Proof of Theorem

Use the recursive inseparability of L} = {M :
M(e) =yes} and Ly = {M : M(e) = no}.

Given any (description of) TM M we show how to
construct a sentence ¢, such that:

(a) If M(e) = yes then NT F ¢y
(b) If M(€e) = no then ¢, is unsatisfiable.

This will prove the result.
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oy = NT N where

Y = Jx(comppr(x) A (Vy < z)=comppr(y)) A
mod(x,b%,b.(|X] +1))).

Let M (e) = yes.

Then there is an unique integer n such that N =
compyr|xr < n| and hence N = Jxcompys(x).

Furthermore since n is unique, N [
dz(comppy(z) N (Vy < z)—=compps(y)). And the
last two digits of n are [X| + 1 and 0.

Hence, N = 1. Also NT + ¢ and hence NT +
O
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Let M (e) = no.
Then N |= ¢, where

¢rr = 3" (compar(2') A ((Vy < @) ~comppr(y)) A
mod(x’, b, b.(|3] + 2))).

NT F ¢y,
We can show that ¢, and @', are inconsistent.
That is we can prove that ¢ A ¢hy, F F.

Hence ¢, is unsatisfiable.
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Proof of Godel’s Incompleteness
Theorem

By contradiction. Assume that there is a r.e set A
such that for all expressions ¢, A - ¢ iff N |= ¢.

Since A is r.e., the set of proofs from A is also r.e.

Thus there is a TM that enumerates the set of all
proofs from A.

Hence there is TM that enumerates the set {¢ :
A ¢}, e, theset {¢p: N = ¢}.

This implies that both these sets are recursive.
Contradiction.
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