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1 Introduction

Partial redundancy elimination (PRE) is a power-
ful optimization technique which subsumes many
classical optimizations like code movement, loop
invariant movement and common subexpression e-
limination. The original formulation of PRE by
Morel-Renvoise [22] involved complex bi-directional
data flows and suffered from problems of redundant
code movement and missed opportunities of opti-
mization [4, 12]. Many researchers have tried to
improve the formulation of PRE to eliminate the
deficiencies of MRA, simplify the data flows and
reduce their solution complexity [4, 12, 10, 20, 8,
13, 18, 11, 19]. The basic PRE framework has also
been extended to include strength reduction opti-
mization [15, 6, 11, 17] and to use it for other ap-
plications like live range determination in register
assignment [5, 7, 21].

Static single assignment (SSA) is a program rep-
resentation used in modern optimizing compiler-
s [3], whose appeal stems from the concise represen-
tation of def-use information. [10] had addressed
the issue of using the SSA form for PRE optimiza-
tions. [2] have proposed a PRE algorithm based
on the SSA form. They use the lazy code motion
approach of [20] and cast it in an SSA-based al-
gorithm for PRE. However, their algorithm is very
complex and has a few deficiencies discussed later
in Section 4.

This paper presents a formulation of SSA-based
partial redundancy elimination which uses the PRE
approach of [11]. A simplified overview of our
approach is as follows: We identify eliminatabili-
ty paths for an expression e in a program P. Let
[b; ... bg] be such a path. This path contains oc-
currences of e in nodes b; and b, which are down-
wards and upwards exposed [1, 23], respectively,

and e is either available or anticipatable (i.e. very
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busy) at the exit of each node in the path [b; ... bg).
We eliminate the occurrence of e in node by by in-
serting computations of e in all nodes b; such that
some node along the path (b; ... b] is a successor
of bl.

Compared to earlier PRE work, and specifically
the SSA-based approach of [2], the advantages of
our approach are simplicity, understandability and
efficiency. Our approach uses only well-known fun-
damental data flows of available expressions and
anticipatable (i.e. very-busy) expressions [1, 23].
Unlike earlier approaches [4, 9, 10, 20], it does not
perform (even conceptually) hoisting followed by
sinking of expressions in order to find placements
which provide life-time optimality. Hence it does
not involve use of complex data flows or steps which
affect its simplicity and understandability. It fol-
lows the approach of edge-placement [4, 9], which
employs edge-splitting in a demand-driven manner
rather than performing it in a pre-pass of opti-
mization. Cumulatively, these aspects reduce the
amount of work compared to the SSA-based ap-
proach of [2].

We describe fundamentals of the eliminatabili-
ty path approach to PRE in Section 2. Section 3
presents details of our algorithm, which we cal-
1 E-path_PRE algorithm, and proofs of the prop-
erties which form its basis. We illustrate the oper-
ation of the algorithm with the help of an example.
Section 4 contains a comparison of our approach
with other PRE approaches.

2 Partial
nation using eliminatability
paths

redundancy elimi-

We assume that a program is represented in the for-
m of a program flow graph G = (N, E, ng), where
N is the set of nodes (that is, basic blocks) in the



program, E is the set of control flow edges, and
nq is the entry node of the program. The notation
and definitions of the basic control and data flow
concepts can be found in [1, 23]. This section sum-
marizes the optimization approach based on the no-
tion of eliminatability paths (e-paths). All material
except the notion of e-paths is adapted from [11].

Terminology

An expression e is locally available in node b; if b;
contains a downwards exposed occurrence of e, that
is, an occurrence of e not followed by a definition
of any of its operands. An expression e is available
(partially available) at a program point if along al-
1 paths (along some path) from the start node to
that point, there exists a computation of e not fol-
lowed by a definition of any of its operands. A
computation of e at program point w is redundant
if e is available at w, and partially redundant if it
is partially available at w.

An expression e is locally anticipatable in node b;
if b; contains an upwards exposed occurrence of e,
that is, an occurrence of e not preceded by a defi-
nition of any of its operands. e is anticipatable at
a program point if each path starting at that point
contains a computation of e not preceded by a defi-
nition of any of its operands. An expression e is safe
at a point if it is either anticipatable or available at
that point [16]. A generally accepted requirement
of a hoisting algorithm is that it should place com-
putations of an expression e only at points where e
is safe.

Eliminatability paths (e-paths)

A node by is empty with respect to an expres-
sion e if by does not contain an occurrence of e, or
definition(s) of any of its operands.

