Contents

CHAPTER 7 Graph Algorithms 3

7.1 Definitions and Representation 3 7.2 Minimum Spanning Tree: Prim’s Algorithm 6 7.3 Single-Source Shortest Paths: Dijkstra’s Algorithm 10 7.4 All-Pairs Shortest Paths 11

7.4.1 Dijkstra’s Algorithm 12 7.4.2 Floyd’s Algorithm 14 7.4.3 Performance Comparisons 19 7.5 Transitive Closure 19 7.6 Connected Components 20

7.6.1 A Depth-First Search Based Algorithm 20 7.7 Algorithms for Sparse Graphs 24

7.7.1 Single-Source Shortest Paths 26 7.7.2 Finding A Maximal Independent Set 30 7.8 Bibliographic Remarks 33

Problems 35

2

CHAPTER 7

Graph Algorithms

Graph theory plays an important role in computer science because it provides an easy and systematic way to model many problems. Many problems can be expressed in terms of graphs, and can be solved using standard graph algorithms. This chapter presents parallel formulations of some important and fundamental graph algorithms.

7.1 Deőnitions and Representation

An undirected graph G is a pair (V, E), where V is a finite set of points called vertices and E is a finite set of edges. An edge e ∈ E is an unordered pair (u, v), where u, v ∈ V . An edge (u, v) indicates that vertices u and v are connected. Similarly, a directed graph G, is a pair (V, E), where V is the set of vertices as we just defined, but an edge (u, v) ∈ E is an ordered pair; that is, it indicates that there is a connection from u to v. Figure 7.1 illustrates an undirected and a directed graph. We use the term graph to refer to both directed and undirected graphs.

Many definitions are common to directed and undirected graphs, although certain terms have slightly different meanings for each. If (u, v) is an edge in an undirected graph, (u, v) is incident on vertices u and v. However, if a graph is directed, then edge (u, v) is incident from vertex u and is incident to vertex v. For example, in Figure 7.1(a), edge e is incident on vertices 5 and 4, but in Figure 7.1(b), edge f is incident from vertex 5 and incident to vertex 2. If (u, v) is an edge in a undirected graph G = (V, E), vertices u and v are said to be adjacent to each other. If the graph is directed, vertex v is said to be adjacent to vertex u.

A path from a vertex v to a vertex u is a sequence ⟨v_0, v_1, v_2, . . . , v_k⟩ of vertices where v_0 = v, v_k = u, and (v_i , v_{i+1}) ∈ E for i = 0, 1, . . . , k − 1. The length of a path is defined as the number of edges in the path. If there exists a path from v to u, then u is reachable from v. A path is simple if all of its vertices are distinct. A path forms a

Figure 7.1 (a) An undirected graph and (b) a directed graph.

cycle if its starting and ending vertices are the same—that is, v_0 = v_k. A graph with no cycles is called acyclic. A cycle is simple if all the intermediate vertices are distinct. For example, in Figure 7.1(a), the sequence ⟨3, 6, 5, 4⟩ is a path from vertex 3 to vertex 4, and in Figure 7.1(b) there is a directed simple cycle ⟨1, 5, 6, 4, 1⟩. Additionally, in Figure 7.1(a), the sequence ⟨1, 2, 5, 3, 6, 5, 4, 1⟩ is an undirected cycle that is not simple because it contains the loop ⟨5, 3, 6, 5⟩.

An undirected graph is connected if every pair of vertices is connected by a path. We say that a graph G^′ = (V^′, E^′) is a subgraph of G = (V, E) if V^′ ⊆ V and E^′ ⊆ E. Given a set V^′ ⊆ V , the subgraph of G induced by V^′ is the graph G^′ = (V^′, E^′), where E^′ = {(u, v) ∈ E|u, v ∈ V^′}. A complete graph is a graph in which each pair of vertices is adjacent. A forest is an acyclic graph, and a tree is a connected acyclic graph. Note that if G = (V, E) is a tree, then |E| = |V | − 1.

Sometimes weights are associated with each edge in E. Weights are usually real numbers representing the cost or benefit of traversing the associated edge. For example, in an electronic circuit a resistor can be represented by an edge whose weight is its resistance. A graph that has weights associated with each edge is called a weighted graph and is denoted by G = (V, E, w), where V and E are as we just defined and w : E → ℜ is a real-valued function defined on E. The weight of a graph is defined as the sum of the weights of its edges. The weight of a path is the sum of the weights of its edges.

There are two standard methods for representing a graph in a computer program. The first method is to use a matrix, and the second method is to use a linked list.

Consider a graph G = (V, E) with n vertices numbered 1, 2, . . . , n. The adjacency matrix of this graph is an n × n array A = (a_{i, j} ), which is defined as follows:

a_{i, j} = æ 1 if (v_i , v_j ) ∈ E 0 otherwise

7.1 Definitions and Representation 5

Figure 7.2 An undirected graph and its adjacency matrix representation.

Figure 7.3 An undirected graph and its adjacency list representation.

Figure 7.2 illustrates an adjacency matrix representation of an undirected graph. Note that the adjacency matrix of an undirected graph is symmetric. The adjacency matrix representation can be modified to facilitate weighted graphs. In this case, A = (a_{i, j} ) is defined as follows:

a_{i, j} = 8 ¡ : w(v_i , v_j ) if (v_i , v_j ) ∈ E 0 if i = j ∞ otherwise

We refer to this modified adjacency matrix as the weighted adjacency matrix. The space required to store the adjacency matrix of a graph with n vertices is �(n^2).

The adjacency list representation of a graph G = (V, E) consists of an array Ad j[1..|V |] of lists. For each v ∈ V , Ad j[v] is a linked list of all vertices u such that G contains an edge (v, u) ∈ E. In other words, Ad j[v] is a list of all vertices adjacent to v. Figure 7.3 shows an example of the adjacency list representation. The adjacency list representation can be modified to accommodate weighted graphs by storing the weight of each edge (v, u) ∈ E in the adjacency list of vertex v. The space required to store the adjacency list is �(|E|).

The nature of the graph determines which representation should be used. A graph G = (V, E) is sparse if |E| is much smaller than O(|V |^2); otherwise it is dense. The adjacency matrix representation is useful for dense graphs, and the adjacency list representation is

Figure 7.4 An undirected graph and its minimum spanning tree.

often more efficient for sparse graphs. Note that the sequential run time of an algorithm using an adjacency matrix and needs to traverse all the edges of the graph is bounded below by �(|V |^2) because the entire array must be accessed. However, if the adjacency list representation is used, the run time is bounded below by �(|V | + |E|) for the same reason. Thus, if the graph is sparse (|E| is much smaller than |V |^2), the adjacency list representation is better than the adjacency matrix representation.

The rest of this chapter presents several graph algorithms. The first four sections present algorithms for dense graphs, and the last section discusses algorithms for sparse graphs. We assume that dense graphs are represented by an adjacency matrix, and sparse graphs by an adjacency list. Throughout this chapter, n denotes the number of vertices in the graph.

7.2 Minimum Spanning Tree: Prim’s Algorithm

A spanning tree of an undirected graph G is a subgraph of G that is a tree containing all the vertices of G. In a weighted graph, the weight of a subgraph is the sum of the weights of the edges in the subgraph. A minimum spanning tree (MST) for a weighted undirected graph is a spanning tree with minimum weight. Many problems require finding an MST of an undirected graph. For example, the minimum length of cable necessary to connect a set of computers in a network can be determined by finding the MST of the undirected graph containing all the possible connections. Figure 7.4 shows an MST of an undirected graph.

If G is not connected, it cannot have a spanning tree. Instead, it has a spanning forest. For simplicity in describing the MST algorithm, we assume that G is connected. If G is not connected, we can find its connected components (Section 7.6) and apply the MST algorithm on each of them. Alternatively, we can modify the MST algorithm to output a minimum spanning forest.

Prim’s algorithm for finding an MST is a greedy algorithm. The algorithm begins by selecting an arbitrary starting vertex. It then grows the minimum spanning tree by choosing a new vertex and edge that are guaranteed to be in a spanning tree of minimum cost. The algorithm continues until all the vertices have been selected.

1. procedure PRIM MST(V, E, w, r) 2. begin 3. V_T := {r}; 4. d[r] := 0;

5. for all v ∈ (V − V_T ) do 6. if edge (r, v) exists set d[v] := w(r, v); 7. else set d[v] := ∞; 8. while V_T ≠ V do 9. begin 10. find a vertex u such that d[u] = min{d[v]|v ∈ (V − V_T )}; 11. V_T := V_T ∪ {u}; 12. for all v ∈ (V − V_T ) do 13. d[v] = min{d[v], w(u, v)}; 14. endwhile 15. end PRIM MST

Algorithm 7.1 Prim’s sequential minimum spanning tree algorithm.

Let G = (V, E, w) be the weighted undirected graph for which the minimum spanning tree is to be found, and let A = (a_{i, j} ) be its weighted adjacency matrix. Prim’s algorithm is shown in Program 7.1. The algorithm uses the set V_T to hold the vertices of the minimum spanning tree during its construction. It also uses an array d[1..n] in which, for each vertex v ∈ (V − V_T ), d[v] holds the weight of the edge with the least weight from any vertex in V_T to vertex v. Initially, V_T contains an arbitrary vertex r that becomes the root of the MST. Furthermore, d[r] = 0, and for all v such that v ∈ (V − V_T ), d[v] = w(r, v) if such an edge exists; otherwise d[v] = ∞. During each iteration of the algorithm, a new vertex u is added to V_T such that d[u] = min{d[v]|v ∈ (V − V_T )}. After this vertex is added, all values of d[v] such that v ∈ (V − V_T ) are updated because there may now be an edge with a smaller weight between vertex v and the newly added vertex u. The algorithm terminates when V_T = V . Figure 7.5 illustrates the algorithm. Upon termination of Prim’s algorithm, the cost of the minimum spanning tree is P v∈V d[v]. Program 7.1 can be easily modified to store the edges that belong in the minimum spanning tree.

