Independent events do not have to be related to
independent physical processes.

Example: the probability that the outcome of a die

roll is even (= 3) is independent of the event "the

outcome is < 4" (= %).

The probability of "an even outcome < 4" is

2 12 3 4

6 36 6 6
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Back to Finding the Repeated Element

Repeat the algorithm again, if we don't succeed.
Each time we make independent random choices.

If we repeat the algorithm 100 times, the probability
of failure is (4/5)1%0 < 1072,

If we repeat the algorithm clogn times the
probability that the algorithm fails is < (4/5)¢!°8" =

m = 1/” If ¢ = 1/10g(5/4)

Thus the algorithm succeeds with high probability
(whp), i.e., with probability at least 1 — 1/n%1).

Thus the algorithm succeeds in O(logn) time whp.
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Random Variable

Let (S, Pr) be a discrete probability space.
Let V' be a set of values.

A random variable X defined on (S,Pr) is a
function
X:§—-V

Let E(r) ={s eS| X(s) =r}

Pr(X =r) = Pr(E(r))= >  Pr(s).

se&(r)

Two random variables X and Y (defined on the
same sample space) are called independent if for all =
and y

Pr{X =2 and Y =y} =Pr{X = 2} Pr{Y =y}
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Example 1: In rolling a die, the number that comes
up is a random variable.

Example 2: Consider a gambling game in which a
player flips two coins, if he gets head in both coins he
wins $3, else he losses $1. The payoff of the game is
a random variable.
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Expectation

Definition 1. The expectation of a discrete random
variable X is

EX] = ) iPr(X=1).
ierange(X)

The expectation (or mean or average) is a weighted
sum over all possible values of the random variable.

Example: The expected value of one die roll is:
6 6
EX] = Y iPr(X=i) = ) _

1=1 1=1

= 35

| .
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Consider a game in which a player chooses a number
in [1,...,6] and then rolls 3 dice.

The player wins $1 for each die the matches the
number, he losses $1 if no die matches the number.

What is the expected outcome of that game:

I LB 427352 0) +3(2) =
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Linearity of Expectation

Theorem 1. For any two random variables X and Y
EX+Y] = EX| + E|Y].

Proof.
EX+Y] =

> Y, +HPr((X=0nY =j) =
it€range(X) jerange(Y)
ZZiPr((X =i)N(Y =j))+
DY Pr((X =N (Y =) =

> iPr(X =i)+ ZjPr(Y = ).

1

(Since we sum over all possible choices of i (j).)
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Lemma 1. /f B, Es,...., E} are disjoint events such
that Zle Pr(E;) =1 then for any event B,

k
Y Pr(BNE;) = Pr(B).
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Examples:

1. The expectation of the sum of two dice is 7,
even if they are not independent.

2. Assume that we flip N coins, what is the
expected number of heads?

. . . . 1
Using linearity of expectation we get N - 3.

Mo,

By direct summation we get Zf\;o@(z

Thus we prove

N
N N
z( ,)2—N=—.
) 2

=0

1
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3. Assume that N people checked coats in a
restaurants. The coats are mixed and each person gets
a random coat.

How many people got their own coats?

It's hard to compute EF|X]| = Z]kvzo kPr(X = k).
Instead we define NV 0-1 random variables X;, where
X; = 1 iff 7 got his coat.
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Back to Randomized Quicksort

Procedure Q_S(S5);
Input: A set S.

Output: The set S in sorted order.

1. If |S| <1 then return S, else

2(a) Choose a random element y uniformly from S.
(b) Compare all elements of S to y. Let

S1={zxeS—{y} |z <y}
So={z e S—{y} | x>y}

(Elements in S; and S5 are in the same order as

in S.)
(c) Return the list:

Q-5(51),y, Q-S(Ss).
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Analysis

Let T' = number of comparisons in a run of
QuickSort.

Theorem 2.
E|[T] = O(nlogn).

Proof. Let sq,....,s, be the elements of S in sorted
order.

For + = 1,...,n, and j > ¢, define 0-1 random
variable X ;, s.t.