Definition 2.1 An occurrence of an expression e
in a node by is an eliminatable occurrence of e if the
occurrence s locally anticipatable in by and there
exists a path [b; ...by] such that :

a. e is locally available at the exit of b;,

b. All nodes on the path (b; ...by) are empty
with respect to e, and

c. e is safe at the exit of each node on the

path [b;...by).

An expression e is eliminatable in a node by, iff
there is an eliminatable occurrence of e in node by,
or a computation of e placed at the exit of b, would
be an eliminatable occurrence of e. Note that elim-
inatability of e in node by requires the existence of

some path [b; ... bx] which satisfies Def. 2.1. Other
paths reaching b, need not satisfy Def. 2.1.

Definition 2.2 A path [b;...by] is an eliminata-
bility path (e-path) for expression e if it satisfies
conditions (a) (c) of Def. 2.1.

2.1 Elimination of partial redundan-

cies

Eliminatable occurrences of an expression e can be
eliminated after placing occurrences of e in the set
of program nodes {b;} and the set of synthetic n-
odes {b;_,,} as defined by DPH 1 and DPH 2 :

[DPH-1] A computation of e is placed at the exit
of node b; iff

a. e is not available at the exit of b,
b. e is not eliminatable in b;, and

c. All paths starting at the exit of #; have
a prefix [b;...bg] such that by contains
an eliminatable occurrence of e, and for
all nodes b; on the path (b;...bg), e is
eliminatable in b; and b; is empty with
respect to e.

[DPH-2] A computation of e is placed in a syn-
thetic node b;_,, inserted on the edge (b, by,)
iff

a. e cannot be placed in b; due to the viola-
tion of condition DPH-1(c)

b. e is neither available nor eliminatable at
the exit of node b;, and

c. All paths starting at the entry of node by,
have a prefix [by, ... bg] such that by con-
tains an eliminatable occurrence of e, and
for all nodes b; on the path [by,...b), e
is eliminatable from b; and b; is empty
with respect to e.

Early algorithms for hoisting and strength reduc-
tion suffer from the problem of redundant hoisting,
that is hoisting not accompanied by execution prof-
its (see [4] for an example). We can prove that the
placement performed by DPH 1 and DPH 2 does
not lead to redundant hoisting as follows: Consider
an e-path [b;...bg] for expression e such that e is
placed in a node b; (original node or synthetic n-
ode) to eliminate the eliminatable occurrence of e
in by. Let by be a successor of b; along the path
[b;...bg]. From criteria (c) of DPH 1 and DPH
2 it follows that e is eliminatable from b,. Hence



by

Figure 1: Optimization using e-paths

placing e in b; instead of by does not constitute re-
dundant hoisting.

Figure 1 contains an example of optimization us-
ing this approach. Computations in nodes bs, bg
and bg are eliminatable. Four e-paths exist in the
program: bﬁ—b'y—bg—bﬁ, bﬁ—b7—b3—b5, bﬁ—b7—bg—b4—b7—bg
and bg-b7-bg. While optimizing the e-path bg-b7-bs-
bg, placement is considered in nodes b4, b5 and along
edge (b1,b3). Expression e is eliminatable in node
bs due to existence of the e-path bg-br-b3-bs-br-bg,
hence it is not placed there, however placement, is
needed in node b5 and along edge (b1,b3). Con-
sideration of path bg-b7-b3-bs does not lead to any
new insertions since node bs and edge (b1, b3) have
already been identified as insertion points. Consid-
eration of pa‘r.hs bﬁ—b7—b3—b4—b7—bg and bﬁ—b7—bg simi-
larly does not add any more insertion points. As a
consequence, computations of a x b are inserted in
node bs and edge (b1, b3) and computations of a x b
in nodes b5, bg and bg are eliminated.

3 The E-path PRE algorithm

In the SSA form of a program, each variable has
a single assignment and each use of the variable is
dominated by this assignment. While converting a

program to the SSA form, disjoint uses of a variable
in the program are given different version number-
s, which are written as subscripts of the variable.
Wherever necessary different versions of a variable
are merged by inserting ¢ functions to maintain the
SSA property [3]. Uses of a variable in the original
program are now renamed to use an appropriate
version of the variable. Thus, occurrences of an ex-
pression a x b may be replaced by a; *b; and as * by
if a definition of a intervenes between these occur-
rences along some path. This renaming affects the
ability of an optimizer to identify all occurrences
of the same expression in the original program [10].
Following [2], we solve this problem by representing
an occurrence of an expression axb by an expression
variable h***. (We omit the superscript if it is ob-
vious from the context.) Different version numbers
of h®*" are now awarded to occurrences of a x b in
which its operands have different version numbers.
Thus a1 * by and as * by may be represented by the
expression variables h{*® and h$**. These version
numbers are merged using a merge function anal-
ogous to ¢. We use the symbol @ for the merge
function of expression variables to differentiate it
from the merge function for program variables.
E-path_PRE contains the following steps:

1. ®-insertion

2. Renaming

3. Computation of availability

4. Computation of anticipatability

5. Computation of e-paths

6. Computation of insertion points

7. Insertion

8. Elimination of redundant computations.

®-insertion and Renaming are used to compute
an SSA form suitable for PRE. Availability and an-
ticipatability properties are used to check for safe-
ty at the exit of a node. We compute e-paths
by following the conditions mentioned in Defs. 2.1
and 2.2. Thus an e-path for an expression e starts
with a node which has expression e available at its
exit, ends with a node containing a locally antici-
patable occurrence of e and contains intermediate
nodes which are all empty with respect to expres-
sion e and have e available at their exit. To avoid
tracing e-paths individually, we construct a special
graph called eliminatability graph (G;) for an ex-
pression e. (G; contains a subset of nodes and edges



in G such that each path in G is an e-path for
expression e.

The basis for computation of insertion points is
an edge (y,z) € G >z € Gy but (y,z) ¢ G;. If
is an intermediate node or end node of an e-path
then either node y or edge (y,z) would be consid-
ered for placement according to DPH 1 and DPH
2. The insertion step inserts the correct version
of the expression at insertion points and detects
extraneous ®-functions. The last step replaces re-
dundant computations of e by a temporary variable
allocated to the correct version of h° and changes
the corresponding ®-functions to ¢-functions. The
first four steps are applied only once to the entire
program while the remaining steps are applied on
an expression by expression basis. The following
sections describe the design of individual steps of
the algorithm and illustrate it with the help of an
example.

3.1 &-Insertion

A ®-function for expression e is inserted in each
node which is in the iterated dominance frontier
of a node containing an occurrence of e [14, 24]
and in each node which contains a ¢-function for
an operand of e. In addition, we also insert a ®-
function in the entry node of a loop. This is done
to simplify the computation of anticipatability.

3.2 Renaming

This step performs renaming of the expression vari-
ables, i.e. variables of the kind h%*®, by assigning
them version numbers. As mentioned earlier, every
occurrence of an expression a x b is considered to
be an assignment h®*" < a x b. If renaming were
to be done as in the SSA form, each occurrence of
a * b would create a new version of h®*®. This is
not always necessary. Hence we assign a new ver-
sion number at an occurrence of a *x b only if, along
some path reaching it, an assignment to either a
or b has occurred after the last occurrence of a * b.
We also assign a new version at every ®-function.
We call the program form after ®-insertion and re-
naming as PRESSA form to distinguish it from the
SSA form.

In this step we also set two flags available and
has_real_use for use in later steps. With every &-
function h; < ®(...h;...) we associate flags avail-
ablep, = true and has_real_use,, = false initially.
Each operand of a ®-function(henceforth called a
®-operand) represents the value of e along some
path 8 reaching the ®-function. A ®-operand is

assigned the special version L if 8 does not contain
a ®-function for e or an occurrence of e following
last definition(s) of its operand(s). This indicates
that e is not available along S. We set availablep,
= false if a ®-function h; + ®(...) has such an
operand. We say an operand h; corresponding to
path £ in a ®-function h; + ®(...) ‘is a real oc-
currence’, if an occurrence of e with version h; not
followed by definitions of operands of e or by a ®-
function exists along 8. Such a ®-operand indicates
that value of e is available along 3.

Renaming is performed in a preorder traversal of
the dominator tree. We maintain renaming stacks
for all operands of an expression, as also its result
name. An entry in the renaming stack for a result
name indicates the version numbers assigned to its
operands as well as the version number of the re-
sult name. While giving a version to an occurrence
of a x b we use the version numbers from the re-
naming stacks of a and b. We use the most recent
version of h if the current versions of @ and b match
with the versions in the renaming stack of h, else
we assign a new version to h. We use the follow-
ing method to determine whether a ®-operand is a
real occurrence: From the renaming stack of h; we
check whether the version numbers of its operands
match the version numbers at the top of their re-
spective stacks and set has_real_usey; = true if this
is the case.

This step also computes a flag called node_type
to indicate local properties of a node relevant for
computation of availability. This flag takes the fol-
lowing values:

empty node z is empty wrt expression e

antloc e is locally anticipatable but not local-
ly available

avail e is locally available but not locally an-
ticipatable

both if z is both antloc and avail

others otherwise.