In Program 7.1, the body of the while loop (lines 10–13) is executed n − 1 times. Both the computation of min{d[v]|v ∈ (V − V_T )} (line 10), and the for loop (lines 12 and 13) execute in O(n) steps. Thus, the overall complexity of Prim’s algorithm is �(n^2).

Parallel Formulation

Prim’s algorithm is iterative. Each iteration adds a new vertex to the minimum spanning tree. Since the value of d[v] for a vertex v may change every time a new vertex u is added in V_T , it is hard to select more than one vertex to include in the minimum spanning tree. For example, in the graph of Figure 7.5, after selecting vertex b, if both vertices d and c are

PSfrag replacements

Figure 7.5 Prim’s minimum spanning tree algorithm. The MST is rooted at vertex b. For each iteration, vertices in V_T as well as the edges selected so far are shown in bold. The array d[v] shows the values of the vertices in V − V_T after they have been updated.

PSfrag replacements

Figure 7.6 The partitioning of the distance array d and the adjacency matrix A among p processes.

selected, the MST will not be found. That is because, after selecting vertex d, the value of d[c] is updated from 5 to 2. Thus, it is not easy to perform different iterations of the while loop in parallel. However, each iteration can be performed in parallel as follows.

Let p be the number of processes, and let n be the number of vertices in the graph. The set V is partitioned into p subsets using the 1D-block partitioning (Section ??). Each subset has n/p consecutive vertices, and the work associated with each subset is assigned to a different process. Let V_i be the subset of vertices assigned to process P_i for i = 0, 1, . . . , p − 1. Each process P_i stores the part of the array d that corresponds to V_i (that is, process P_i stores d[v] such that v ∈ V_i ). Figure 7.6(a) illustrates the partitioning. Each process P_i computes d_i [u] = min{d_i [v]|v ∈ (V − V_T ) ∩ V_i } during each iteration of the while loop. The global minimum is then obtained over all d_i [u] by using the single-node accumulation operation (Section ??) and is stored in process P_0. Processor P_0 now holds the new vertex u, which will be inserted into V_T . Processor P_0 broadcasts u to all processes by using one-to-all broadcast (Section ??). The process P_i responsible for vertex u marks u as belonging to set V_T . Finally, each process updates the values of d[v] for its local vertices.

When a new vertex u is inserted into V_T , the values of d[v] for v ∈ (V − V_T ) must be updated. The process responsible for v must know the weight of the edge (u, v). Hence, each process P_i needs to store the columns of the weighted adjacency matrix corresponding to set V_i of vertices assigned to it. This corresponds to 1D-block partitioning of the matrix (Section ??. The space to store the required part of the adjacency matrix at each process is �(n^2/p). Figure 7.6(b) illustrates the partitioning of the weighted adjacency matrix.

The computation performed by a process to minimize and update the values of d[v] during each iteration is �(n/p). The communication performed in each iteration is due to the single-node accumulation and the one-to-all broadcast. For a p-process message-passing parallel computer, a one-to-all broadcast of one word takes time (t_s +t_w) log p (Section ??). Finding the global minimum of one word at each process takes the same amount of time (Section ??). Thus, the total communication cost of each iteration is �(log p). The parallel run time of this formulation is given by

T_P =

computation

z ˝— – � n^2 p ! + communication

z ˝— – �(n log p).

Since the sequential run time is W = �(n^2), the speedup and efficiency are as follows: S = �(n^2) �(n^2/p) + �(n log p) E = 1 1 + �((p log p)/n)

(7.1)

From Equation 7.1 we see that for a cost-optimal parallel formulation (p log p)/n = O(1). Thus, this formulation of Prim’s algorithm can use only p = O(n/ log n) processes. Furthermore, from Equation 7.1, the isoefficiency function due to communication is �(p^2 log^2 p). Since n must grow at least as fast as p in this formulation, the isoefficiency function due to concurrency is �(p^2). Thus, the overall isoefficiency of this formulation is �(p^2 log^2 p).

7.3 Single-Source Shortest Paths: Dijkstra’s Algorithm

For a weighted graph G = (V, E, w), the single-source shortest paths problem is to find the shortest paths from a vertex v ∈ V to all other vertices in V . A shortest path from u to v is a minimum-weight path. Depending on the application, edge weights may represent time, cost, penalty, loss, or any other quantity that accumulates additively along a path and is to be minimized. In the following section, we present Dijkstra’s algorithm, which solves the single-source shortest-paths problem on both directed and undirected graphs with non-negative weights.

Dijkstra’s algorithm, which finds the shortest paths from a single vertex s, is similar to Prim’s minimum spanning tree algorithm. Like Prim’s algorithm, it incrementally finds the shortest paths from s to the other vertices of G. It is also greedy; that is, it always chooses an edge to a vertex that appears closest. Program 7.2 shows Dijkstra’s algorithm. Comparing this algorithm with Prim’s minimum spanning tree algorithm, we see that the two are almost identical. The main difference is that, for each vertex u ∈ (V − V_T ), Dijkstra’s algorithm stores l[u], the minimum cost to reach vertex u from vertex s by means of vertices in V_T ; Prim’s algorithm stores d[u], the cost of the minimum-cost edge connecting a vertex in V_T to u. The run time of Dijkstra’s algorithm is �(n^2).

7.4 All-Pairs Shortest Paths 11

1. procedure DIJKSTRA SINGLE SOURCE SP(V, E, w, s) 2. begin 3. V_T := {s};

4. for all v ∈ (V − V_T ) do 5. if (s, v) exists set l[v] := w(s, v); 6. else set l[v] = ∞; 7. while V_T ≠ V do 8. begin 9. find a vertex u such that l[u] = min{l[v]|v ∈ (V − V_T )}; 10. V_T := V_T ∪ {u}; 11. for all v ∈ (V − V_T ) do 12. l[v] = min{l[v], l[u] + w(u, v)}; 13. endwhile 14. end DIJKSTRA SINGLE SOURCE SP

Algorithm 7.2 Dijkstra’s sequential single-source shortest paths algorithm.

Parallel Formulation

The parallel formulation of Dijkstra’s single-source shortest path algorithm is very similar to the parallel formulation of Prim’s algorithm for minimum spanning trees (Section 7.2). The weighted adjacency matrix is partitioned using the 1D-block partitioning (Section ??). Each of the p processes is assigned n/p consecutive columns of the weighted adjacency matrix, and computes n/p values of the array l. During each iteration, all processes perform computation and communication similar to that performed by the parallel formulation of Prim’s algorithm. Consequently, the parallel performance and scalability of Dijkstra’s single-source shortest path algorithm is identical to that of Prim’s minimum spanning tree algorithm.

7.4 All-Pairs Shortest Paths

Instead of finding the shortest paths from a single vertex v to every other vertex, we are sometimes interested in finding the shortest paths between all pairs of vertices. Formally, given a weighted graph G(V, E, w), the all-pairs shortest paths problem is to find the shortest paths between all pairs of vertices v_i , v_j ∈ V such that i ≠ j. For a graph with n vertices, the output of an all-pairs shortest paths algorithm is an n × n matrix D = (d_{i, j} ) such that d_{i, j} is the cost of the shortest path from vertex v_i to vertex v_j .

The following sections present two algorithms to solve the all-pairs shortest paths problem. The first algorithm uses Dijkstra’s single-source shortest paths algorithm, and the second uses Floyd’s algorithm. Dijkstra’s algorithm requires non-negative edge weights (Problem 7.4), whereas Floyd’s algorithm works with graphs having negative-weight edges provided they contain no negative-weight cycles.

7.4.1 Dijkstra’s Algorithm

In Section 7.3 we presented Dijkstra’s algorithm for finding the shortest paths from a vertex v to all the other vertices in a graph. This algorithm can also be used to solve the all-pairs shortest paths problem by executing the single-source algorithm on each process, for each vertex v. We refer to this algorithm as Dijkstra’s all-pairs shortest paths algorithm. Since the complexity of Dijkstra’s single-source algorithm is �(n^2), the complexity of the allpairs algorithm is �(n^3).

Parallel Formulations

Dijkstra’s all-pairs shortest paths problem can be parallelized in two distinct ways. One approach partitions the vertices among different processes and has each process compute the single-source shortest paths for all vertices assigned to it. We refer to this approach as the source-partitioned formulation. Another approach assigns each vertex to a set of processes and uses the parallel formulation of the single-source algorithm (Section 7.3) to solve the problem on each set of processes. We refer to this approach as the source-parallel formulation. The following sections discuss and analyze these two approaches.

Source-Partitioned Formulation The source-partitioned parallel formulation of Dijkstra’s algorithm uses n processes. Each process P_i finds the shortest paths from vertex v_i to all other vertices by executing Dijkstra’s sequential single-source shortest paths algorithm. It requires no interprocess communication. Thus, the parallel run time of this formulation is given by T_P = �(n^2).

Since the sequential run time is W = �(n^3), the speedup and efficiency are as follows: S = �(n^3) �(n^2) E = �(1) (7.2)

It might seem that, due to the absence of communication, this is an excellent parallel formulation. However, that is not entirely true. The algorithm can use at most n processes. Therefore, the isoefficiency function due to concurrency is �(p^3), which is the overall isoefficiency function of the algorithm. If the number of processes available for solving the problem is small (that is, n = �(p)), then this algorithm has good performance. However, if the number of processes is greater than n, other algorithms will eventually outperform this algorithm because of its poor scalability.