X; ; = 1 iff s; is compared to s; in the run of the
algorithm.

The number of comparisons in running the
algorithm is

We are interested in E[T].
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What is the probability that X, ; = 17

s; i1s compared to s; iff either s; or s; is chosen
as a ‘split item” before any of the j — 7 — 1 elements
between s; and s; are chosen.

Elements are chosen uniformly at random —
elements in the set [s;,Si+1,....,5;] are chosen
uniformly at random.

PT(XZ’]:1>:]—§+1
2
ElXis] = 7—1+1
E[T) = B[y ) Xijl=
1=1 3>1
n n 9
P ILEBED P P
1=1 3> 1=1 3>

2n Y p_q 1 < 2nH, =2nlogn+ O(n). O
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Probabilistic Analysis of QuickSort

Theorem 3. The expected run time of (deterministic)
Quicksort on a random input, uniformly chosen from
all possible permutation of S is O(nlogn).

Proof.
Set X ; as before.

If all permutations have equal probability, all
permutations of S;, ..., .S; have equal probability, thus

2
PT(XZ’J):]—’L—i—]_
1=1 7>1

CS580 Fall 2004 G. Pandurangan Purdue University 14



Randomized Algorithms:

e Analysis is true for any input.

e The sample space is the space of random choices
made by the algorithm.

e Repeated runs are independent.
Probabilistic Analysis;

e The sample space is the space of all possible inputs.

e If the algorithm is deterministic repeated runs give
the same output.
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Randomized Algorithm classification

A Monte Carlo Algorithm is a randomized
algorithm that may produce an incorrect solution.

For decision problems: A one-side error Monte
Carlo algorithm errs only on one possible output,
otherwise it is a two-side error algorithm.

A Las Vegas algorithm is a randomized algorithm
that always produces the correct output.

In both types of algorithms the run-time is a random
variable.
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Selection

Input: A set S of n distinct elements, and an integer
1 <1 <n.
Output: The ¢-th smallest element in S.

Random-Select(S, ) (1 <i<|S)).
1. If |S| =1 then return S.
2. Choose a random element y uniformly from S

3. Compare all elements of S to y. Let

Si={zeS|z<y}, Se={zeS|z>y}

4. If |S1| = ¢ —1 then return y
elself |S1| > ¢ then return Random-Select(S1, %)
else return Random-Select(Ss,7 — |S1| — 1);
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Correctness and Worst-case runtime

Theorem 4. The algorithm returns a singleton with
the correct value.

Proof.
By induction on the depth of the recursion.

In each call to Random-Select(S5’,i’), i < |S’| and
the i’ largest element in S’ is the i largest element in

S.

When |S’| = 1, it includes the i largest element in
S. O
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Run-time

Theorem 5. The worst-case run-time of the
algorithm is O(n?).

Proof. In the worst case the size of the set that

includes the i-th largest element decreases by one in
each iteration. O
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Expected run-time

Theorem 6. The expected run-time of the algorithm
is O(n).

Proof. Without loss of generality we can assume that
in each iteration the i-th largest element is in the larger
of the two sets S; and Ss.

Let r.v. T'(n) = denote the run-time on a set of n
elements.

For each k = 1,2...,n, define indicator r.v.s X}
denoting the event that the set S has exactly £k — 1
elements.

E[Xk] = 1/n
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Tn) < ZX’“ (Maxlk —1,n—k|) + an)

= ZXkT(Max[k —1,n—k])+an
k=1

E[T(n)] < E iXkT(Maa:[k—l,n—k])Jrom

= zn:E[XkT(Ma,x[k —1,n—k])]+an

- zn:E[Xk]E[T(MaQ?[k —1,n—k])]+ an

= —ZE (Mazlk —1,n — k|)] + an

9 n—1

< = Y E[T(Kk)]+an
nk:Ln/ZJ
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We show that T'(n) < ¢n for some constant ¢ > 0.

n—1
2
ET(n)] < = »  ck+an
k=|n/2]
26 n—1 Ln/2j—1
S 1 D3 oy Eee
" k k=1
3
< ch—l—c/Q—l—om
< cn

for a suitably large c.
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Theorem 7. [If X and Y are independent random
variable
EXY| = E|X]-E|Y],

Proof.

