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tionPartial redundan
y elimination (PRE) is a power-ful optimization te
hnique whi
h subsumes many
lassi
al optimizations like 
ode movement, loopinvariant movement and 
ommon subexpression e-limination. The original formulation of PRE byMorel-Renvoise [22℄ involved 
omplex bi-dire
tionaldata 
ows and su�ered from problems of redundant
ode movement and missed opportunities of opti-mization [4, 12℄. Many resear
hers have tried toimprove the formulation of PRE to eliminate thede�
ien
ies of MRA, simplify the data 
ows andredu
e their solution 
omplexity [4, 12, 10, 20, 8,13, 18, 11, 19℄. The basi
 PRE framework has alsobeen extended to in
lude strength redu
tion opti-mization [15, 6, 11, 17℄ and to use it for other ap-pli
ations like live range determination in registerassignment [5, 7, 21℄.Stati
 single assignment (SSA) is a program rep-resentation used in modern optimizing 
ompiler-s [3℄, whose appeal stems from the 
on
ise represen-tation of def-use information. [10℄ had addressedthe issue of using the SSA form for PRE optimiza-tions. [2℄ have proposed a PRE algorithm basedon the SSA form. They use the lazy 
ode motionapproa
h of [20℄ and 
ast it in an SSA-based al-gorithm for PRE. However, their algorithm is very
omplex and has a few de�
ien
ies dis
ussed laterin Se
tion 4.This paper presents a formulation of SSA-basedpartial redundan
y elimination whi
h uses the PREapproa
h of [11℄. A simpli�ed overview of ourapproa
h is as follows: We identify eliminatabili-ty paths for an expression e in a program P. Let[bi : : : bk℄ be su
h a path. This path 
ontains o
-
urren
es of e in nodes bi and bk whi
h are down-wards and upwards exposed [1, 23℄, respe
tively,and e is either available or anti
ipatable (i.e. very�Corresponding author

busy) at the exit of ea
h node in the path [bi : : : bk).We eliminate the o

urren
e of e in node bk by in-serting 
omputations of e in all nodes bl su
h thatsome node along the path (bi : : : bk℄ is a su

essorof bl.Compared to earlier PRE work, and spe
i�
allythe SSA-based approa
h of [2℄, the advantages ofour approa
h are simpli
ity, understandability andeÆ
ien
y. Our approa
h uses only well-known fun-damental data 
ows of available expressions andanti
ipatable (i.e. very-busy) expressions [1, 23℄.Unlike earlier approa
hes [4, 9, 10, 20℄, it does notperform (even 
on
eptually) hoisting followed bysinking of expressions in order to �nd pla
ementswhi
h provide life-time optimality. Hen
e it doesnot involve use of 
omplex data 
ows or steps whi
ha�e
t its simpli
ity and understandability. It fol-lows the approa
h of edge-pla
ement [4, 9℄, whi
hemploys edge-splitting in a demand-driven mannerrather than performing it in a pre-pass of opti-mization. Cumulatively, these aspe
ts redu
e theamount of work 
ompared to the SSA-based ap-proa
h of [2℄.We des
ribe fundamentals of the eliminatabili-ty path approa
h to PRE in Se
tion 2. Se
tion 3presents details of our algorithm, whi
h we 
al-l E-path PRE algorithm, and proofs of the prop-erties whi
h form its basis. We illustrate the oper-ation of the algorithm with the help of an example.Se
tion 4 
ontains a 
omparison of our approa
hwith other PRE approa
hes.2 Partial redundan
y elimi-nation using eliminatabilitypathsWe assume that a program is represented in the for-m of a program 
ow graph G = (N , E, n0), whereN is the set of nodes (that is, basi
 blo
ks) in the1



program, E is the set of 
ontrol 
ow edges, andn0 is the entry node of the program. The notationand de�nitions of the basi
 
ontrol and data 
ow
on
epts 
an be found in [1, 23℄. This se
tion sum-marizes the optimization approa
h based on the no-tion of eliminatability paths (e-paths). All materialex
ept the notion of e-paths is adapted from [11℄.TerminologyAn expression e is lo
ally available in node bi if bi
ontains a downwards exposed o

urren
e of e, thatis, an o

urren
e of e not followed by a de�nitionof any of its operands. An expression e is available(partially available) at a program point if along al-l paths (along some path) from the start node tothat point, there exists a 
omputation of e not fol-lowed by a de�nition of any of its operands. A
omputation of e at program point w is redundantif e is available at w, and partially redundant if itis partially available at w.An expression e is lo
ally anti
ipatable in node biif bi 
ontains an upwards exposed o

urren
e of e,that is, an o

urren
e of e not pre
eded by a de�-nition of any of its operands. e is anti
ipatable ata program point if ea
h path starting at that point
ontains a 
omputation of e not pre
eded by a de�-nition of any of its operands. An expression e is safeat a point if it is either anti
ipatable or available atthat point [16℄. A generally a

epted requirementof a hoisting algorithm is that it should pla
e 
om-putations of an expression e only at points where eis safe.Eliminatability paths (e-paths)A node bk is empty with respe
t to an expres-sion e if bk does not 
ontain an o