7.4.1 Dijkstra’s Algorithm 13

Source-Parallel Formulation The major problem with the source-partitioned parallel formulation is that it can keep only n processes busy doing useful work. Performance can be improved if the parallel formulation of Dijkstra’s single-source algorithm (Section 7.3) is used to solve the problem for each vertex v. The source-parallel formulation is similar to the source-partitioned formulation, except that the single-source algorithm runs on disjoint subsets of processes.

Specifically, p processes are divided into n partitions, each with p/n processes (this formulation is of interest only if p > n). Each of the n single-source shortest paths problems is solved by one of the n partitions. In other words, we first parallelize the all-pairs shortest paths problem by assigning each vertex to a separate set of processes, and then parallelize the single-source algorithm by using the set of p/n processes to solve it. The total number of processes that can be used efficiently by this formulation is O(n^2).

The analysis presented in Section 7.3 can be used to derive the performance of this formulation of Dijkstra’s all-pairs algorithm. Assume that we have a p-process messagepassing computer such that p is a multiple of n. The p processes are partitioned into n groups of size p/n each. If the single-source algorithm is executed on each p/n process group, the parallel run time is

T_P =

computation

z ˝— – � n^3 p ! + communication

z ˝— – �(n log p). (7.3)

Notice the similarities between Equation 7.3 and 7.2. These similarities are not surprising because each set of p/n processes forms a different group and carries out the computation independently. Thus, the time required by each set of p/n processes to solve the singlesource problem determines the overall run time. Since the sequential run time is W = �(n^3), the speedup and efficiency are as follows: S = �(n^3) �(n^3/p) + �(n log p) E = 1 1 + �((p log p)/n^2)

(7.4)

From Equation 7.4 we see that for a cost-optimal formulation p log p/n^2 = O(1). Hence, this formulation can use up to O(n^2/ log n) processes efficiently. Equation 7.4 also shows that the isoefficiency function due to communication is �((p log p)^{1.5}). The isoefficiency function due to concurrency is �(p^{1.5}). Thus, the overall isoefficiency function is �((p log p)^{1.5}).

Comparing the two parallel formulations of Dijkstra’s all-pairs algorithm, we see that the source-partitioned formulation performs no communication, can use no more than n processes, and solves the problem in �(n^2) time. In contrast, the source-parallel formulation uses up to n^2/ log n processes, has some communication overhead, and solves the problem in �(n log n) time when n^2/ log n processes are used. Thus, the source-parallel formulation exploits more parallelism than does the source-partitioned formulation.

1. procedure FLOYD ALL PAIRS SP(A) 2. begin 3. D^{(0)} = A;

4. for k = 1 to n do 5. for i = 1 to n do 6. for j = 1 to n do 7. d^{(k)}_{i, j} := min ı d^{(k−1)}

i, j , d

(k−1)

i,k + d^{(k−1)}_{k, j} ȷ ; 8. end FLOYD ALL PAIRS SP

Algorithm 7.3 Floyd’s all-pairs shortest paths algorithm. This program computes the all-pairs shortest paths of the graph G = (V, E) with adjacency matrix A.

7.4.2 Floyd’s Algorithm

Floyd’s algorithm for solving the all-pairs shortest paths problem is based on the following observation. Let G = (V, E, w) be the weighted graph, and let V = {v_1, v_2, . . . , v_n} be the vertices of G. Consider a subset {v_1, v_2, . . . , v_k} of vertices for some k where k ≤ n. For any pair of vertices v_i , v_j ∈ V , consider all paths from v_i to v_j whose intermediate vertices belong to the set {v_1, v_2, . . . , v_k}. Let p^{(k)}_{i, j} be the minimum-weight path among them, and let d^{(k)}_{i, j} be the weight of p^{(k)}_{i, j} . If vertex v_k is not in the shortest path from v_i to v_j , then p^{(k)}_{i, j} is the same as p^{(k−1)}_{i, j} . However, if v_k is in p^{(k)}_{i, j} , then we can break p^{(k)}_{i, j} into two paths—one from v_i to v_k and one from v_k to v_j . Each of these paths uses vertices from {v_1, v_2, . . . , v_{k−1}}. Thus, d^{(k)}_{i, j} = d^{(k−1)}_{i,k} + d^{(k−1)}_{k, j} . These observations are expressed in the following recurrence equation:

d^{(k)}_{i, j} = ( w(v_i , v_j ) if k = 0 min n d^{(k−1)}

i, j , d

(k−1)

i,k + d^{(k−1)}_{k, j} o if k ≥ 1

(7.5)

The length of the shortest path from v_i to v_j is given by d^{(n)}_{i, j} . In general, the solution is a matrix D^{(n)} = (d^{(n)}_{i, j} ).

Floyd’s algorithm solves Equation 7.5 bottom-up in the order of increasing values of k. Program 7.3 shows Floyd’s all-pairs algorithm. The run time of Floyd’s algorithm is determined by the triple-nested for loops in lines 4–7. Each execution of line 7 takes �(1) time; thus, the complexity of the algorithm is �(n^3). Program 7.3 seems to imply that we must store n matrices of size n × n. However, when computing matrix D^{(k)}, only matrix D^{(k−1)} is needed. Consequently, at most two n × n matrices must be stored. Therefore, the overall space complexity is �(n^2). Furthermore, the algorithm works correctly even when only one copy of D is used (Problem 7.8).

PSfrag replacements

Figure 7.7 (a) Matrix D^{(k)} distributed by 2D-block partitioning into √ p × √ p subblocks, and (b) the square subblock of D^{(k)} assigned to process P_{i, j} .

Parallel Formulation

A generic parallel formulation of Floyd’s algorithm assigns the task of computing matrix D^{(k)} for each value of k to a set of processes. Let p be the number of processes available. Matrix D^{(k)} is partitioned into p parts, and each part is assigned to a process. Each process computes the D^{(k)} values of its partition. To accomplish this, a process must access the corresponding segments of the k^{th} row and column of matrix D^{(k−1)}. The following section describes one technique for partitioning matrix D^{(k)}. Another technique is considered in Problem 7.10.

2D-Block Partitioning One way to partition matrix D^{(k)} is to use the 2D-block partitioning (Section ??). Specifically, matrix D^{(k)} is divided into p squares of size (n/ √ p) × (n/ √ p), and each square is assigned to one of the p processes. It is helpful to think of the p processes as arranged in a logical grid of size √ p × √ p. Note that this is only a conceptual layout and does not necessarily reflect the actual process interconnection network. We refer to the process on the i^{th} row and j^{th} column as P_{i, j} . Processor P_{i, j} is assigned a square subblock of D^{(k)} whose upper-left corner is ((i − 1)n/ √ p + 1, ( j − 1)n/ √ p + 1) and whose lower-right corner is (in/ √ p, jn/ √ p). Each process updates its part of the matrix during each iteration. Figure 7.7(a) illustrates the 2D-block partitioning technique.

During the k^{th} iteration of the algorithm, each process P_{i, j} needs certain segments of the k^{th} row and k^{th} column of the D^{(k−1)} matrix. For example, to compute d^{(k)}_{l,r} it must get d^{(k−1)} l,k and d^{(k−1)}_{k,r} . As Figure 7.8 illustrates, d^{(k−1)}_{l,k} resides on a process along the same row, and element d^{(k−1)}_{k,r} resides on a process along the same column as P_{i, j} . Segments are transferred as follows. During the k^{th} iteration of the algorithm, each of the √ p processes containing part of the k^{th} row send it to the √ p−1 processes in the same column. Similarly, each of the √ p processes containing part of the k^{th} column send it to the √ p − 1 processes in the same row.

PSfrag replacements

Figure 7.8 (a) Communication patterns used in the 2D-block partitioning. When computing d^{(k)}_{i, j} , information must be sent to the highlighted process from two other processes along the same row and column. (b) The row and column of √ p processes that contain the k^{th} row and column send them along process columns and rows.

Program 7.4 shows the parallel formulation of Floyd’s algorithm using the 2D-block partitioning. We analyze the performance of this algorithm on a p-process messagepassing computer with a cross-bisection bandwidth of �(p). During each iteration of the algorithm, the k^{th} row and k^{th} column of processes perform a one-to-all broadcast along a row or a column of √ p processes. Each such process has n/ √ p elements of the k^{th} row or column, so it sends n/ √ p elements. This broadcast requires �((n log p)/ √ p) time. The synchronization step on line 7 requires �(log p) time. Since each process is assigned n^2/p elements of the D^{(k)} matrix, the time to compute corresponding D^{(k)} values is �(n^2/p). Therefore, the parallel run time of the 2D-block partitioning formulation of Floyd’s algorithm is

T_P =

computation

z ˝— – � n^3 p ! + communication

z ˝— – � n^2 √ p log p ! . Since the sequential run time is W = �(n^3), the speedup and efficiency are as follows: S = �(n^3) �(n^3/p) + �((n^2 log p)/ √ p) E = 1 1 + �(( √ p log p)/n)

(7.6)

From Equation 7.6 we see that for a cost-optimal formulation ( √ p log p)/n = O(1);

thus, 2D-block partitioning can efficiently use up to O(n^2/ log^2 n) processes. Equation 7.6 can also be used to derive the isoefficiency function due to communication, which is �(p^{1.5} log^3 p). The isoefficiency function due to concurrency is �(p^{1.5}). Thus, the over-

1. procedure FLOYD CHECKERBOARD(D^{(0)}) 2. begin 3. for k = 1 to n do 4. begin 5. each process P_{i, j} that has a segment of the k^{th} row of D^{(k−1)}; broadcasts it to the P_{∗, j} processes;

6. each process P_{i, j} that has a segment of the k^{th} column of D^{(k−1)}; broadcasts it to the P_{i,∗} processes;

7. each process waits to receive the needed segments; 8. each process P_{i, j} computes its part of the D^{(k)} matrix; 9. end 10. end FLOYD CHECKERBOARD

Algorithm 7.4 Floyd’s parallel formulation using the 2D-block partitioning. P_{∗, j} denotes all the processes in the j^{th} column, and P_{i,∗} denotes all the processes in the i^{th} row. The matrix D^{(0)} is the adjacency matrix.

all isoefficiency function is �(p^{1.5} log^3 p). The parallel run time, the speedup, and the isoefficiency function for a mesh can be determined similarly (Table 7.1).