3.3 Computation of Availability

Lemma 1 No path from the program entry node
to node z contains an occurrence of e, if node z
does not contain a ®-function for expression e and
no dominator of = contains either a ®-function or
an occurrence of the expression e.

Proof : Consider a dominator dom, of x. Since
dom, does not contain a ®-function, dom, is not
in the iterated dominance frontier of any node b
containing an occurrence of e. Hence no path from
the program entry node to dom, contains an occur-



rence of e. Let some path from the program entry
node to x contain an occurrence of e. This implies
that the occurrence lies along a path from Idom,,
the immediate dominator of z, to z. If z has a
single predecessor then z must contain an occur-
rence of e, which is a contradiction. If z contains
> 1 predecessor, it must contain a ®-function for
e, which is also a contradiction. O

Lemma 2 If a node x does not contain a ®-function
for an expression e, then availability at its entry is
same as availability at the exit of its immediate
dominator Idom,,.

Proof : The lemma is trivially true if 2 has a sin-
gle predecessor p. Let  have > 1 predecessor. Let
availability at entry of x not be same as availability
at the exit of Idom,. Hence there is at least one
path « = (Idom,, ...z) which either generates or
kills the availability of e. If availability is killed a-
long «, then a contains a definition of some operand
v of e. This would lead to a ¢-function for v in x
which would give rise to a ®-function for e in z, a
contradiction. If availability is generated along «,
then there is an occurrence of e along a;, which will
lead to a ®-function in z for e, a contradiction. O

Computation of availability needs a preorder
traversal on the dominator tree of the PFG. Since
availability is a forward problem, availability at en-
try is propagated to the exit of the node using local
information concerning the node. Following Lem-
ma 2, if a node does not contain a ®-function, then
availability at its entry is same as availability at the
exit of its immediate dominator. If a node contains
a ®-function h; + ®(...), then three possibilities
exist concerning availability of the expression at its
entry. Availability of e at entry to the node is false
if availabley,, = false. If a ®-operand h; is itself
the result of a ®-function, then availability tran-
sitively depends on availability at the ®-function
hj < ®(...) it would be false if availability is
false at the ®-function of h;. Finally, availability
is true if has_real_usep; = true for each ®-operand
hj.

The algorithm to compute availability consist-
s of two passes as shown in Fig. 2. The first
pass traverses all ®-functions. For each ® func-
tion h; < ®(...) it sets availability to false if avail-
ablelh;] = false. It then resets availability of al-
1 ®-functions which have h; as a ®-operand and
has_real_usep,; = false. The second pass of the al-
gorithm makes a preorder traversal on the domi-
nator tree of the program flow graph to compute
availability at the entry and exit of the node. We
use Lemma 2 to compute availability at the entry

Algorithm Compute_availability (Droot)
{

V ®-functions hj < ®(...) 3 available[h;] = false
V ®-functions h; < ®(...,hj,...) >
available[h;] = true and has_real_use[h;]
= false at h;

Reset_availability (h;);

Let x be the current node visited in preorder;

If x is the entry node of PFG, then
avail-at-entry[z] + false;

Y expressions e
If (x contains a ®-function) then {

Let h; be the target of ®-function;
avail-at-entry[z] + available[h;];
}
Else {
Let Idom, be Immediate dominator of x;
avail-at-entry[z] < avail-at-ezit[Idom,];
}
If (node_type[x] is empty) then
avail-at-ezit[z] « avail-at-entry(z];
Else If ((node_type[x] is avail)
or (node_type[z] is both)) then
avail-at-exit[z] + true;
Else avail-at-exit[z] « false;

}

Procedure Reset_availability(h;)

available[h;] « false;
YV hi 2 hyg (—(I)(...,h,i,...)
If available[hy] = true and has_real_usep,
= false at h; then
Reset_availability (hy);

Figure 2: Computation of availability

of a node. Since the algorithm makes a preorder
traversal on the dominator tree of the PFG, a node
is visited only after all its dominators have been
visited. If a node b; does not contain a ®-function,
then avail_at_entry is simply avail_at_ezit of its im-
mediate dominator.

Figure 3 shows the dominator tree for the pro-
gram of Fig. 1. Figure 4 illustrates its PRESSA
form, in which broken lines indicate def-use chains
of h. The special version L is assigned to a x b at
the exit of blocks by, bs and bg because a * b is not
available at their exit. Hence availabley,, = avail-
ablep, = available,, = false. During availability
computation this leads to avail_at_exit = false for
all nodes in G except for nodes by and bg. Note
that has_real_usep, = true for the ®-function of hy



Figure 3: Dominator tree
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located in node by and has_real_usep, = true for the
®-function of hs located in node by.