urren
e of e, orde�nition(s) of any of its operands.De�nition 2.1 An o

urren
e of an expression ein a node bk is an eliminatable o

urren
e of e if theo

urren
e is lo
ally anti
ipatable in bk and thereexists a path [bi : : : bk℄ su
h that :a. e is lo
ally available at the exit of bi,b. All nodes on the path (bi : : : bk) are emptywith respe
t to e, and
. e is safe at the exit of ea
h node on thepath [bi : : : bk).An expression e is eliminatable in a node bk i�there is an eliminatable o

urren
e of e in node bkor a 
omputation of e pla
ed at the exit of bk wouldbe an eliminatable o

urren
e of e. Note that elim-inatability of e in node bk requires the existen
e of

some path [bi : : : bk℄ whi
h satis�es Def. 2.1. Otherpaths rea
hing bk need not satisfy Def. 2.1.De�nition 2.2 A path [bi : : : bk℄ is an eliminata-bility path (e-path) for expression e if it satis�es
onditions (a){(
) of Def. 2.1.2.1 Elimination of partial redundan-
iesEliminatable o

urren
es of an expression e 
an beeliminated after pla
ing o

urren
es of e in the setof program nodes fblg and the set of syntheti
 n-odes fbl�mg as de�ned by DPH{1 and DPH{2 :[DPH{1℄ A 
omputation of e is pla
ed at the exitof node bl i�a. e is not available at the exit of bl,b. e is not eliminatable in bl, and
. All paths starting at the exit of bl havea pre�x [bl : : : bk℄ su
h that bk 
ontainsan eliminatable o

urren
e of e, and forall nodes bj on the path (bl : : : bk), e iseliminatable in bj and bj is empty withrespe
t to e.[DPH{2℄ A 
omputation of e is pla
ed in a syn-theti
 node bl�m inserted on the edge (bl; bm)i�a. e 
annot be pla
ed in bl due to the viola-tion of 
ondition DPH{1(
),b. e is neither available nor eliminatable atthe exit of node bl, and
. All paths starting at the entry of node bmhave a pre�x [bm : : : bk℄ su
h that bk 
on-tains an eliminatable o

urren
e of e, andfor all nodes bj on the path [bm : : : bk), eis eliminatable from bj and bj is emptywith respe
t to e.Early algorithms for hoisting and strength redu
-tion su�er from the problem of redundant hoisting,that is hoisting not a

ompanied by exe
ution prof-its (see [4℄ for an example). We 
an prove that thepla
ement performed by DPH{1 and DPH{2 doesnot lead to redundant hoisting as follows: Consideran e-path [bi : : : bk℄ for expression e su
h that e ispla
ed in a node bl (original node or syntheti
 n-ode) to eliminate the eliminatable o

urren
e of ein bk. Let bs be a su

essor of bl along the path[bl : : : bk℄. From 
riteria (
) of DPH{1 and DPH{2 it follows that e is eliminatable from bs. Hen
e2
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Figure 1: Optimization using e-pathspla
ing e in bl instead of bs does not 
onstitute re-dundant hoisting.Figure 1 
ontains an example of optimization us-ing this approa
h. Computations in nodes b5; b6and b8 are eliminatable. Four e-paths exist in theprogram: b6-b7-b3-b6, b6-b7-b3-b5, b6-b7-b3-b4-b7-b8and b6-b7-b8. While optimizing the e-path b6-b7-b3-b6, pla
ement is 
onsidered in nodes b4; b5 and alongedge (b1; b3). Expression e is eliminatable in nodeb4 due to existen
e of the e-path b6-b7-b3-b4-b7-b8,hen
e it is not pla
ed there, however pla
ement isneeded in node b5 and along edge (b1; b3). Con-sideration of path b6-b7-b3-b5 does not lead to anynew insertions sin
e node b5 and edge (b1; b3) havealready been identi�ed as insertion points. Consid-eration of paths b6-b7-b3-b4-b7-b8 and b6-b7-b8 simi-larly does not add any more insertion points. As a
onsequen
e, 
omputations of a � b are inserted innode b5 and edge (b1; b3) and 
omputations of a � bin nodes b5; b6 and b8 are eliminated.3 The E-path PRE algorithmIn the SSA form of a program, ea
h variable hasa single assignment and ea
h use of the variable isdominated by this assignment. While 
onverting a

program to the SSA form, disjoint uses of a variablein the program are given di�erent version number-s, whi
h are written as subs
ripts of the variable.Wherever ne
essary di�erent versions of a variableare merged by inserting � fun
tions to maintain theSSA property [3℄. Uses of a variable in the originalprogram are now renamed to use an appropriateversion of the variable. Thus, o

urren
es of an ex-pression a� b may be repla
ed by a1 � b1 and a2 � b1if a de�nition of a intervenes between these o

ur-ren
es along some path. This renaming a�e
ts theability of an optimizer to identify all o

urren
esof the same expression in the original program [10℄.Following [2℄, we solve this problem by representingan o

urren
e of an expression a�b by an expressionvariable ha�b. (We omit the supers
ript if it is ob-vious from the 
ontext.) Di�erent version numbersof ha�b are now awarded to o