Speeding Things Up In the 2D-block partitioning formulation of Floyd’s algorithm, a synchronization step ensures that all processes have the appropriate segments of matrix D^{(k−1)} before computing elements of matrix D^{(k)} (line 7 in Program 7.4). In other words, the k^{th} iteration starts only when the (k − 1)^{st} iteration has completed and the relevant parts of matrix D^{(k−1)} have been transmitted to all processes. The synchronization step can be removed without affecting the correctness of the algorithm. To accomplish this, a process starts working on the k^{th} iteration as soon as it has computed the (k − 1)^{st} iteration and has the relevant parts of the D^{(k−1)} matrix. This formulation is called pipelined block checkerboarding. A similar technique is used in Section ?? to improve the performance of Gaussian elimination.

Consider a p-process system arranged in a two-dimensional topology. Assume that process P_{i, j} starts working on the k^{th} iteration as soon as it has finished the (k − 1)^{st} iteration and has received the relevant parts of the D^{(k−1)} matrix. When process P_{i, j} has elements of the k^{th} row and has finished the (k − 1)^{st} iteration, it sends the part of matrix D^{(k−1)} stored locally to processes P_{i, j−1} and P_{i, j+1}. It does this because that part of the D^{(k−1)} matrix is used to compute the D^{(k)} matrix. Similarly, when process P_{i, j} has elements of the k^{th} column and has finished the (k − 1)^{st} iteration, it sends the part of matrix D^{(k−1)} stored locally to processes P_{i−1, j} and P_{i+1, j} . When process P_{i, j} receives elements of matrix D^{(k)} from a process along its row in the logical mesh, it stores them locally and forwards them to the process on the side opposite of where it received them. The columns follow a similar communication protocol. Elements of matrix D^{(k)} are not

Figure 7.9 Communication protocol followed in the pipelined 2D-block partitioning formulation of Floyd’s algorithm. Assume that process 4 at time t has just computed a segment of the k^{th} column of the D^{(k−1)} matrix. It sends the segment to processes 3 and 5. These processes receive the segment at time t + 1 (where the time unit is the time it takes for a matrix segment to travel over the communication link between adjacent processes). Similarly, processes farther away from process 4 receive the segment later. Processor 1 (at the boundary) does not forward the segment after receiving it.

forwarded when they reach a mesh boundary. Figure 7.9 illustrates this communication and termination protocol for processes within a row (or a column).

Consider the movement of values in the first iteration. In each step, n/ √ p elements of the first row are sent from process P_{i, j} to P_{i+1, j} . Similarly, elements of the first column are sent from process P_{i, j} to process P_{i, j+1}. Each such step takes �(n/ √ p) time. After �( √ p) steps, process P^√_{p,}^√_p gets the relevant elements of the first row and first column in time �(n). The values of successive rows and columns follow after �(n^2/p) time in a pipelined mode. Hence, process P^√_{p,}^√_p finishes its share of the shortest path computation in time �(n^3/p) + �(n). When process P^√_{p,}^√_p has finished the (n − 1)^{st} iteration, it sends the relevant values of the n^{th} row and column to the other processes. These values reach process P_{1,1} in time �(n). The overall parallel run time of this formulation is

T_P =

computation

z ˝— – � n^3 p ! + communication

z ˝— – �(n).

7.4.3 Performance Comparisons 19

Since the sequential run time is W = �(n^3), the speedup and efficiency are as follows: S = �(n^3) �(n^3/p) + �(n) E = 1 1 + �(p/n^2)

(7.7)

From Equation 7.7 we see that for a cost-optimal formulation p/n^2 = O(1). Thus, the pipelined formulation of Floyd’s algorithm uses up to O(n^2) processes efficiently. Also from Equation 7.7, we can derive the isoefficiency function due to communication, which is �(p^{1.5}). This is the overall isoefficiency function as well. Comparing the pipelined formulation to the synchronized 2D-block partitioning formulation, we see that the former is significantly faster.

7.4.3 Performance Comparisons

The performance of the all-pairs shortest paths algorithms previously presented is summarized in Table 7.1 for a variety of architectures. Floyd’s pipelined formulation is the most scalable and can use up to �(n^2) processes to solve the problem in �(n) time. This parallel formulation performs equally well on a mesh- or hypercube-connected computer. Furthermore, its performance is independent of the type of routing (store-and-forward or cut-through).

7.5 Transitive Closure

In many applications we wish to determine if any two vertices in a graph are connected. This is usually done by finding the transitive closure of a graph. Formally, if G = (V, E) is a graph, then the transitive closure of G is defined as the graph G^∗ = (V, E^∗), where E^∗ = {(v_i , v_j )| there is a path from v_i to v_j in G}. We compute the transitive closure of a graph by computing the connectivity matrix A^∗. The connectivity matrix of G is a matrix A^∗ = (a^∗_{i, j} ) such that a^∗_{i, j} = 1 if there is a path from v_i to v_j or i = j, and a^∗_{i, j} = ∞ otherwise.

To compute A^∗ we assign a weight of 1 to each edge of E and use any of the all-pairs shortest paths algorithms on this weighted graph. Matrix A^∗ can be obtained from matrix D, where D is the solution to the all-pairs shortest paths problem, as follows:

a^∗_{i, j} = æ ∞ if d_{i, j} = ∞ 1 if d_{i, j} > 0 or i = j

Another method for computing A^∗ is to use Floyd’s algorithm on the adjacency matrix of G, replacing the min and + operations in line 7 of Program 7.3 by logical or and logical and operations. In this case, we initially set a_{i, j} = 1 if i = j or (v_i , v_j ) ∈ E, and a_{i, j} = 0 otherwise. Matrix A^∗ is obtained by setting a^∗_{i, j} = ∞ if d_{i, j} = 0 and a^∗_{i, j} = 1 otherwise. The complexity of computing the transitive closure is �(n^3).

Table 7.1 The performance and scalability of the all-pairs shortest paths algorithms on various architectures.

Maximum Number of Processors Corresponding Isoefőciency for E = �(1) Parallel Run Time Function

Dijkstra source-partitioned Hypercube �(n) �(n2) �(p3) Mesh �(n) �(n2) �(p3) Dijkstra source-parallel Hypercube �(n2/ log n) �(n log n) �((p log p)1.5) Mesh �(n1.67) �(n1.33) �(p1.8) Floyd 1D-block partitioning Hypercube �(n/ log n) �(n2 log n) �((p log p)3) Mesh (SF) �(n0.22) �(n2.78) �(p4.5) Mesh (CT) �(n/ log n) �(n2 log n) �((p log p)3) Floyd 2D-block partitioning Hypercube �(n2/ log2 n) �(n log2 n) �(p1.5 log3 p) Mesh (SF) �(n) �(n2) �(p3) Mesh (CT) �(n1.33) �(n1.67) �(p2.25) Floyd pipelined 2D-block partitioning Hypercube �(n2) �(n) �(p1.5) Mesh �(n2) �(n) �(p1.5)

7.6 Connected Components

The connected components of an undirected graph G = (V, E) are the maximal disjoint sets C_1, C_2, . . . , C_k such that V = C_1 ∪ C_2 ∪ . . . ∪ C_k, and u, v ∈ C_i if and only if u is reachable from v and v is reachable from u. The connected components of an undirected graph are the equivalence classes of vertices under the “is reachable from” relation. For example, Figure 7.10 shows a graph with three connected components.

7.6.1 A Depth-First Search Based Algorithm

We can find the connected components of a graph by performing a depth-first traversal on the graph. The outcome of this depth-first traversal is a forest of depth-first trees. Each tree in the forest contains vertices that belong to a different connected component. Figure 7.11 illustrates this algorithm. The correctness of this algorithm follows directly from the definition of a spanning tree (that is, a depth-first tree is also a spanning tree of a graph induced by the set of vertices in the depth-first tree) and from the fact that G is undirected. The run time of this algorithm is �(|E|) because the depth-first traversal algorithm traverses all the

Figure 7.10 A graph with three connected components: {1, 2, 3, 4}, {5, 6, 7}, and {8, 9}.

Figure 7.11 Part (b) is a depth-first forest obtained from depth-first traversal of the graph in part (a). Each of these trees is a connected component of the graph in part (a).

edges in G.

Parallel Formulation

The connected-component algorithm can be parallelized by partitioning the adjacency matrix of G into p parts and assigning each part to one of p processes. Each process P_i has a subgraph G_i of G, where G_i = (V, E_i ) and E_i are the edges that correspond to the portion of the adjacency matrix assigned to this process. In the first step of this parallel formulation, each process P_i computes the depth-first spanning forest of the graph G_i . At the end of this step, p spanning forests have been constructed. During the second step, spanning forests are merged pairwise until only one spanning forest remains. The remaining spanning forest has the property that two vertices are in the same connected component of G if they are in the same tree. Figure 7.12 illustrates this algorithm.

Figure 7.12 Computing connected components in parallel. The adjacency matrix of the graph G in (a) is partitioned into two parts as shown in (b). Next, each process gets a subgraph of G as shown in (c) and (e). Each process then computes the spanning forest of the subgraph, as shown in (d) and (f). Finally, the two spanning trees are merged to form the solution.

To efficiently merge pairs of spanning forests, the algorithm uses disjoint sets of edges. Assume that each tree in the spanning forest of a subgraph of G is represented by a set. The sets for different trees are pairwise disjoint. The following operations are defined on the disjoint sets:

őnd(x) returns a pointer to the representative element of the set containing x. Each set has its own unique representative.

union(x, y) unites the sets containing the elements x and y. The two sets are assumed to be disjoint prior to the operation.