3.4 Computation of Anticipatability

Computation of anticipatability requires two pass-
es. The first pass computes anticipatability at each
®-function. This pass is analogous to the Down-
Safety pass of SSAPRE [2] (it uses a property called
down_safe which can be computed during renam-
ing). The second pass computes anticipatability at

the entry and exit of each node. This is achieved
through a postorder traversal of the dominator tree.
The exit property of a node is propagated to its en-
try using the node_type attribute computed during
® insertion. Anticipatability at the exit of a node
is computed from anticipatability at the entry of
successor nodes. If anticipatability at the entry of
a successor is not known, we recursively compute
it before resuming the normal postorder traversal.
Figure 5 contains the algorithm for computation of
anticipatability. In the PRESSA form of Fig. 4,
down_safe is computed at nodes bg, by and b3. It
is false in the first case but true in the other two
cases. Anticipatability at entry of node bg is true
since the node is antloc. Propagation of these val-
ues yields Anticipatability = true at the entry of
blocks b3, b4, b5, bﬁ, b7 and bg.

3.5 Computation of Eliminatable
paths

This step constructs an eliminatability graph G
such that each path in (G; is an e-path in G. N-
odes and edges in G are the nodes and edges in G,
except for one difference some nodes of G are
split into two nodes of G;. This is done to facili-
tate construction of G;. Node splitting is motivated
by the following considerations: An e-path for ex-
pression e starts with a node whose node_type is
avail or both (we will call this a start node), ends
with a node whose node_type is antloc or both (an
end node), and all intermediate nodes z in it have
node_type, = empty and avail_at_exit, = true or
ant_at_exit, = true. It may be noted that a node
x with node_type = both could be the end of one
e-path and start of another e-path. To simplify the
identification of e-paths, we split each such node z
into nodes ' and z°%f, which represent the parts
containing the entry and exit of node z, respec-
tively. All in-edges of node z become in-edges of
z'™ and all out-edges of node = become out-edges
of z°%*. Nodes z!" and z°** do not have any out-
edges and in-edges, respectively. As described at
the start of this section, the motivation for build-
ing G| is to avoid having to trace individual e-paths
in G.

The algorithm performs a preorder traversal on
the dominator tree of the program flow graph and
selectively adds nodes and edges to G;. It performs
the following actions for each node z visited during
the traversal: If z can be an intermediate or end
node of an e-path (indicated by node_type, = emp-
ty/antloc/both) and a predecessor p of = can be a
start or intermediate node of an e-path (indicated



Algorithm Compute_Anticipatability (Droot)

{

}

vV

ant-at-ezit[z] < ant-at-entry[z] + true;
ant-at-exit[exit] « false;
ant-at-entry[Droot] < Anticipatability (Droot);

boolean Anticipatability(Droot)

{

}

Let x be the current node in dom-tree visited
in postorder;
If (z is already visited) then
Return(ant-at-entry[z]);
For all expressions e do {
If (x is not exit) then {
If (3 y € suce(z) >
ant-at-entryly] = false) then
ant-at-exit[x] « false;
Else {
Vy € succ(x) 3> y is not visited
Ant_at_Successors(y);
ant-at-exit[x] <
HyEsucc(m) ant_at_entrY[y];
}
}
If (node_type[z] = empty) then
ant-at-entry|z] < ant-at-ezit[z];
Else
If (node_type[z] = avail or others)
then ant-at-entry[z] < false;

}

Return(ant-at-entry[Droot]);

Procedure Ant_at_Successors(y)

{

If (y is a loop entry node) then
ant-at-exit[z] < ant-at-exit[z] and
down_safe(®-function in y);
Else
ant-at-ezit[x] < ant-at-exit|z)
and Anticipatability(y);

Figure 5: Computation of anticipatability

by node_type, = empty/avail/both) then edge (p, x)
is added to G;. Similarly an edge (z, s) is added for
a successor s if node_type, = empty/avail/both, and
node_types = empty/antloc/both. It now splits z if
node_type, = both as described earlier. This proce-
dure is conservative, hence some nodes created in
G; may not belong to an e-path. Hence we prune
the graph by removing all useless nodes from Gy,
where a useless node is an isolated node or a node
which has no successors but cannot be the end-node
of an e-path or has no predecessors but cannot be a
start node of an e-path. After this step, the graph
contains nodes which can be classified into start
nodes, end nodes and intermediate nodes strictly
according to Defs. 2.1 and 2.2. Note that G; can
be a multiple-entry multiple-exit graph which may
contain one or more connected components. Fig-
ure 6 shows this algorithm. Note that a node z; in
(7, is a node which corresponds to node z in G. We
use the superscript in or out if the node has been
split while constructing Gj.