urren
es of a � b inwhi
h its operands have di�erent version numbers.Thus a1 � b1 and a2 � b1 may be represented by theexpression variables ha�b1 and ha�b2 . These versionnumbers are merged using a merge fun
tion anal-ogous to �. We use the symbol � for the mergefun
tion of expression variables to di�erentiate itfrom the merge fun
tion for program variables.E-path PRE 
ontains the following steps:1. �-insertion2. Renaming3. Computation of availability4. Computation of anti
ipatability5. Computation of e-paths6. Computation of insertion points7. Insertion8. Elimination of redundant 
omputations.�-insertion and Renaming are used to 
omputean SSA form suitable for PRE. Availability and an-ti
ipatability properties are used to 
he
k for safe-ty at the exit of a node. We 
ompute e-pathsby following the 
onditions mentioned in Defs. 2.1and 2.2. Thus an e-path for an expression e startswith a node whi
h has expression e available at itsexit, ends with a node 
ontaining a lo
ally anti
i-patable o

urren
e of e and 
ontains intermediatenodes whi
h are all empty with respe
t to expres-sion e and have e available at their exit. To avoidtra
ing e-paths individually, we 
onstru
t a spe
ialgraph 
alled eliminatability graph (Gl) for an ex-pression e. Gl 
ontains a subset of nodes and edges3



in G su
h that ea
h path in Gl is an e-path forexpression e.The basis for 
omputation of insertion points isan edge (y; x) 2 G 3 x 2 Gl but (y; x) =2 Gl. If xis an intermediate node or end node of an e-paththen either node y or edge (y; x) would be 
onsid-ered for pla
ement a

ording to DPH{1 and DPH{2. The insertion step inserts the 
orre
t versionof the expression at insertion points and dete
tsextraneous �-fun
tions. The last step repla
es re-dundant 
omputations of e by a temporary variableallo
ated to the 
orre
t version of he and 
hangesthe 
orresponding �-fun
tions to �-fun
tions. The�rst four steps are applied only on
e to the entireprogram while the remaining steps are applied onan expression by expression basis. The followingse
tions des
ribe the design of individual steps ofthe algorithm and illustrate it with the help of anexample.3.1 �-InsertionA �-fun
tion for expression e is inserted in ea
hnode whi
h is in the iterated dominan
e frontierof a node 
ontaining an o

urren
e of e [14, 24℄and in ea
h node whi
h 
ontains a �-fun
tion foran operand of e. In addition, we also insert a �-fun
tion in the entry node of a loop. This is doneto simplify the 
omputation of anti
ipatability.3.2 RenamingThis step performs renaming of the expression vari-ables, i.e. variables of the kind ha�b, by assigningthem version numbers. As mentioned earlier, everyo

urren
e of an expression a � b is 
onsidered tobe an assignment ha�b  a � b. If renaming wereto be done as in the SSA form, ea
h o

urren
e ofa � b would 
reate a new version of ha�b. This isnot always ne
essary. Hen
e we assign a new ver-sion number at an o

urren
e of a � b only if, alongsome path rea
hing it, an assignment to either aor b has o

urred after the last o

urren
e of a � b.We also assign a new version at every �-fun
tion.We 
all the program form after �-insertion and re-naming as PRESSA form to distinguish it from theSSA form.In this step we also set two 
ags available andhas real use for use in later steps. With every �-fun
tion hi  �(: : : hj : : :) we asso
iate 
ags avail-ablehi = true and has real usehj = false initially.Ea
h operand of a �-fun
tion(hen
eforth 
alled a�-operand) represents the value of e along somepath � rea
hing the �-fun
tion. A �-operand is

assigned the spe
ial version ? if � does not 
ontaina �-fun
tion for e or an o

urren
e of e followinglast de�nition(s) of its operand(s). This indi
atesthat e is not available along �. We set availablehi= false if a �-fun
tion hi  �(: : :) has su
h anoperand. We say an operand hj 
orresponding topath � in a �-fun
tion hi  �(: : :) `is a real o
-
urren
e', if an o

urren
e of e with version hj notfollowed by de�nitions of operands of e or by a �-fun
tion exists along �. Su
h a �-operand indi
atesthat value of e is available along �.Renaming is performed in a preorder traversal ofthe dominator tree. We maintain renaming sta
ksfor all operands of an expression, as also its resultname. An entry in the renaming sta
k for a resultname indi
ates the version numbers assigned to itsoperands as well as the version number of the re-sult name. While giving a version to an o

urren
eof a � b we use the version numbers from the re-naming sta
ks of a and b. We use the most re
entversion of h if the 
urrent versions of a and b mat
hwith the versions in the renaming sta
k of h, elsewe assign a new version to h. We use the follow-ing method to determine whether a �-operand is areal o