The spanning forests are merged as follows. Let A and B be the two spanning forests to be merged. At most n − 1 edges (since A and B are forests) of one are merged with the edges of the other. Suppose we want to merge forest A into forest B. For each edge (u, v) of A, a őnd operation is performed for each vertex to determine if the two vertices are already in the same tree of B. If not, then the two trees (sets) of B containing u and v are united by a union operation. Otherwise, no union operation is necessary. Hence, merging A and B requires at most 2(n − 1) őnd operations and (n − 1) union operations. We can implement the disjoint-set data structure by using disjoint-set forests with ranking and path compression. Using this implementation, the cost to perform 2(n − 1) finds and (n − 1) unions is O(n). A detailed description of the disjoint-set forest is beyond the scope of this book. Refer to the bibliographic remarks (Section 7.8) for references.

Having discussed how to efficiently merge two spanning trees, we now concentrate on how to partition the adjacency matrix of G and distribute it among p processes. The next section discusses a formulation that uses 1D-block partitioning. An alternative partitioning scheme is discussed in Problem 7.14.

1D-Block Partitioning The n × n adjacency matrix is partitioned into p stripes (Section ??). Each stripe is composed of n/p consecutive rows and is assigned to one of the p processes. To compute the connected components, each process first computes a spanning forest for the n-vertex graph represented by the n/p rows of the adjacency matrix assigned to it.

Consider a p-process message-passing computer. Computing the spanning forest based on the (n/p) × n adjacency matrix assigned to each process requires �(n^2/p) time. The second step of the algorithm—the pairwise merging of spanning forests—is performed by embedding a virtual tree on the processes. There are log p merging stages, and each takes �(n) time. Thus, the cost due to merging is �(n log p). Finally, during each merging stage, spanning forests are sent between nearest neighbors. Recall that �(n) edges of the spanning forest are transmitted. Thus, the communication cost is �(n log p). The parallel run time of the connected-component algorithm is

T_P =

local computation

z ˝— – � n^2 p ! + forest merging

z ˝— – �(n log p).

Since the sequential complexity is W = �(n^2), the speedup and efficiency are as follows: S = �(n^2) �(n^2/p) + �(n log p) E = 1 1 + �((p log p)/n)

(7.8)

From Equation 7.8 we see that for a cost-optimal formulation p = O(n/ log n). Also from Equation 7.8, we derive the isoefficiency function, which is �(p^2 log^2 p). This is the isoefficiency function due to communication and due to the extra computations performed in the merging stage. The isoefficiency function due to concurrency is �(p^2); thus, the overall isoefficiency function is �(p^2 log^2 p). The performance of this parallel formulation is similar to that of Prim’s minimum spanning tree algorithm and Dijkstra’s single-source shortest paths algorithm on a message-passing computer.

7.7 Algorithms for Sparse Graphs

The parallel algorithms in the previous sections are based on the best-known algorithms for dense-graph problems. However, we have yet to address parallel algorithms for sparse graphs. Recall that a graph G = (V, E) is sparse if |E| is much smaller than |V |^2. Figure 7.13 shows some examples of sparse graphs.

Any dense-graph algorithm works correctly on sparse graphs also. However, if the sparseness of the graph is taken into account, it is usually possible to obtain significantly better performance. For example, the run time of Prim’s minimum spanning tree algorithm (Section 7.2) is �(n^2) regardless of the number of edges in the graph. By modifying Prim’s algorithm to use adjacency lists and a binary heap, the complexity of the algorithm decreases to �(|E| log n). This modified algorithm outperforms the original algorithm as long as |E| = O(n^2/ log n). An important step in developing sparse-graph algorithms is to use an adjacency list instead of an adjacency matrix. This change in representation is crucial, since the complexity of adjacency-matrix-based algorithms is usually �(n^2), independent of the number of edges. Conversely, the complexity of adjacency-list-based algorithms is usually �(n + |E|), which depends on the sparseness of the graph.

In the parallel formulations of sequential algorithms for dense graphs, we obtained good performance by partitioning the adjacency matrix of a graph so that each process performed roughly an equal amount of work and communication was localized. We were able to achieve this largely because the graph was dense. For example, consider Floyd’s all-pairs shortest paths algorithm. By assigning equal-sized blocks from the adjacency matrix to all processes, the work was uniformly distributed. Moreover, since each block consisted of consecutive rows and columns, communication overhead was limited.

However, it is difficult to achieve even work distribution and low communication overhead for sparse graphs. Consider the problem of partitioning the adjacency list of a graph. One possible partition assigns an equal number of vertices and their adjacency lists to each

7.7 Algorithms for Sparse Graphs 25

Figure 7.13 Examples of sparse graphs: (a) a linear graph, in which each vertex has two incident edges; (b) a grid graph, in which each vertex has four incident vertices; and (c) a random sparse graph.

process. However, the number of edges incident on a given vertex is essentially random. Hence, some processes may be assigned a large number of edges while others receive very few, leading to a significant work imbalance among the processes. Alternatively, we can assign an equal number of edges to each process. This may require splitting the adjacency list of a vertex among processes. As a result, the time spent communicating information among processes that store separate parts of the adjacency list may increase dramatically. Thus, it is hard to derive efficient parallel formulations for general sparse graphs (Problems 7.16 and 7.17). However, we can often derive efficient parallel formulations if the sparse graph has certain structure. For example, consider the street map shown in Figure 7.14. The graph corresponding to the map is sparse: the number of edges incident on any vertex is at most four. We refer to such graphs as grid graphs. Other types of sparse graphs for which efficient parallel formulation can be developed are those corresponding to well-shaped finite element meshes, and graphs whose vertices have similar degrees. The next sections presents efficient algorithms for computing single-source shortest paths and for finding maximal independent set of vertices, for these types for graphs.

Figure 7.14 A street map (a) can be represented by a graph (b). In the graph shown in (b), each street intersection is a vertex and each edge is a street segment. The vertices of (b) are the intersections of (a) marked by dots.

7.7.1 Single-Source Shortest Paths

It is easy to modify Dijkstra’s single-source shortest paths algorithm so that it finds the shortest paths for sparse graphs efficiently. The modified algorithm is known as Johnson’s algorithm. Recall that Dijkstra’s algorithm performs the following two steps in each iteration. First, it extracts a vertex u ∈ (V − V_T ) such that l[u] = min{l[v]|v ∈ (V − V_T )} and inserts it into set V_T . Second, for each vertex v ∈ (V − V_T ), it computes l[v] = min{l[v], l[u] + w(u, v)}. Note that, during the second step, only the vertices in the adjacency list of vertex u need to be considered. Since the graph is sparse, the number of vertices adjacent to vertex u is considerably smaller than �(n); thus, using the adjacencylist representation improves performance.

Johnson’s algorithm uses a priority queue Q to store the value l[v] for each vertex v ∈ (V − V_T ). The priority queue is constructed so that the vertex with the smallest value in l is always at the front of the queue. A common way to implement a priority queue is as a binary min-heap. A binary min-heap allows us to update the value l[v] for each vertex v in O(log n) time. Program 7.5 shows Johnson’s algorithm. Initially, for each vertex v other than the source, it inserts l[v] = ∞ in the priority queue. For the source vertex s it inserts l[s] = 0. At each step of the algorithm, the vertex u ∈ (V − V_T ) with the minimum value in l is removed from the priority queue. The adjacency list for u is traversed, and for each edge (u, v) the distance l[v] to vertex v is updated in the heap. Updating vertices in the heap dominates the overall run time of the algorithm. The total number of updates

1. procedure JOHNSON SINGLE SOURCE SP(V, E, s) 2. begin 3. Q := V ;

4. for all v ∈ Q do 5. l[v] := ∞; 6. l[s] := 0;

7. while Q ≠ ∅ do 8. begin 9. u := extract min(Q); 10. for each v ∈ Ad j[u] do 11. if v ∈ Q and l[u] + w(u, v) < l[v] then 12. l[v] := l[u] + w(u, v); 13. endwhile 14. end JOHNSON SINGLE SOURCE SP

Algorithm 7.5 Johnson’s sequential single-source shortest paths algorithm.

is equal to the number of edges; thus, the overall complexity of Johnson’s algorithm is �(|E| log n).

Parallel Formulation

An efficient parallel formulation of Johnson’s algorithm must maintain the priority queue Q efficiently. A simple strategy is for a single process, e.g., P_0, to maintain Q. All other processes will then compute new values of l[v] for v ∈ (V − V_T ), and give them to P_0 to update the priority queue. There are two main limitation of this scheme. First, because a single process is responsible for maintaining the priority queue, the overall parallel run time is O(|E| log n) (there are |E| queue updates and each update takes O(log n) time). This leads to a parallel formulation with no asymptotic speedup, since O(|E| log n) is the same as the sequential run time. Second, during each iteration, the algorithm updates roughly |E|/|V | vertices. As a result, no more than |E|/|V | processes can be kept busy at any given time, which is very small for most of the interesting classes of sparse graphs and to a large extent independent of the size of the graphs.

The first limitation can be alleviated by distributing the maintainance of the priority queue to multiple processes. However, this is a non-trivial task, and can only be done effectively on shared address-space computers. However, even in the best case, when each priority queue update takes only O(1) time, the maximum speedup that can be achieved is O(log n), which is quite small. The second limitation can be alleviated by recognizing the fact that depending on the l value of the vertices at the top of the priority queue, more than one vertex can be extracted at the same time. In particular, if v is the vertex at the top of the priority queue, all vertices u such that l[u] = l[v] can also be extracted, and their adjacency lists processed concurrently. This is because, the vertices that are at the same minimum distance from the source can be processed in any order. Additional degree of concurrency can be extracted if we know that the minimum weight over all the edges in the graph is m. In that case, all vertices u such that l[u] ≤ l[v] + m can be processed concurrently. We will refer to these as the safe vertices. However, this additional concurrency can lead to asymptotically better speedup than O(log n), only if more than one update operation of the priority queue can proceed concurrently. Which substantially complicates the parallel algorithm for maintaining the single priority queue.