Lemma 3 ;... 2 is amaximal pathin G, iffz. ..z
is an e-path in G.

Proof : (a) If part: Since z contains an available-
at-exit occurrence, z contains a locally available oc-
currence and all intermediate nodes are empty and
e is safe at their exit (see Defs. 2.1 and 2.2), n-
odes on the path a = [z ... 2] will be added to
G and none of them will be removed as a useless
node. Therefore there will be a corresponding path
ap = [z;...2z] in G;. Since x and y are start n-
ode and end node, respectively, |pred(z;)| = 0 and
|succ(y;)] = 0. Hence [; ... %] is a maximal path
in Gl.

(b) Only if part: a; = [z; ... z] is a maximal path
in G;. An edge (p;, q;) is added to G; only if an edge
(p, q) exists in G. Hence there exists a = [z...z]
in G such that z is a start node and z is an end
node. Let « not be an e-path in G. Hence some
node b in it is not empty or e is not safe at its exit,
or both. For such a node no node will be created
in (G;, a contradiction. O

Figure 7 illustrates G, for the program of Fig. 4.
Node bg is split into nodes b§" and bg"* since n-
ode_typep, = both. Nodes b7,, bs, and by, are added
to G| because they are empty. Nodes bs, and bg,
are added because they are antloc. Nodes by, and
by, would also be added, however they would be
removed during elimination of useless nodes.

3.6 Computation of Insertion Points

To perform insertion according to the code place-
ment criteria DPH-1 and DPH-2, we need to iden-



Algorithm Compute_elim_paths(Droot)
{

Traverse the dominator tree in preorder;

Set wvisited[x] of current node z to true;

If ((z is neither entry nor exit node)

and (node_type[z] = both)) then
Mark node z for splitting;

If (node_type[z] = empty) and

(avail-at-ezit|z] or ant-at-ezxit[z]) then {
Append_node_to_paths(z);
Append_successors(z); }

Else If (node_type[r] = antloc) then
Append_node_to_paths(z);

Else If (node_type[r] = avail) then

Append_successors(z);

Else If (node_type[z] = both) then {
Append_node_to_paths(z);
Append_successors(z);}

Remove all isolated nodes in Gi;
Uselessnodes, < {z; € G| | node_type, #
(both or avail) and |pred(z)| =0 }
Uselessnodes; < {z; € G | node_type, #

(both or antloc) and |succ(z)| =0 }
Vz € Uselessnodes, Remove_Uselessnodes, (z);
Vx € Uselessnodess; Remove_Uselessnodes; ();

}

Procedure Append_node_to_paths(z)

{
V y € pred(z) 3 (visited[y] and node_type,
=empty/avail/both) Add_edge(y,);

}

Procedure Append_successors(z)

{
Vy € succ(z) 3(visited[y] and node_typey
=empty/antloc/both) Add_edge(z,y);

}

Procedure Add_edge(z,y)
{
If (z has been marked for splitting) then
Create node z{“! in G if not present;
Else create node z; in G; if not present;
If (y has been marked for splitting) then
Create node ;™ in G if not present;
Else create node y; in G, if not present;
Add a directed edge (z],y; ") where
“*? is ‘out’, or blank and ‘**’ is ‘in’ or blank;

}

Procedure Remove_Uselessnodes, (y)

{

Sy « succ(y); Remove y from Gy;
Vz € Sy 3 |pred(z)| = 0 Remove_Uselessnodes, (z);

}

Procedure Remove_Uselessnodess (y)

{

Sy < pred(y); Remove y from Gy;
Vz € Sy 3 |succ(z)| = 0 Remove_Uselessnodes; (z);

Figure 6: Computation of e-paths

Figure 7: Illustration of e-path

Algorithm Compute_Insertion_Points(E-graph G;)
{
Insert = {};
YV € G
If | pred(z;) | # 0 then
V edges (y,z) € G 3
((y1, m1) or (yp™,x;) ¢ Gy and
avail_at_exit|y] = false) then
Insert = Insert |J {(y,z)};

Figure 8: Finding insertion points

tify all nodes y such that edge (y,z) exists in G
where z is an intermediate node or end node of an
e-path and edge (y, z) does not belong to an e-path.
Placement will now be performed in edge (y,x) or
in node y depending on part (c) of these criteria.
To implement the placement we identify all edges
(y,z) in G such that = is not the start node of an
e-path, edge (y,x) does not exist in G; and the ex-
pression is not available at the exit of y in G, and
mark them as potential insertion points. The deci-
sion whether to insert in an edge (y, z) or in node y
is taken during insertion in the next step. Figure 8
shows the algorithm. When applied to the G; of
Fig. 7, this algorithm computes Insert = {(by, b3),