urren
e: From the renaming sta
k of hj we
he
k whether the version numbers of its operandsmat
h the version numbers at the top of their re-spe
tive sta
ks and set has real usehj = true if thisis the 
ase.This step also 
omputes a 
ag 
alled node typeto indi
ate lo
al properties of a node relevant for
omputation of availability. This 
ag takes the fol-lowing values:empty node x is empty wrt expression eantlo
 e is lo
ally anti
ipatable but not lo
al-ly availableavail e is lo
ally available but not lo
ally an-ti
ipatableboth if x is both antlo
 and availothers otherwise.3.3 Computation of AvailabilityLemma 1 No path from the program entry nodeto node x 
ontains an o

urren
e of e, if node xdoes not 
ontain a �-fun
tion for expression e andno dominator of x 
ontains either a �-fun
tion oran o

urren
e of the expression e.Proof : Consider a dominator domx of x. Sin
edomx does not 
ontain a �-fun
tion, domx is notin the iterated dominan
e frontier of any node b
ontaining an o

urren
e of e. Hen
e no path fromthe program entry node to domx 
ontains an o

ur-4



ren
e of e. Let some path from the program entrynode to x 
ontain an o

urren
e of e. This impliesthat the o

urren
e lies along a path from Idomx,the immediate dominator of x, to x. If x has asingle prede
essor then x must 
ontain an o

ur-ren
e of e, whi
h is a 
ontradi
tion. If x 
ontains> 1 prede
essor, it must 
ontain a �-fun
tion fore, whi
h is also a 
ontradi
tion.Lemma 2 If a node x does not 
ontain a �-fun
tionfor an expression e, then availability at its entry issame as availability at the exit of its immediatedominator Idomx.Proof : The lemma is trivially true if x has a sin-gle prede
essor p. Let x have > 1 prede
essor. Letavailability at entry of x not be same as availabilityat the exit of Idomx. Hen
e there is at least onepath � � (Idomx : : : x) whi
h either generates orkills the availability of e. If availability is killed a-long �, then � 
ontains a de�nition of some operandv of e. This would lead to a �-fun
tion for v in xwhi
h would give rise to a �-fun
tion for e in x, a
ontradi
tion. If availability is generated along �,then there is an o

urren
e of e along �, whi
h willlead to a �-fun
tion in x for e, a 
ontradi
tion.Computation of availability needs a preordertraversal on the dominator tree of the PFG. Sin
eavailability is a forward problem, availability at en-try is propagated to the exit of the node using lo
alinformation 
on
erning the node. Following Lem-ma 2, if a node does not 
ontain a �-fun
tion, thenavailability at its entry is same as availability at theexit of its immediate dominator. If a node 
ontainsa �-fun
tion hi  �(: : :), then three possibilitiesexist 
on
erning availability of the expression at itsentry. Availability of e at entry to the node is falseif availablehi = false. If a �-operand hj is itselfthe result of a �-fun
tion, then availability tran-sitively depends on availability at the �-fun
tionhj  �(: : :) | it would be false if availability isfalse at the �-fun
tion of hj . Finally, availabilityis true if has real usehj = true for ea
h �-operandhj .The algorithm to 
ompute availability 
onsist-s of two passes as shown in Fig. 2. The �rstpass traverses all �-fun
tions. For ea
h � fun
-tion hj  �(: : :) it sets availability to false if avail-able[hj ℄ = false. It then resets availability of al-l �-fun
tions whi
h have hj as a �-operand andhas real usehj = false. The se
ond pass of the al-gorithm makes a preorder traversal on the domi-nator tree of the program 
ow graph to 
omputeavailability at the entry and exit of the node. Weuse Lemma 2 to 
ompute availability at the entry

Algorithm Compute availability(Droot)f 8 �-fun
tions hj  �(: : :) 3 available[hj ℄ = false8 �-fun
tions hi  �(: : : ; hj ; : : :) 3available[hi ℄ = true and has real use[hj ℄= false at hiReset availability(hi);Let x be the 
urrent node visited in preorder;If x is the entry node of PFG, thenavail-at-entry [x℄  false;8 expressions eIf (x 
ontains a �-fun
tion) then fLet hi be the target of �-fun
tion;avail-at-entry [x℄  available[hi ℄;gElse fLet Idomx be Immediate dominator of x;avail-at-entry [x℄  avail-at-exit [Idomx℄;gIf (node type[x℄ is empty) thenavail-at-exit[x℄  avail-at-entry[x℄;Else If ((node type[x℄ is avail)or (node type[x℄ is both)) thenavail-at-exit [x℄  true;Else avail-at-exit [x℄  false;gPro
edure Reset availability(hi)f available[hi ℄  false;8 hk 3 hk  �(: : : ; hi; : : :)If available[hk ℄ = true and has real usehi= false at hk thenReset availability(hk);g Figure 2: Computation of availabilityof a node. Sin
e the algorithm makes a preordertraversal on the dominator tree of the PFG, a nodeis visited only after all its dominators have beenvisited. If a node bi does not 
ontain a �-fun
tion,then avail at entry is simply avail at exit of its im-mediate dominator.Figure 3 shows the dominator tree for the pro-gram of Fig. 1. Figure 4 illustrates its PRESSAform, in whi
h broken lines indi
ate def-use 
hainsof h. The spe
ial version ? is assigned to a � b atthe exit of blo
ks b1, b5 and b8 be
ause a � b is notavailable at their exit. Hen
e availableh2 = avail-ableh3 = availableh4 = false. During availability
omputation this leads to avail at exit = false forall nodes in G ex
ept for nodes b2 and b6. Notethat has real useh1 = true for the �-fun
tion of h45
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Figure 4: PRESSA formlo
ated in node b9 and has real useh2 = true for the�-fun
tion of h3 lo
ated in node b7.3.4 Computation of Anti
ipatabilityComputation of anti
ipatability requires two pass-es. The �rst pass 
omputes anti
ipatability at ea
h�-fun
tion. This pass is analogous to the Down-Safety pass of SSAPRE [2℄ (it uses a property 
alleddown safe whi
h 
an be 
omputed during renam-ing). The se
ond pass 
omputes anti
ipatability at