Our discussion so far was focused on developing a parallel formulation of Johnson’s algorithm that finds the shortest paths to the vertices in the same order as that performed by the serial algorithm, and it only concurrently safe vertices. However, as we have seen, such an approach leads to complicated algorithms and limited concurrency. An alternative approach is to develop a parallel algorithm that processes both safe and unsafe vertices concurrently, as long as these unsafe vertices have a non-infinity estimate of their shortest path lengths from the source vertex (i.e., their corresponding l-value in the priority queue is not infinity). In particular, in this algorithm, each one of the p processes extracts one of the p top vertices and proceeds to update the l values of the vertices adjacent to it. Of course, the problem with this approach is that it does not ensure correctness of the results. For example, consider two vertices v and u, that are at the top of the priority queue, with l[v] < l[u]. According to Johnson’s algorithm, at the point a vertex is extracted from the priority queue, its l value is the cost of the shortest path from the source to that vertex. However, if there is an edge connecting v and u, such that l[v] + w(v, u) < l[u], then the correct value of the shortest path to u is l[v] + w(v, u) and not l[u]. However, the correctness of the results can be ensured by detecting when we have incorrectly computed the shortest path to a particular vertex, and inserting it back into the priority queue with the updated l value. We can detect such instances as follows. Consider a vertex v that has been just extracted from the queue, and let u be a vertex adjacent to v that has already been extracted from the queue. If l[v] + w(v, u) is smaller than l[u], then the shortest path to u has been incorrectly computed, and u needs to be inserted back into the priority queue with l[u] = l[v] + w(v, u).

To see how this approach will work, consider the example grid graph shown in Figure ??. In this example, there are three processes and we want to find the shortest path from vertex a. After initialization of the priority queue, vertices b and d will have a noninfinity l value. In the first step, process P_0 and P_1 extract vertices b and d and proceed to update the l values of the vertices adjacent to b and d. In the second step, processes P_0, P_1, and P_2 extract e, c, and g, and proceed to update the l values of the vertices adjacent to them. Note that when processing vertex e, process P_0 checks to see if l[e] + w(e, d) is smaller or greater than l[d]. In this particular example, l[e] + w(e, d) > l[d], indicating that the previously computed value of the shortest path to d does not change when e is considered, and all computations so far are correct. In the third step, processes P_0 and P_1 work on h and f , respectively. Now, when process P_0 compares l[h] + w(h, g) = 5 against the value of l[g] = 10 that was extracted in the previous iteration, it finds it to be smaller. As a result, it inserts back into the priority queue vertex g with the updated l[g]

PSfrag replacements

Figure 7.15 An example of the modified Johnson’s algorithm for processing unsafe vertices concurrently.

value. Finally, in the fourth and last step, the remaining two vertices are extracted from the priority queue, and all single-source shortest paths have been computed.

This approach for parallelizing Johnson’s algorithm falls in to the category of speculative decomposition discussed in Section ??. Essentially, the algorithm assumes that the l[] values of the top p vertices in the priority queue will not change as a result of processing some of these vertices, and proceeds to perform the computations required by Johnson’s algorithm. However, if at some later point it detects that its assumptions were wrong, it goes back and essentially recomputes the shortest paths of the affected vertices.

However, in order for such a speculative decomposition approach to be effective, we must also remove the bottleneck of working with a single priority queue. In the rest of this section we present a distributed memory algorithm that uses speculative decomposition to extract concurrency and in which there is no single priority queue. Instead, each process maintains its own priority queue for the vertices that it is assigned to. Problem 7.15 discusses another approach.

Distributed Memory Formulation Let p be the number of processes, and let G = (V, E) be a sparse graph. We partition the set of vertices V into p disjoint sets V_1, V_2, . . . , V_p, and assign each set of vertices and its associated adjacency lists to one of the p processes. Each process maintains a priority queue for the vertices assigned to it, and computes the shortest paths from the source to these vertices. Thus, the priority queue Q is partitioned into p disjoint priority queues Q_1, Q_2, . . . , Q_p, each assigned to a separate process. In addition to the priority queue, each process P_i also maintains an array sp such that sp[v] stores the cost of the shortest path from the source vertex to v for each vertex v ∈ V_i . The cost sp[v] is updated to l[v] each time vertex v is extracted from the priority queue. Initially, sp[v] = ∞ for every vertex v other than the source, and we insert l[s] into the appropriate priority queue for the source vertex s. Each process executes Johnson’s algorithm on its local priority queue. At the end of the algorithm, sp[v] stores the length of the shortest path from source to vertex v.

When process P_i extracts the vertex u ∈ V_i with the smallest value l[u] from Q_i , the l values of vertices assigned to processes other than P_i may need to be updated. Processor P_i sends a message to processes with relevant vertices, notifying them of the new values. Upon receiving these values, processes update the values of l. For example, assume that there is an edge (u, v) such that u ∈ V_i and v ∈ V_j , and that process P_i has just extracted vertex u from its priority queue. Processor P_i then sends a message to P_j containing the potential new value of l[v], which is l[u] + w(u, v). Processor P_j , upon receiving this message, sets the value of l[v] stored in its priority queue to min{l[v], l[u] + w(u, v)}.

Since both processes P_i and P_j execute Johnson’s algorithm, it is possible that process P_j has already extracted vertex v from its priority queue. This means that process P_j might have already computed the shortest path sp[v] from the source to vertex v. Then there are two possible cases: either sp[v] ≤ l[u] + w(u, v), or sp[v] > l[u] + w(u, v). The first case means that there is a longer path to vertex v passing through vertex u, and the second case means that there is a shorter path to vertex v passing through vertex u. For the first case, process P_j needs to do nothing, since the shortest path to v does not change. For the second case, process P_j must update the cost of the shortest path to vertex v. This is done by inserting the vertex v back into the priority queue with l[v] = l[u] + w(u, v) and disregarding the value of sp[v]. Since a vertex v can be reinserted into the priority queue, the algorithm terminates only when all the queues become empty.

It is possible that while process P_i is extracting a vertex v from Q_i , another process P_j might have already extracted a vertex u from Q_j such that l[v] < l[u]. As a result, if there is a path from vertex v to vertex u, the cost of the shortest path to vertex u might decrease after extracting vertex v. If there is only a single priority queue, vertex v would have been extracted earlier than vertex u. Thus, the distributed algorithm does not extract vertices in a nondecreasing order of l values. As a result, it performs computations that must be redone. These intermediate computations are extra work done by the parallel formulation compared to the sequential algorithm. Depending on the graph, the amount of extra work might be significant.

7.7.2 Finding A Maximal Independent Set

The last problem that we will consider is that of finding a maximal independent set (MIS) of vertices of a graph. Consider a sparse undirected graph G = (V, E). A set of vertices I ⊂ V is called independent if no pair of vertices in I are connected via an edge in G. An independent set is called maximal, if by including any other vertex not in I , the independence property is violated. These definitions are illustrated in Figure 7.16. Maximal independent sets of vertices can be used to determine which computations can be done in parallel in certain types of task graphs. For example, maximal independent sets can be used to determine the sets of rows that can be factored concurrently in parallel incomplete factorization algorithms, and to compute a coloring of a graph in parallel.

Many algorithms have been proposed for computing a maximal independent set of vertices. The simplest class of algorithms starts by initially setting I to be empty, and assigning all vertices to a set C that acts as the candidate set of vertices for inclusion in I . Then,

7.7.2 Finding A Maximal Independent Set 31

Figure 7.16 Examples of independent and maximal independent sets. Note that as the example illustrates, maximal independent sets are not unique.

the algorithm proceeds by repeatedly moving a vertex v from C into I and removing all vertices adjacent to v from C. This process terminates when C becomes empty, in which case, I is a maximal independent set. The resulting set I will contain an independent set of vertices, because every time we add a vertex into I we remove from C all the vertices whose subsequent inclusion will violate the independence condition. Also, the resulting set is maximal, because any other vertex that is not already in I is adjacent to at least one of the vertices in I .

Even though the above algorithm is very simple, it is not well-suited for parallel processing, as it is serial in nature. For this reason parallel MIS algorithms are usually based on the randomized algorithm originally developed by Luby for computing a coloring of a graph. Using Luby’s algorithm, a maximal independent set I of vertices V a graph is computed in an incremental fashion as follows. The set I is initially set to be empty, and the set of candidate vertices, C, is set to be equal to V . A unique random number is assigned to each vertex in C, and if a vertex has a random number that is smaller than all of the random numbers of the adjacent vertices, it is included in I . The set C is updated so that all the vertices that were selected for inclusion in I and their adjacent vertices are removed from it. Note that the vertices that are selected for inclusion in I are indeed independent (i.e., not directly connected via an edge). This is because, if v was inserted in I , then the random number assigned to v is the smallest among the random numbers assigned to its adjacent vertices; thus, no other vertex u adjacent to v will have been selected for inclusion. Now the above steps of random number assignment and vertex selection is repeated for the vertices left in C, and I is augmented similarly. This incremental augmentation of I ends when C becomes empty. This algorithm converges after O(log |V |) such augmentation steps. The execution of the algorithm for a small graph is illustrated in Figure 7.17. In the rest of this section we describe a shared address-space parallel formulation of Luby’s algorithm. A message-passing adaption of this algorithm is described in Section ??.

Figure 7.17 The different augmentation steps of Luby’s randomized maximal independent set algorithm. The numbers inside each vertex correspond to the random number assigned to the vertex.