(bs,b7)}

3.7 Insertion

The insertion step handles three issues: Deciding
whether insertions should be made in nodes or a-
long edges, determining the correct SSA versions of
expressions to be inserted, and handling extraneous
®-functions. The previous step has marked edges



(y, z) for insertion where z is a node in some e-path
w...z...z and edge (y,z) does not belong to an
e-path. Part (c) of the placement criteria DPH-1
and DPH-2 dictate that insertion should be per-
formed in node y if all paths starting on y have a
prefix y ...z such that node z contains an eliminat-
able occurrence of e, else insertion should be along
an edge (y, ). We implement this by inserting an
occurrence of e in node y if all its out-edges are
marked for insertion, else we perform insertion only
in the marked edges by splitting each marked edge
to introduce a synthetic block [4]. We maintain re-
naming stacks for all operands of an expression, as
also its result name, so that a correct SSA version
of the expression can be constructed for insertion.

Some ®-functions for e may be extraneous as fol-
lows: Consider a ®-function h; < ®(...) which is
followed by an occurrence of h; along some path.
If this occurrence of h; is eliminatable, then an
appropriate version of ¢, say t;, would be allocat-
ed to h; and the ®-function would be replaced by
t; + ¢(...) in the next step. If no occurrence of
h; is eliminatable, then the ®-function for h; is ex-
traneous. Such a function should be removed to
control the size of the SSA graph. Hence we detect
an extraneous ®-function and give a new version
number, say hg, to the first occurrence h; « ...
along a path starting on the ®-function. Uses of Iy
dominated by this version are now replaced by hy.
The extraneous ®-function is marked for deletion
in the next step. When an edge (y, ) is marked for
insertion of e, node z already contains a ®-function
for e. This function has a ®-operand corresponding
to the path ending in edge (y, ). When an expres-
sion h, < e is inserted in node y, or along edge
(y, ), the name h, replaces the original ®-operand
in the ®-function situated in z.

Figure 9 contains the algorithm for insertion.
Fig. 10 illustrates insertions performed by this al-
gorithm. Insertions have been performed in node
b5 and along edge b;_3. The SSA versions assigned
to these insertions replace the 1 operands in the ®-
functions situated in nodes by and b3, respectively.

3.8 Elimination of Redundant Com-
putations

This step first removes all extraneous ®-functions
marked in the previous step. It then traverses the
SSA graph of h to assign a new version of tempo-
rary t, say t;, to every version of h, say h;. The
definition h; + e in the start node of an e-path
and in a node marked for insertion is replaced by
t; < e. Each occurrence hy < ®(...hy...) is re-

Algorithm Insert(Droot : root of dom-tree)

{

}

Let x be the current node of dom-tree
in preorder;
Collect_versions(z);
If {(z,s) | s € succ(z)} C Insert then
Insert_in(x);
Else V (x,s) 2 s € succ(z)
If ((z,s) € Insert) then {
Insert a synthetic block b,_s to
split the edge (z, s);
Insert_In(b,—s);

Detect_ExtraneousPhi(z);
If all children of z in dom-tree have been
visited then
Pop all the versions pushed onto the
renaming stacks due to statements in x;

Procedure Insert_In(z)

{

}

Assign a new version, say hy, to the
target h of inserted computation;
Push the hj onto the renaming stack of h;

Replace the corresponding ®-operand
(if any) in the successor(s) of z by hg;
Insert an SSA version of the assignment
hr < e at the exit of z using
versions of the operands at the top of
their renaming stacks;

Procedure Detect_ExtraneousPhi(z)

{

}

If ((x is not in an e-path) and
(z contains a ®-function h; < ®(...))
and (avail-at-entry[x] = false or h; has no
use in the program)) then
eztraneousPhi[z] < true;
If 3 an occurrence of e with version hy in z 3
an extraneous ®-function (of some node)
has the same version number h; then
Assign a new version to hy;
Push it onto the renaming stack of e;
Replace all other uses of h; that are
dominated by the occurrence of e
with version hj by this new version;

Procedure Collect_version(z)

{

V assignments of the form h + ...

or an assignment to an operand opd of e in z

in the order of their lexical occurrences in x
Push the version given to h (or opd)
onto the renaming stack of e (or opd);

Figure 9: Insertion of expressions
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Figure 10: The PFG after insertion of computa-
tions.

placed by t, < ¢(...t;...), where t, is a unique
temporary name, and each use of h;, is replaced by
ty. If tg < ¢(...) contains an h version, say h,,, as
an operand, then h,, is replaced by a unique %, in
the definition and all uses of h,,. The algorithm is
given in Fig. 11. Figure 12 illustrates the optimized
program after this step. The definition hg < a * b
in node b5 has been replaced by t4 + a4 x by and
the occurrence of hg in by is replaced by ¢4 (and the
®-function is replaced by a ¢-function). The name
t; has been used for the insertion hs < a % b in
node b;_3. The occurrence of hs in the ®-function
ha + ®(hs,hs) of node by leads to replacement
of the ®-function by the ¢-function ty « ¢(t1, h3)
and replacement of hs in by, bg and by by t5. It also
leads to replacement of h3 by t3 in nodes bs, b7 and
bg.

