 in the above range. Let Y; be a 0-1
r.v such that

Yi=1iff h(t) >i+1and v;(t — 1) < ;.

Let w; represent the bins selected by the jth ball.
Then Pr(Y; = 1wy, ..., wi—1) < (B;/n)%

Hence,

Pr() Y; > k) < Pr(B(n,(8;/n)%) > k)

t=1

Conditioned on E; we have > " | Yi = p;41.
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Conditioned on E; we have > " | Y; = p;41.

Since Vi1 < iy,

Pr(via1 > k|E;) < Pr(pie1 > k|E;)

_ Pr(zn:Yt > k|E;) < Pr(zn:Yt > k)/ Pr(E;)

< Pr(B(n, (8i/n)") > k)/ Pr(E;)

Pr(vit1 > Bit1|E:)

< Pr(B(n, (8i/n)") > 2n(Bi/n)?))/ Pr(E;)

< = B/MN/3(1 ) Pr(E))

< W(Ei) whenever n(3;/n)? > 61nn.

Thus, Pr(—-E;;1|F;) < n2P1(EZ_) whenever
n(B;/n)% > 61nn.
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Next we remove the conditioning.

Pr(—=Ei1)

e Pr(_'E'L—I—l‘E’L) PI'(EZ) + PI'(_' i—{—ll_'Ei) Pr(_'EZ)

< Pr(=E;.1|E;) Pr(E;,)+Pr(=E,) < Pr(—=E;)+1/n>.
_|_

Hence, whenever n(3;/n)?) > 61nn and E; holds,
then so does F; ;.

We can show that when ¢ = i* = B2 4 (1),
then n(3;/n)? < 61nn.

Use induction to show that 3,14 < n/2d7’.

Thus, Pr(—FE;+) < i*/n”.
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We now handle the case where n(3;/n)¢ < 6Inn.
We have

Pr(vi«y1 > 18Inn|Ei+) < Pr(p+11 > 181Inn|E;+)

1
< Pr(B(n,6lnn/n) > 181Inn)/ Pr(E;) <

o n2 PI‘(EZ*)
Pr(vp«i1 > 18Inn) < Pr(—=Ex)+1/n? < (i*41)/n?.
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PI’(Vv;*+3 Z 1) § Pr(ui*+3 Z 1) S PT(ILLZ'*+2 Z 2)

Pr(pxqo > 2|vx41 < 181nn) < Pr(B(n,(18Inn/n)*>2)

Pr(v;x,1<18Inn)

(g)(lS In n/n)2d

Thus,

PI'(VZ'*_|_3 Z ].) S PI'(IIL,L'*_|_2 Z 2)

S PI‘(/Li*_|_2 Z 2|Vz‘*_|_1 S 181Il77,) PI‘(’Ui*_|_1 S 18 In n)

+ Pr(vi«41 > 181nn)

(181nn)2d
= 2d—2

+ (i* +1)/n? = o(1)

if d > 2.

Thus the probability that the maximum loaded bin
is more than i* +3 =Inlnn/Ind + O(1) is o(1/n).
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