Shared Address-Space Parallel Formulation

A parallel formulation of Luby’s MIS algorithm for a shared address-space parallel computer is as follows. Let I be an array of size |V |. At the termination of the algorithm, I [i] will store one, if vertex v_i is part of the MIS, or zero otherwise. Initially, all the elements in I are set to zero, and during each iteration of Luby’s algorithm, some of the entries of that array will be changed to one. Let C be an array of size |V |. During the course of the algorithm, C[i] is one if vertex v_i is part of the candidate set, or zero otherwise. Initially, all the elements in C are set to one. Finally, let R be an array of size |V | that stores the random numbers assigned to each vertex.

During each iteration, the set C is logically partitioned among the p processes. Each process generates a random number for its assigned vertices from C. When all the processes finish generating these random numbers, they proceed to determine which vertices can be included in I . In particular, for each vertex assigned to them, they check if to see if the random number assigned to it is smaller than the random numbers assigned to all of its adjacent vertices. If it is true, they set the corresponding entry in I to one. Because R

7.8 Bibliographic Remarks 33

is shared and can be accessed by all the processes, determining whether or not a particular vertex can be included in I is quite straight-forward.

However, updating C (that is, removing from further consideration the vertices that are adjacent to the recently included vertices in I ), needs some careful thinking. A simple way to do that is for each process, as soon as it determines that a particular vertex v will be part of I , to go and set to zero the entries of C that correspond to the vertices adjacent to v. However, that may create some race conditions, because more than one process may want to write to the same location in C, because that particular vertex is adjacent to multiple, recently added vertices. These race conditions can be eliminated by following a two step approach. In the first step, we first determine the set of vertices that will be added into I , using the same approach as before. In the second step, each process checks its assigned vertices to see if they are adjacent to any recently added vertices of I , and set the corresponding entries in the C array accordingly. This way, only one process will ever be modifying a particular element of array C.

The complexity of each iteration of Luby’s algorithm is similar to that of the serial algorithm, with the extra cost of the global synchronization after each random number assignment.

7.8 Bibliographic Remarks

Detailed discussions of graph theory and graph algorithms can be found in numerous texts. Gibbons [?] provides a good reference to the algorithms presented in this chapter. Aho, Hopcroft, and Ullman [?], and Cormen, Leiserson, and Rivest [?] provide a detailed description of various graph algorithms and issues related to their efficient implementation on sequential computers.

The sequential minimum spanning tree algorithm described in Section 7.2 is due to Prim [?]. Bentley [?] and Deo and Yoo [?] present parallel formulations of Prim’s MST algorithm. Deo and Yoo’s algorithm is suited to a shared-address-space computer. It finds the MST in �(n^{1.5}) using �(n^{0.5}) processes. Bentley’s algorithm works on a tree-connected systolic array and finds the MST in �(n log n) time using n/ log n processes. The hypercube formulation of Prim’s MST algorithm in Section 7.2 is similar to Bentley’s algorithm.

The MST of a graph can be also computed by using either Kruskal’s [?] or Sollin’s [?] sequential algorithms. The complexity of Sollin’s algorithm (Problem 7.22) is �(n^2 log n). Savage and JaJa [?] have developed a formulation of Sollin’s algorithm for the CREW PRAM. Their algorithm uses n^2 processes and solves the problem in �(log^2 n) time. Chin, Lam, and Chen [?] have developed a formulation of Sollin’s algorithm for a CREW PRAM that uses n⌈n/ log n⌉ processes and finds the MST in �(log^2 n) time. Awerbuch and Shiloach [?] present a formulation of Sollin’s algorithm for the shuffle-exchange network that uses �(n^2) processes and runs in �(log^2 n) time. Doshi and Varman [?] present a �(n^2/p) time algorithm for a p-process ring-connected computer for Sollin’s algorithm. Leighton [?] and Nath, Maheshwari, and Bhatt [?] present parallel formulations of Sollin’s algorithm for a mesh of trees network. The first algorithm runs in �(log^2 n), and the second algorithm runs in �(log^4 n) time for an n × n mesh of trees. Huang [?] describes a formulation of Sollin’s algorithm that runs in �(n^2/p) on a √ p × √ p mesh of trees.

The single-source shortest paths algorithm in Section 7.3 was discovered by Dijkstra [?]. Due to the similarity between Dijkstra’s algorithm and Prim’s MST algorithm, all the parallel formulations of Prim’s algorithm discussed in the previous paragraph can also be applied to the single-source shortest paths problem. Bellman [?] and Ford [?] independently developed a single-source shortest paths algorithm that operates on graphs with negative weights but without negative-weight cycles. The Bellman-Ford single-source algorithm has a sequential complexity of O(|V ||E|). Paige and Kruskal [?] present parallel formulations of both the Dijkstra and Bellman-Ford single-source shortest paths algorithm. Their formulation of Dijkstra’s algorithm runs on an EREW PRAM of �(n) processes and runs in �(n log n) time. Their formulation of Bellman-Ford’s algorithm runs in �(n|E|/p + n log p) time on a p-process EREW PRAM where p ≤ |E|. They also present algorithms for the CRCW PRAM [?].

Significant work has been done on the all-pairs shortest paths problem. Dekel, Nassimi, and Sahni [?] present a matrix multiplication algorithm (the DNS algorithm discussed in Section ??) for a hypercube-connected parallel computer that computes the all-pairs shortest paths in �(log^2 n) using n^3 processes. Savage [?] presents a matrix multiplication– based algorithm for the CREW PRAM that uses n^3/ log n processes and runs in �(log^2 n) time. For the matrix multiplication problem, the best-known algorithm uses O(n^{2.376}) operations and is due to Coppersmith and Winograd [?]. The source-partitioning formulation of Dijkstra’s all-pairs shortest paths is discussed by Jenq and Sahni [?] and Kumar and Singh [?]. The source parallel formulation of Dijkstra’s all-pairs shortest paths algorithm is discussed by Paige and Kruskal [?] and Kumar and Singh [?]. The Floyd’s all-pairs shortest paths algorithm discussed in Section 7.4.2 is due to Floyd [?]. The 1D- and 2Dblock partitionings (Problem 7.10) are presented by Jenq and Sahni [?], and the pipelined version of Floyd’s algorithm is presented by Bertsekas and Tsitsiklis [?] and Kumar and Singh [?]. Kumar and Singh [?] present, isoefficiency analysis and performance comparison of different parallel formulations for the all-pairs shortest paths on hypercube- and mesh-connected computers. The discussion in Section 7.4.3 is based upon the work of Kumar and Singh [?] and of Jenq and Sahni [?]. In particular, Program 7.4 is adopted from the paper by Jenq and Sahni [?]. Levitt and Kautz [?] present a formulation of Floyd’s algorithm for two-dimensional cellular arrays, that uses n^2 processes and runs in �(n) time. Deo, Pank, and Lord have developed a parallel formulation of Floyd’s algorithm for the CREW PRAM model that has complexity �(n) on n^2 processes. Chandy and Misra [?] present a distributed all-pairs shortest-path algorithm based on diffusing computation.

The connected-components algorithm discussed in Section 7.6 was discovered by Woo and Sahni [?]. Cormen, Leiserson, and Rivest [?] discusses ways to efficiently implement disjoint-set data structures with ranking and path compression. Several algorithms exist for computing the connected components; many of them are based on the technique of vertex collapsing, similar to Sollin’s algorithm for the minimum spanning tree. Most of the parallel formulations of Sollin’s algorithm can also find the connected components. Hirschberg [?] and Hirschberg, Chandra, and Sarwate [?] developed formulations of the connected-components algorithm based on vertex collapsing. The former has a complexity of �(log^2 n) on a CREW PRAM with n^2 processes, and the latter has similar complexity and uses n⌈n/ log n⌉ processes. Chin, Lam, and Chen [?] made the vertex collapse algorithm more efficient by reducing the number of processes to n⌈n/ log^2 n⌉ for a CREW PRAM, while keeping the run time at �(log^2 n). Nassimi and Sahni [?] used the vertex collapsing technique to develop a formulation for a mesh-connected computer that finds the connected components in time �(n) by using n^2 processes.

The single-source shortest paths algorithm for sparse graphs, discussed in Section 7.7.1, was discovered by Johnson [?]. Paige and Kruskal [?] discuss the possibility of maintaining the queue Q in parallel. Rao and Kumar [?] presented techniques to perform concurrent insertions and deletions in a priority queue. The 2D-block partitioning, 2D-block-cyclic partitioning, and 1D-block partitioning formulation of Johnson’s algorithm (Section 7.7.1) are due to Wada and Ichiyoshi [?]. They also presented theoretical and experimental evaluation of these schemes on a mesh-connected parallel computer.

Other parallel graph algorithms have been proposed. Shiloach and Vishkin [?] presented an algorithm for finding the maximum flow in a directed flow network with n vertices that runs in time O(n^2 log n) on a n-process EREW PRAM. Goldberg and Tarjan [?] presented a different maximum-flow algorithm that runs in time O(n^2 log n) on a n-process EREW PRAM but requires less space. Atallah and Kosaraju [?] proposed a number of algorithms for a mesh-connected parallel computer. The algorithms they considered are: finding the bridges and articulation points of an undirected graph, finding the length of the shortest cycle, finding a MST, finding the cyclic index, and testing if a graph is bipartite, Tarjan and Vishkin [?] presented algorithms for computing the biconnected components of a graph. Their CRCW PRAM formulation runs in time �(log n) by using �(|E| + |V |) processes, and their CREW PRAM formulation runs in time �(log^2 n) by using �(n^2/ log^2 n) processes.

Problems

7.1 In the parallel formulation of Prim’s minimum spanning tree algorithm (Section 7.2), the maximum number of processes that can be used efficiently on a hypercube is �(n/ log n). By using �(n/ log n) processes the run time is �(n log n). What is the run time if you use �(n) processes? What is the minimum parallel run time that can be obtained on a hypercube? How does this time compare with the run time obtained when you use �(n/ log n) processes?