4 Concluding Remarks

The advantages of E-path_PRE are simplicity, un-
derstandability and efficiency. E-path_.PRE does
not involve use of complex data flows. It uses
only well-known fundamental data flows of avail-
able and anticipatable (i.e. very-busy) expression-

Algorithm Eliminate redundancy(PFG G)
{

Remove all extraneous ®-functions;

Traverse each SSA def-use graph;

Let node z contain a definition h; < ...

If (the definition is h; < ®(...)) then
If (z is an intermediate or end node) then {

Generate a unique t; for hy;
Replace the ®-function by t; « ¢(...);
Replace_use(hy, t;);
If (t; « ¢(...) has an h operand) then
Replace_operand(t;);
}
Else If ((the definition of h; is an inserted
occurrence or z is a start node) or (z has a
definition and a real occurrence of h;)) then {
Generate a unique t; for hy;
Replace the definition h; < e by t; < e;
Replace_use(hy, t;);

}

Remove all remaining ®-functions;

Remove all remaining h versions, without

removing the occurrences of the expressions;

}

Procedure Replace_use(hy, t;)
{
For each entry in the def-use chain of h;
If use is of the form hy < ®(...h;...) then {
Generate a unique name t4 and replace
the ® function by tg < ¢(.. . t;...);
Replace_use(hy, tg);
If (t; + ¢(...) contains an h operand)
then Replace_operand(t,);
}
Else
Replace the use by t;;

}

Procedure Replace_operand(t;)

{

For each h-operand hy of t; < ¢(...) {

Generate a unique t; for hy;

If the definition of hy is hy < ®(...) then {
Replace the ®-function by ¢; + ¢(...);
Replace_use(hy, t1);

If (3 an h operand of ¢;) then
Replace_operand(#;);
}

Else {
Replace the definition hy < e by t; < e;
Replace_use(hy, t;);

Figure 11: Elimination of redundancies
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Figure 12: The optimized program

s [1, 23]. It also involves less work than SSAPRE,
the SSA-based approach of [2]. In the four stages
which are applied on an expression by expression
basis, E-path_.PRE performs five passes over the
program, which matches the number of passes in S-
SAPRE. Computation of e-paths requires two pass-
es whereas WillBeAvail stage of SSAPRE also re-
quires two passes. However, the work done dur-
ing the e-paths computation passes is much less
than the work done by SSAPRE during the Will-
BeAvail passes, since our passes are mere graph-
related as against the WillBeAvail passes which
need to process the computations in each node.
Computation of insertion points is performed on
the e-graph which is smaller in size compared to
a PFG. E-path_.PRE computes seven global prop-
erties, viz. available, down_safe, availability, an-
ticipatability, extraneousPhi, has_real_use and In-
sert; and one local property node_type of a n-
ode. SSAPRE computes nine global properties, viz.
has_real_use, down_safe, can_be_avail, will_be_avail,
later, insert, avail_def, save and reload.

Other advantages compared to the SSA based
approach of [2] are as follows: E-path_ PRE does not
perform (even conceptually) hoisting followed by
sinking of expressions in order to find placements

11

which provide life-time optimality. Since it follows
the approach of edge-placement [4, 9], it uses edge-
splitting in a demand-driven manner rather than as
an a priori step in a pre-pass of optimization. This
is beneficial on many counts: The effort of identi-
fying critical edges can be avoided; the algorithm
identifies critical edges which need to be split dur-
ing the process of code insertion. This approach
also avoids the drawback of [2] wherein a computa-
tion may be inserted along all out-edges of a node,
if all are critical edges, instead of being inserted at
the end of the node. Correctness and minimality
of the insertions performed by our approach follow
from [11], where formal proofs of these properties
are offered.

All steps in our algorithm are linear with respect
to the number of basic blocks and edges in the PFG.
The complexity of the algorithm is O(n + €) for a
program size of one. For a program size of m the
complexity is O(m(n + e)), where n and e are the
number of nodes and edges in G.
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