EXY] =) Y i-jPr((X =)0 (Y =j)) =

Zzszr(x =i)-Pr(Y =j) =
() iPr(X =0)(>_jiPr(Y =j)).

g J
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Linear Time Deterministic Selection
Algorithm

Theorem 8. There is a deterministic algorithm that
finds the i-th smallest element in an unsorted array of
n elements in O(n) time.
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Select (S,7) - Selects the i-th smallest element in

the set S.

1. n=|S|. If n =1 then return S.

2.

Partition S into [ ] groups of 5 elements each, and
a leftover group of up to 4 elements.

Find the median of each of the groups, let R be the
set of these |Z| values.

.y = Select(R, ['—]2:{'])

Compare all elements of S to y. Let

Si={rxeS|lxz<y}, Sy={xeS|z>uy}.

If S1 =14 — 1 then return y
elself |S1| > ¢ then return Select(S1,1)
else return Select(Ss,7 — |S1| — 1);
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Correctness and Runtime

Theorem 9. The algorithm returns the correct value.

Proof. By induction on the depth of the recursion. O
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Run-time

Theorem 10. The run-time of the algorithm is O(n).

Proof.

How many elements in S are larger than y, the
“median of medians” value computed in step 4 of the
algorithm?

Excluding the leftover group, and the group that
includes vy, in at least half of the remaining groups,
there are at least three elements that are > y. Thus,

at least
1 n 3n

3(5(5W —2) =719 9

in S are greater than y.

Similarly, at least ?—g‘ — 6 elements in S are < y.

Thus, select is called in step 6 with at most % + 6

elements.
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T'(n) = run-time on sets of size n.

n

5})+T(7—”+6)+an.

T(n) < T(13) + (5

We show that T'(n) < ¢n for some constant ¢ > 0.

Tn) < c¢n/5+1)+¢(Tn/104+6)+ an
< 9en/10 4 Tc+ an
< cn

for n > 70 and sufficiently large ¢. O
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Dynamic Programming

A powerful technique for solving optimization
problems. Useful when the solution to a problem
can be viewed as a result of a sequence of decisions.

For example, the solution to the Knapsack problem
can be viewed as a sequence of decisions, namely,
deciding the values of z;, 1 < i < n. |If x;'s are
restricted to be 0/1, then a greedy solution will not
work.

One way to solve such problems is to enumerate
all possible decision sequences and pick the best.
Dynamic programming often drastically reduces the
amount of enumeration by appealing to the Principle
of Optimality.

The principle of optimality states that an optimal
sequence of decisions has the property that whatever
the initial state and decision are, the remaining
decisions must constitute an optimal decision sequence
with regard to the state resulting from the first decision.
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Ingredients of Dynamic Programming

1. Optimal substructure: The optimal solution is
computed from optimal solutions to independent
sub-problems.

Independent means the solution to one subproblem
does not affect the solution to another subproblem
of the same problem.

2. Overlapping subproblems.

Overlapping means the same subproblem occurs in
the solution of many different (sub)-problems. We
compute the solution of a subproblem only once
and then storing it in a table and doing a look up.
This strategy is called memoization — a top-down
strategy.

3. Write a recursive formula to evaluate the optimal
value.

4. Solve the recursion in a bottom-up manner.

CS580 Fall 2004 G. Pandurangan Purdue University 30



Matrix Multiplication

Given a chain of n matrices: < A, As,..., A, >
where matrix A; has dimension p;,_1 X p;, for i =
L,2,...,n.

Find a way to paranthesize the product A1A5... A,
which minimizes the number of multiplications.

CS580 Fall 2004 G. Pandurangan Purdue University 31



Recursive solution

For 1 <i < j <n,let m[i,j] be the minimum cost
of paranthesizing the product A;A;41 ... A;.

