Matching

Given a graph G = (V, E) a set of edges M is a
matching in G if

1. M CE:
2. no two edges of M share the same node;

A maximum matching in GG is a matching with
maximal cardinality.

A graph has a perfect matching if it has a matching
of size |V|/2 (i.e. every vertex is covered by the
matching).
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Bipartite Matching Through Maximum
Flow

A graph G = (V,E) is bi-partite if the set of
vertices V' can be partitioned to two sets A and B,
(AUB =V and AN B = (), such that every edge in
E has one adjacent vertex in A and one in B.

Given a bi-partite graph G = (A4, B, ') we can use
a maximum flow algorithm to find maximum matching

in G.
Define a directed graph G’ = (V'E’):

o V'=AUBU{s,t}

e Connect s to all vertices in A. Direct all edges in
E from A to B. Connect all vertices in B to t.

e All edges have capacity 1.
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A flow is integer value if the flow through each
edge is an integer value.

Theorem 1. The Ford-Fulkerson algorithm generates
an integer value flow in G'.

Proof. By induction on the augmentation steps. O

Theorem 2. The cardinality of the maximum
matching in G equals the value of the maximum flow

in G'.

Proof. Since each node in A and B can be adjacent
to only one vertex with integer flow > 0, a flow f in G’
corresponds to a matching M in G with |f| = |M|. O
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Building a Matching

Given a matching M in G, a simple path
P = UV1,V2, ..., UL

is an alternating path with respect to M if the odd
edges in P (the first, third,...) are not in M, and the
even edges (second, fourth,...) are in M.

An alternating path P is an augmenting path with
respect to M if both vy and v are not covered by M.

An augmenting path has an odd number of edges,
with one more edge that is not covered by the
matching.

Removing the even edges of P from M and adding
the odd edges of P to M increases the size of the
matching by one (covering two more vertices).

CS580 Fall 2004 G. Pandurangan Purdue University 4



Matching Characterization

Theorem 3. A matching M in a graph G is
maximum iff there is no augmenting path in G with
respect to M .

Proof.

Augmenting path = not maximum: If there is
an augmenting path then M is not maximum since we
can use the path to get a larger matching.
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Not maximum = augmenting path: Assume
that M is not maximum, we need to show that there
is an augmenting path with respect to M.

Let M’ be a matching in G such that |M’| > |M|.
Consider the graph H = (V, M U M").

The degrees in this graph are 0,1 or 2.

The connected components in the graph are either
paths or cycles.

There are no cycles with odd number of edges.

There must be at least one connected component
(path) with one more edge of M’ than M. This
component is an augmenting path.

[l
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Matching Algorithm

1. M «— (:

2. While there are augmenting paths w.r.t. M

(a) Extend the matching using an augmenting path;

How to search for an augmenting path?
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Matching in Bipartite Graphs

In a bipartite graph the search for an augmenting
path for an unmatched node x € A can be done by a
breadth-first search.

Theorem 4. The above algorithm finds maximum
matching in O(V - E) time.
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Problems

Decision Problems: Is there a (feasible) solution?
Examples:

1) PATH: Given a graph G and two vertices u, v in
G and an integer k, is there a path of length at most
k between u and v?

2) HAMILTONIAN PATH: Given a graph G, is
there a simple path containing all vertices in G?

Optimization Problems: Feasible solution with the
best value.

Examples:

1) Given a graph G and two vertices u,v in G
find a shortest path (with minimum number of edges)
between u and v.

2) Given a graph G, find the longest simple path
in G.
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If the optimization problem is easy, its decision
version is easy as well.

Usually, we can recast the optimization problem as
a decision problem that is no harder.
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