the entry and exit of ea
h node. This is a
hievedthrough a postorder traversal of the dominator tree.The exit property of a node is propagated to its en-try using the node type attribute 
omputed during� insertion. Anti
ipatability at the exit of a nodeis 
omputed from anti
ipatability at the entry ofsu

essor nodes. If anti
ipatability at the entry ofa su

essor is not known, we re
ursively 
omputeit before resuming the normal postorder traversal.Figure 5 
ontains the algorithm for 
omputation ofanti
ipatability. In the PRESSA form of Fig. 4,down safe is 
omputed at nodes b9, b7 and b3. Itis false in the �rst 
ase but true in the other two
ases. Anti
ipatability at entry of node b8 is truesin
e the node is antlo
. Propagation of these val-ues yields Anti
ipatability = true at the entry ofblo
ks b3; b4; b5; b6; b7 and b8.3.5 Computation of EliminatablepathsThis step 
onstru
ts an eliminatability graph Glsu
h that ea
h path in Gl is an e-path in G. N-odes and edges in Gl are the nodes and edges in G,ex
ept for one di�eren
e | some nodes of G aresplit into two nodes of Gl. This is done to fa
ili-tate 
onstru
tion of Gl. Node splitting is motivatedby the following 
onsiderations: An e-path for ex-pression e starts with a node whose node type isavail or both (we will 
all this a start node), endswith a node whose node type is antlo
 or both (anend node), and all intermediate nodes x in it havenode typex = empty and avail at exitx = true orant at exitx = true. It may be noted that a nodex with node type = both 
ould be the end of onee-path and start of another e-path. To simplify theidenti�
ation of e-paths, we split ea
h su
h node xinto nodes xin and xout, whi
h represent the parts
ontaining the entry and exit of node x, respe
-tively. All in-edges of node x be
ome in-edges ofxin and all out-edges of node x be
ome out-edgesof xout. Nodes xin and xout do not have any out-edges and in-edges, respe
tively. As des
ribed atthe start of this se
tion, the motivation for build-ing Gl is to avoid having to tra
e individual e-pathsin G.The algorithm performs a preorder traversal onthe dominator tree of the program 
ow graph andsele
tively adds nodes and edges to Gl. It performsthe following a
tions for ea
h node x visited duringthe traversal: If x 
an be an intermediate or endnode of an e-path (indi
ated by node typex = emp-ty/antlo
/both) and a prede
essor p of x 
an be astart or intermediate node of an e-path (indi
ated6



Algorithm Compute Anti
ipatability(Droot)f 8 x ant-at-exit [x℄  ant-at-entry [x℄  true;ant-at-exit [exit℄  false;ant-at-entry [Droot ℄  Anti
ipatability(Droot);gboolean Anti
ipatability(Droot)f Let x be the 
urrent node in dom-tree visitedin postorder;If (x is already visited) thenReturn(ant-at-entry [x℄);For all expressions e do fIf (x is not exit) then fIf (9 y 2 su

(x) 3ant-at-entry [y℄ = false) thenant-at-exit [x℄  false;Else f8 y 2 su

(x) 3 y is not visitedAnt at Su

essors(y);ant-at-exit [x℄  �y2su

(x) ant-at-entry[y℄;ggIf (node type[x℄ = empty) thenant-at-entry [x℄  ant-at-exit [x℄;ElseIf (node type[x℄ = avail or others)then ant-at-entry [x℄  false;gReturn(ant-at-entry [Droot ℄);gPro
edure Ant at Su

essors(y)f If (y is a loop entry node) thenant-at-exit [x℄  ant-at-exit [x℄ anddown safe(�-fun
tion in y);Elseant-at-exit [x℄  ant-at-exit [x℄and Anti
ipatability(y);g Figure 5: Computation of anti
ipatability

by node typep = empty/avail/both) then edge (p; x)is added to Gl. Similarly an edge (x; s) is added fora su

essor s if node typex = empty/avail/both, andnode types = empty/antlo
/both. It now splits x ifnode typex = both as des
ribed earlier. This pro
e-dure is 
onservative, hen
e some nodes 
reated inGl may not belong to an e-path. Hen
e we prunethe graph by removing all useless nodes from Gl,where a useless node is an isolated node or a nodewhi
h has no su

essors but 
annot be the end-nodeof an e-path or has no prede
essors but 
annot be astart node of an e-path. After this step, the graph
ontains nodes whi
h 
an be 
lassi�ed into startnodes, end nodes and intermediate nodes stri
tlya