7.2 Show how Dijkstra’s single-source algorithm and its parallel formulation (Section 7.3) need to be modified in order to output the shortest paths instead of the cost. Analyze the run time of your sequential and parallel formulations.

7.3 Given a graph G = (V, E), the breadth-first ranking of vertices of G are the values assigned to the vertices of V in a breadth-first traversal of G from a node v. Show how the breadth-first ranking of vertices of G can be performed on a p-process mesh.

7.4 Dijkstra’s single-source shortest paths algorithm (Section 7.3) requires non-negative edge weights. Show how Dijkstra’s algorithm can be modified to work on graphs with negative weights but no negative cycles in �(|E||V |) time. Analyze the performance of the parallel formulation of the modified algorithm on a p-process hypercube.

7.5 Modify the algorithm presented in Section ?? for computing the cost of the shortest paths between all pairs of vertices when n is not a power of 2. What is its sequential run time?

7.6 Modify the algorithm presented in Section ?? so that it also records the paths in addition to their costs. Use any required additional data structures.

7.7 Compute the total amount of memory required by the different parallel formulations of the all-pairs shortest paths problem described in Section 7.4.

7.8 Show that Floyd’s algorithm in Section 7.4.2 is correct if we replace line 7 of Program 7.3 by the following line:

d_{i, j} = min{d_{i, j} , (d_{i,k} + d_{k, j} )}

7.9 Compute the parallel run time, speedup, and efficiency of Floyd’s all-pairs shortest paths algorithm using 2D-block partitioning on a p-process mesh with store-and-forward routing and a p-process mesh with cut-through routing.

7.10 An alternative way of partitioning the matrix D^{(k)} in Floyd’s all-pairs shortest paths algorithm is to use the 1D-block partitioning (Section ??). Each of the p processes is assigned n/p consecutive columns of the D^{(k)} matrix.

(a) Compute the parallel run time, speedup, and efficiency of 1D-block partitioning on a hypercube-connected parallel computer. What are the advantages and disadvantages of this partitioning over the 2D-block partitioning presented in Section 7.4.2?

(b) Compute the parallel run time, speedup, and efficiency of 1D-block partitioning on a p-process mesh with store-and-forward routing, a p-process mesh with cut-through routing, and a p-process ring.

7.11 Describe and analyze the performance of a parallel formulation of Floyd’s algorithm that uses 1D-block partitioning and the pipelining technique described in Section 7.4.2.

7.12 Compute the exact parallel run time, speedup, and efficiency of Floyd’s pipelined formulation (Section 7.4.2).

7.13 Compute the parallel run time, the speedup, and the efficiency of the parallel formulation of the connected-component algorithm presented in Section 7.6 for a pprocess mesh with store-and-forward routing and with cut-through routing. Comment on the difference in the performance of the two architectures.

7.14 The parallel formulation for the connected-component problem presented in Section 7.6 uses 1D-block partitioning to partition the matrix among processes. Consider an alternative parallel formulation in which 2D-block partitioning is used instead. Describe this formulation and analyze its performance and scalability on a hypercube, a mesh with SF-routing, and a mesh with CT-routing. How does this scheme compare with 1D-block partitioning?

7.15 Consider the problem of parallelizing Johnson’s single-source shortest paths algorithm for sparse graphs (Section 7.7.1). One way of parallelizing it is to use p_1 processes to maintain the priority queue and p_2 processes to perform the computations of the new l values. How many processes can be efficiently used to maintain the priority queue (in other words, what is the maximum value for p_1)? How many processes can be used to update the l values? Is the parallel formulation that is obtained by using the p_1 + p_2 processes cost-optimal? Describe an algorithm that uses p_1 processes to maintain the priority queue.

7.16 Consider Dijkstra’s single-source shortest paths algorithm for sparse graphs (Section 7.7). We can parallelize this algorithm on a p-process hypercube by splitting the n adjacency lists among the processes horizontally; that is, each process gets n/p lists. What is the parallel run time of this formulation? Alternatively, we can partition the adjacency list vertically among the processes; that is, each process gets a fraction of each adjacency list. If an adjacency list contains m elements, then each process contains a sublist of m/p elements. The last element in each sublist has a pointer to the element in the next process. What is the parallel run time and speedup of this formulation? What is the maximum number of processes that it can use?

7.17 Repeat Problem 7.16 for Floyd’s all-pairs shortest paths algorithm. 7.18 Compute the parallel run time, speedup, and efficiency of the 2D-cyclic partitioning of the sparse graph single-source shortest paths algorithm (Section ??) for a mesh-connected computer. You may ignore the overhead due to extra work, but you should take into account the overhead due to communication.

7.19 Analyze the performance of the single-source shortest paths algorithm for sparse graphs (Section ??) when the 2D-block-cyclic partitioning is used (Section ??). Compare it with the performance of the 2D-cyclic partitioning computed in Problem 7.18. As in Problem 7.18, ignore extra computation but include communication overhead.

7.20 Consider the 1D-block-cyclic partitioning described in Section ??. Describe how you will apply this mapping to the single-source shortest paths problem for sparse graphs. Compute the parallel run time, speedup, and efficiency of this mapping. In your analysis, include the communication overhead but not the overhead due to extra work.

7.21 Of the mapping schemes presented in Section 7.7.1 and in Problems 7.19 and 7.20, which one has the smallest overhead due to extra computation?

7.22 Sollin’s algorithm (Section 7.8) starts with a forest of n isolated vertices. In each iteration, the algorithm simultaneously determines, for each tree in the forest, the smallest edge joining any vertex in that tree to a vertex in another tree. All such edges are added to the forest. Furthermore, two trees are never joined by more than one edge. This process continues until there is only one tree in the forest—the minimum spanning tree. Since the number of trees is reduced by a factor of at least two in each iteration, Sollin’s algorithm requires at most log n iterations to find the MST. Each iteration requires at most O(n^2) comparisons to find the smallest edge incident on each vertex; thus, the sequential complexity of Sollin’s algorithm is �(n^2 log n).

Develop a parallel formulation of Sollin’s algorithm on an n-process hypercubeconnected parallel computer. What is the run time of your formulation? Is it cost optimal?

Index

2D-block partitioning

for Floyd’s algorithm, 13, 32

acyclic graph, 2 adjacency list, 3, 22, 24 adjacency matrix, 2, 5, 17, 19 adjacent vertex, 1 all-pairs shortest paths, 9, 17 algorithm based on matrix multiplication hypercube, 32 Dijkstra’s algorithm, 10

source-parallel formulation, 11 source-partitioned formulation, 10 Floyd’s algorithm, 12, 17, 22, 32 1D-block partitioning, 32 2D-block partitioning, 13 for cellular arrays, 32 pipelined 2D-block partitioning, 32 pipelined-2D partitioning, 15 performance comparisons, 17

checkerboard mapping

block

for Dijkstra’s algorithm, 11 complete graph, 2 connected components, 18, 32 1D-block partitioning, 21 parallel formulation, 19 Sollin’s algorithm, 33 using depth first search, 18 connected graph, 4 connectivity matrix, 17 cycle, 2

simple, 2 with negative weight, 10, 32 without negative weight, 10

dense graphs, 3, 10 directed graph, 1 disjoint set, 21

path compression, 21 ranking, 21

edge, 1

incident from, 1 incident on, 1 incident to, 1 equivalence class, 18

forest, 2, 18

global minimum, 7 graphs, 1, 31

acyclic, 2 adjacent vertex, 1 algorithms, 31 articulation points, 33 bipartite, 33 bridges, 33 complete, 2 cycle, 2 cyclic index, 33 definition, 1 dense, 3, 10 directed, 1 forest, 2 path, 1 representation, 2, 3, 22

adjacency list, 3 adjacency matrix, 2 relative merits, 4 weighted adjacency list, 3 weighted adjacency matrix, 3 sparse, 3 subgraph, 2 transitive closure, 17 tree, 2 undirected, 1

connected, 2 weighted, 2 greedy algorithm, 4, 8 grid graphs, 23, 23

incident edge

directed graph, 1 undirected graph, 1 induced subgraph, 2

matrix multiplication

best-known sequential algorithm, 32 DNS algorithm, 32 minimum spanning tree, 4 Kruskal’s algorithm, 31 Prim’s algorithm, 4, 31

for sparse graphs, 22 shared-address-space, 31 Sollin’s algorithm, 31, 36

CRCW PRAM, 31 CREW PRAM, 31 mesh of trees, 32 ring, 31

negative-weight cycles, 32

one-to-all broadcast, 7, 14 path, 1

cycle, 2 shortest, 8 simple, 1 single-source shortest paths, 8 weight of, 2 priority queue

in Johnson’s algorithm, 24

reachable vertices, 1

shortest path, 8, 9 single-node accumulation, 7 single-source shortest paths, 8, 24 Bellman-Ford algorithm, 32 Dijkstra’s algorithm, 8, 10, 32 CRCW PRAM, 32 EREW PRAM, 32 Johnson’s algorithm, 24, 33 using a central queue, 25 using distributed queues, 27 spanning forest, 4, 18, 19, 21 merging different forests, 21 spanning tree, 4, 18, 19 sparse graphs, 3, 22–23

examples, 23 grid graphs, 23 work imbalance, 23 striped mapping

block

for Dijkstra’s algorithm, 9 for Prim’s algorithm, 7 subgraph, 2 symmetric matrix, 3 synchronization

removing it, 15

transitive closure of a graph, 17 tree, 2, 18

spanning, 4

undirected graph, 1, 3, 4, 5

connected, 2 connected components, 18

vertex, 1

adjacent, 1 connected, 17 reachable, 1 vertex collapsing, 33

weighted adjacency matrix, 3 weighted graphs, 2