0 i =
mli, j| = { mini<g<;
{m[’i, k] + m[k + 1,j] +p¢_1pkpj} 1<
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A Naive Algorithm

cost(p, i, j)
Input: A sequence of matrix dimensions:p =<

Po,P1y- -y Pn >
Output: the optimal cost to multiply A4;... A;.

1if i =4 return 0O

2 mli, j] = o

3for k —itoj—1

4 q = cost(p,i, k) + cost(p,k +1,7) + pi—1pkD;
5 if ¢ < mli, ]

6 m[%,j] = q

7 return mfi, j|
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Bottom-up Algorithm

Matrix-cost(p)
Input: A sequence of matrix dimensions:;p =<

Po,P1y- -y Pn >
Output: the optimal cost to multiply 4;... A,,.

lfori=1ton
mli,i] =0
2for[=2ton

3 fori=1ton—-[0+1

4 j=i+il—1

5 mli, j] = oo

6 fork=1t0j5—1

7 q = mli, k] +mlk + 1, j] + pi—1pkp;
8 if ¢ < mli,j]

9 mli, j] = q

10 return m|1, n]
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Memoization: Top-down Algorithm

lfori=1ton

2 for j =1ton

3 mli, j] = oo

4 return lookup(p,1,n)

lookup(p, i, j)

1 if m[i, j] < oo return mli, j]
2 ifi=

mli,j] =0
3elsefork=1itoj—1
4 q =lookup(p, i, k) +lookup(p, k + 1,7) + pi—1pkp;
5 if g < mli, ]

mli, j] = q

6 return mli, j|
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A Problem from Computational Biology

Given two (DNA or protein) sequences s[1...m]| and
t[1...n] we want the "best” alignment between the
two sequences.

Example:

s = GACGGATTAG
t = GATCGGAATAG

An alignment is an insertion of spaces in arbitrary
locations along the sequences so that they end up with
the same size.

A space in one sequence should not align with a
space in the other. But spaces can be inserted at the
beginning or at the end.

An alignment can be scored by a scoring scheme.
We assume a scoring matrix score where the entry
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score|x,y| gives the alignment score for characters x
and y.

A best alignment is one which receives the
maximum score called the similarity — sim(s,t).
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Recursive formula

sim(s[l...1],t[1...7])
sim(s|l...1—1],t[1...7 —1]) + score(s|i], t]j])

= max { sim(s[l...i,t[1...5 —1]) + score(—,t[j])
sim(s[l...i—1],t[1...7]) + score(s]i], —)
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Bottom-up Algorithm

Input: sequences s[1...m] and t[1...n]
Output: sim(s,t)

for i =0tom
ali,0] =i x score(—,t[1])
for j=0ton
a0, ] = j x score(s[1], -)
fori=1tom
for j=1ton
ali, 7| = max{ali — 1,j — 1] 4 score(sli], t[j]),
a[imj R 1] + SCOTG(—,t[j]),
ali = 1, + score(s[i], -))
return a|m, n|
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0/1 Knapsack

Let KNAP(L,j,y) represent the problem:
maximize Zlgigj Dik;

subject to Zlgz’gj wit; <y

r; € {0,1}, I <i<j

The Knapsack problem is KNAP(1,n,m). For
simplicity, we will assume that all the weights and m
are integers.

Let f;(y) be the optimal solution to
KNAP(1,7,y). Then,

fa(m) = maz{ fo—1(m), fa—1(m —wyn) + pp}
because of the principle of optimality.

And for arbitrary f;(y), i > 0,

fily) = maz{fi-1(y), fi-r(y — wi) + pi}
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Using, fo(y) = 0 for all y > 0 and
fily) = —ocif y <0
we compute f,(m) in a bottom up manner.

The time complexity is O(nm).
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Elements of Dynamic Programming

Optimal substructures: A k-stage optimal
solution is computed from k£—1-stage optimal solutions.

Overlapping substructures: the same k — 1-stage
substructure is used in the computation of a number
of k-stage substructures.
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