ording to Defs. 2.1 and 2.2. Note that Gl 
anbe a multiple-entry multiple-exit graph whi
h may
ontain one or more 
onne
ted 
omponents. Fig-ure 6 shows this algorithm. Note that a node xl inGl is a node whi
h 
orresponds to node x in G. Weuse the supers
ript in or out if the node has beensplit while 
onstru
ting Gl.Lemma 3 xl : : : zl is a maximal path in Gl i� x : : : zis an e-path in G.Proof : (a) If part: Sin
e x 
ontains an available-at-exit o

urren
e, z 
ontains a lo
ally available o
-
urren
e and all intermediate nodes are empty ande is safe at their exit (see Defs. 2.1 and 2.2), n-odes on the path � � [x : : : z℄ will be added toGl and none of them will be removed as a uselessnode. Therefore there will be a 
orresponding path�l � [xl : : : zl℄ in Gl. Sin
e x and y are start n-ode and end node, respe
tively, jpred(xl)j = 0 andjsu

(yl)j = 0. Hen
e [xl : : : zl℄ is a maximal pathin Gl.(b) Only if part: �l � [xl : : : zl℄ is a maximal pathin Gl. An edge (pl; ql) is added to Gl only if an edge(p; q) exists in G. Hen
e there exists � � [x : : : z℄in G su
h that x is a start node and z is an endnode. Let � not be an e-path in G. Hen
e somenode b in it is not empty or e is not safe at its exit,or both. For su
h a node no node will be 
reatedin Gl, a 
ontradi
tion.Figure 7 illustrates Gl for the program of Fig. 4.Node b6 is split into nodes bin6l and bout6l sin
e n-ode typeb6 = both. Nodes b7l , b3l and b4l are addedto Gl be
ause they are empty. Nodes b5l and b8lare added be
ause they are antlo
. Nodes b2l andb9l would also be added, however they would beremoved during elimination of useless nodes.3.6 Computation of Insertion PointsTo perform insertion a

ording to the 
ode pla
e-ment 
riteria DPH{1 and DPH{2, we need to iden-7



Algorithm Compute elim paths(Droot)f Traverse the dominator tree in preorder;Set visited[x℄ of 
urrent node x to true;If ((x is neither entry nor exit node)and (node type[x℄ = both)) thenMark node x for splitting;If (node type[x℄ = empty) and(avail-at-exit [x℄ or ant-at-exit [x℄) then fAppend node to paths(x);Append su

essors(x); gElse If (node type[x℄ = antlo
) thenAppend node to paths(x);Else If (node type[x℄ = avail) thenAppend su

essors(x);Else If (node type[x℄ = both) then fAppend node to paths(x);Append su

essors(x);gRemove all isolated nodes in Gl;Uselessnodesp  fxl 2 Gl j node typex 6=(both or avail) and jpred(x)j = 0 gUselessnodess  fxl 2 Gl j node typex 6=(both or antlo
) and jsu

(x)j = 0 g8x 2 Uselessnodesp Remove Uselessnodesp(x);8x 2 Uselessnodess Remove Uselessnodess(x);gPro
edure Append node to paths(x)f 8 y 2 pred(x) 3 (visited [y℄ and node typey=empty/avail/both) Add edge(y; x);gPro
edure Append su

essors(x)f 8y 2 su

(x) 3(visited [y℄ and node typey=empty/antlo
/both) Add edge(x; y);gPro
edure Add edge(x; y)f If (x has been marked for splitting) thenCreate node xoutl in Gl if not present;Else 
reate node xl in Gl if not present;If (y has been marked for splitting) thenCreate node yinl in Gl if not present;Else 
reate node yl in Gl if not present;Add a dire
ted edge (x�l ; y��l ) where`*' is `out', or blank and `**' is `in' or blank;gPro
edure Remove Uselessnodesp(y)f Sy  su

(y); Remove y from Gl;8z 2 Sy 3 jpred(z)j = 0 Remove Uselessnodesp(z);gPro
edure Remove Uselessnodess(y)f Sy  pred(y); Remove y from Gl;8z 2 Sy 3 jsu

(z)j = 0 Remove Uselessnodess(z);g Figure 6: Computation of e-paths
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Figure 7: Illustration of e-pathAlgorithm Compute Insertion Points(E-graph Gl)f Insert = fg;8 xl 2 GlIf j pred(xl) j 6= 0 then8 edges (y; x) 2 G 3((yl; xl) or (youtl ; xl) =2 Gl andavail at exit [y℄ = false) thenInsert = Insert S f(y; x)g;g Figure 8: Finding insertion pointstify all nodes y su
h that edge (y; x) exists in Gwhere x is an intermediate node or end node of ane-path and edge (y; x) does not belong to an e-path.Pla
ement will now be performed in edge (y; x) orin node y depending on part (
) of these 
riteria.To implement the pla
ement we identify all edges(y; x) in G su
h that x is not the start node of ane-path, edge (y; x) does not exist in Gl and the ex-pression is not available at the exit of y in G, andmark them as potential insertion points. The de
i-sion whether to insert in an edge (y; x) or in node yis taken during insertion in the next step. Figure 8shows the algorithm. When applied to the Gl ofFig. 7, this algorithm 
omputes Insert = f(b1; b3),(b5; b7)g.3.7 InsertionThe insertion step handles three issues: De
idingwhether insertions should be made in nodes or a-long edges, determining the 
orre
t SSA versions ofexpressions to be inserted, and handling extraneous�-fun
tions. The previous step has marked edges8



