Properties of a Poisson process

. The expected number of arrivals in an interval of ¢
steps is At.

. Sum of Poisson processes is a Poisson process with
sum of rates.

. If a Poisson process is split randomly, the two
processes are Poisson.



Exponential Distribution

X ~Frp(p) =Pr(X <s)=1—eH
ElX]=1/p

The exponential distribution is memoryless:
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Gamma Distribution

A Gamma distribution with parameters («, 3) has
a density function given by:
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where I'(«) is the gamma function defined by
['(z) = [,” t*~'e~'dt for any real number z > 0.

Some properties of the gamma function are:

1. I'(z+1) = 2I'(2) for any z > 0.

2. T'(k + 1) = k! for any nonnegative integer k.



Properties of the Gamma Distribution

1. Mean of the Gamma distribution is a3 and the
variance is a/3%.

2. The Exp(B) and I'(1,1/3) are the same.

3. If X4,...X,, are independent Exp((3) r.v.s, then
St X, is T'(m,1/8) — also called the m-Erlang
distribution.



Interarrival distributions

Let X,, ( » > 1) denote the time from the (n—1)th
to the nth arrival.

The sequence {X,,,n =1,2,...} is the sequence
of interarrival times.

Pr(X; > t) = Pr(N(t) = 0) = e

Hence X has exponential distribution with mean
1/

P’I“(XQ > t) = E[PI‘(XQ > t|X1)]

However,

Pr(Xs > t| X1 = s) = Pr(0 events in (s, s+t]| X1 = s)

_ oA
If the arrival process is Poisson with rate A, then
Xn,, n = 1,2... are independently and identically

distributed exponential random variable with mean
1/



Waiting Time Distribution

Sy, arrival time of the nth event - called the waiting
time of the nth event.

S, has a Gamma distribution with parameters n
and .



Conditional Distribution of the Arrival
Times

Given that exactly one event has taken place in the
interval |0, t], determine the distribution of the time at
which it occurred.

Pr(Xy < s|N(t) = 1) = U URUDN)=0)
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That is, the time of the event is uniformly
distributed in [0, ¢].

If Y7,...Y,, are n random variables, then
Y1),... Y are the order statistics corresponding to

Y1,Ys, ..., Y, if Y is the kth smallest value among
Yl,...,Yn, k= 1,...,7),.

Theorem 1. Given that N(t) = n), the n arrival
times S1,...S5, have the same distribution as the
order statistics corresponding to n independent random
variables uniformly distributed on the interval (0,1).