(y; x) for insertion where x is a node in some e-pathw : : : x : : : z and edge (y; x) does not belong to ane-path. Part (
) of the pla
ement 
riteria DPH{1and DPH{2 di
tate that insertion should be per-formed in node y if all paths starting on y have apre�x y : : : z su
h that node z 
ontains an eliminat-able o

urren
e of e, else insertion should be alongan edge (y; x). We implement this by inserting ano

urren
e of e in node y if all its out-edges aremarked for insertion, else we perform insertion onlyin the marked edges by splitting ea
h marked edgeto introdu
e a syntheti
 blo
k [4℄. We maintain re-naming sta
ks for all operands of an expression, asalso its result name, so that a 
orre
t SSA versionof the expression 
an be 
onstru
ted for insertion.Some �-fun
tions for e may be extraneous as fol-lows: Consider a �-fun
tion hl  �(: : :) whi
h isfollowed by an o

urren
e of hl along some path.If this o

urren
e of hl is eliminatable, then anappropriate version of t, say ti, would be allo
at-ed to hl and the �-fun
tion would be repla
ed byti  �(: : :) in the next step. If no o

urren
e ofhl is eliminatable, then the �-fun
tion for hl is ex-traneous. Su
h a fun
tion should be removed to
ontrol the size of the SSA graph. Hen
e we dete
tan extraneous �-fun
tion and give a new versionnumber, say hk, to the �rst o

urren
e hl  : : :along a path starting on the �-fun
tion. Uses of hldominated by this version are now repla
ed by hk.The extraneous �-fun
tion is marked for deletionin the next step. When an edge (y; x) is marked forinsertion of e, node x already 
ontains a �-fun
tionfor e. This fun
tion has a �-operand 
orrespondingto the path ending in edge (y; x). When an expres-sion hg  e is inserted in node y, or along edge(y; x), the name hg repla
es the original �-operandin the �-fun
tion situated in x.Figure 9 
ontains the algorithm for insertion.Fig. 10 illustrates insertions performed by this al-gorithm. Insertions have been performed in nodeb5 and along edge b1�3. The SSA versions assignedto these insertions repla
e the ? operands in the �-fun
tions situated in nodes b7 and b3, respe
tively.3.8 Elimination of Redundant Com-putationsThis step �rst removes all extraneous �-fun
tionsmarked in the previous step. It then traverses theSSA graph of h to assign a new version of tempo-rary t, say ti, to every version of h, say hl. Thede�nition hl  e in the start node of an e-pathand in a node marked for insertion is repla
ed byti  e. Ea
h o

urren
e hk  �(: : : hl : : :) is re-

Algorithm Insert(Droot : root of dom-tree)f Let x be the 
urrent node of dom-treein preorder;Colle
t versions(x);If f(x; s) j s 2 su

(x)g � Insert thenInsert in(x);Else 8 (x; s) 3 s 2 su

(x)If ((x; s) 2 Insert) then fInsert a syntheti
 blo
k bx�s tosplit the edge (x; s);Insert In(bx�s);gDete
t ExtraneousPhi(x);If all 
hildren of x in dom-tree have beenvisited thenPop all the versions pushed onto therenaming sta
ks due to statements in x;gPro
edure Insert In(z)f Assign a new version, say hk, to thetarget h of inserted 
omputation;Push the hk onto the renaming sta
k of h;Repla
e the 
orresponding �-operand(if any) in the su

essor(s) of z by hk;Insert an SSA version of the assignmenthk  e at the exit of z usingversions of the operands at the top oftheir renaming sta
ks;gPro
edure Dete
t ExtraneousPhi(x)f If ((x is not in an e-path) and(x 
ontains a �-fun
tion hi  �(: : :))and (avail-at-entry [x℄ = false or hi has nouse in the program)) thenextraneousPhi [x℄  true;If 9 an o

urren
e of e with version hk in x 3an extraneous �-fun
tion (of some node)has the same version number hk thenAssign a new version to hk;Push it onto the renaming sta
k of e;Repla
e all other uses of hk that aredominated by the o

urren
e of ewith version hk by this new version;gPro
edure Colle
t version(x)f 8 assignments of the form h  : : :or an assignment to an operand opd of e in xin the order of their lexi
al o

urren
es in xPush the version given to h (or opd)onto the renaming sta
k of e (or opd);g Figure 9: Insertion of expressions9
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Figure 10: The PFG after insertion of 
omputa-tions.pla
ed by tg  �(: : : ti : : :), where tg is a uniquetemporary name, and ea
h use of hk is repla
ed bytg . If tg  �(: : :) 
ontains an h version, say hm, asan operand, then hm is repla
ed by a unique tn inthe de�nition and all uses of hm. The algorithm isgiven in Fig. 11. Figure 12 illustrates the optimizedprogram after this step. The de�nition h6  a � bin node b5 has been repla
ed by t4  a4 � b3 andthe o

urren
e of h6 in b7 is repla
ed by t4 (and the�-fun
tion is repla
ed by a �-fun
tion). The namet1 has been used for the insertion h5  a � b innode b1�3. The o

urren
e of h5 in the �-fun
tionh2  �(h5; h3) of node b3 leads to repla
ementof the �-fun
tion by the �-fun
tion t2  �(t1; h3)and repla
ement of h2 in b5, b6 and b7 by t2. It alsoleads to repla
ement of h3 by t3 in nodes b3; b7 andb8.4 Con
luding RemarksThe advantages of E-path PRE are simpli
ity, un-derstandability and eÆ
ien
y. E-path PRE doesnot involve use of 
omplex data 
ows. It usesonly well-known fundamental data 
ows of avail-able and anti
ipatable (i.e. very-busy) expression-

Algorithm Eliminate redundan
y(PFG G)f Remove all extraneous �-fun
tions;Traverse ea
h SSA def-use graph;Let node x 
ontain a de�nition hi  : : :If (the de�nition is hl  �(: : :)) thenIf (x is an intermediate or end node) then fGenerate a unique ti for hl;Repla
e the �-fun
tion by ti  �(: : :);Repla
e use(hl; ti);If (ti  �(: : :) has an h operand) thenRepla
e operand(ti);gElse If ((the de�nition of hl is an insertedo

urren
e or x is a start node) or (x has ade�nition and a real o

urren
e of hl)) then fGenerate a unique ti for hl;Repla
e the de�nition hl  e by ti  e;Repla
e use(hl; ti);gRemove all remaining �-fun
tions;Remove all remaining h versions, withoutremoving the o

urren
es of the expressions;gPro
edure Repla
e use(hl; ti)f For ea
h entry in the def-use 
hain of hlIf use is of the form hk  �(: : : hl : : :) then fGenerate a unique name tg and repla
ethe � fun
tion by tg  �(: : : ti : : :);Repla
e use(hk; tg);If (ti  �(: : :) 
ontains an h operand)then Repla
e operand(tg);gElseRepla
e the use by ti;gPro
edure Repla
e operand(tj)f For ea
h h-operand hk of tj  �(: : :) fGenerate a unique tl for hk;If the de�nition of hk is hk  �(: : :) then fRepla
e the �-fun
tion by tl  �(: : :);Repla
e use(hk; tl);If (9 an h operand of tl) thenRepla
e operand(tl);gElse fRepla
e the de�nition hk  e by tl  e;Repla
e use(hk; tl);ggg Figure 11: Elimination of redundan
ies10
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Figure 12: The optimized programs [1, 23℄. It also involves less work than SSAPRE,the SSA-based approa
h of [2℄. In the four stageswhi
h are applied on an expression by expressionbasis, E-path PRE performs �ve passes over theprogram, whi
h mat
hes the number of passes in S-SAPRE. Computation of e-paths requires two pass-es whereas WillBeAvail stage of SSAPRE also re-quires two passes. However, the work done dur-ing the e-paths 
omputation passes is mu
h lessthan the work done by SSAPRE during the Will-BeAvail passes, sin
e our passes are mere graph-related as against the WillBeAvail passes whi
hneed to pro
ess the 
omputations in ea
h node.Computation of insertion points is performed onthe e-graph whi
h is smaller in size 
ompared toa PFG. E-path PRE 
omputes seven global prop-erties, viz. available, down safe, availability, an-ti
ipatability, extraneousPhi, has real use and In-sert; and one lo
al property node type of a n-ode. SSAPRE 
omputes nine global properties, viz.has real use, down safe, 
an be avail, will be avail,later, insert, avail def, save and reload.Other advantages 
ompared to the SSA basedapproa
h of [2℄ are as follows: E-path PRE does notperform (even 
on
eptually) hoisting followed bysinking of expressions in order to �nd pla
ements

whi
h provide life-time optimality. Sin
e it followsthe approa
h of edge-pla
ement [4, 9℄, it uses edge-splitting in a demand-driven manner rather than asan a priori step in a pre-pass of optimization. Thisis bene�
ial on many 
ounts: The e�ort of identi-fying 
riti
al edges 
an be avoided; the algorithmidenti�es 
riti
al edges whi
h need to be split dur-ing the pro
ess of 
ode insertion. This approa
halso avoids the drawba
k of [2℄ wherein a 
omputa-tion may be inserted along all out-edges of a node,if all are 
riti
al edges, instead of being inserted atthe end of the node. Corre
tness and minimalityof the insertions performed by our approa
h followfrom [11℄, where formal proofs of these propertiesare o�ered.All steps in our algorithm are linear with respe
tto the number of basi
 blo
ks and edges in the PFG.The 
omplexity of the algorithm is O(n + e) for aprogram size of one. For a program size of m the
omplexity is O(m(n + e)), where n and e are thenumber of nodes and edges in G.Referen
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