1. Soundness

nmere . _,
In this section we provide a proof that asserts that transactional @’5,” (t7, M, FlisolatedEvt(vi,v2)]) = ©,K; = ...

evaluation in which isolate execution is defined via state partition-
ing (=) is equivalent to transactional evaluation in which isolate
arguments are evaluated in an arbitrary serial orde). We also

provide a proof that asserts that transactional evaluation in which

the left and right events of isolates are executed concurreaty)(

then there exists a evaluation sequence

=
0, Kp =&, K || (t7, M, FlalwvaysEvt (v}, v5)]),

such that allK; are well-defined token states.

The lemma states that any evaluation sequence defined via rela-
tion = starting at statep, K || (t7, M, F[isolatedEvt(v1, v2)])

is equivalent to evaluation in which the arguments are evaluated in ang ending at state, X' || (t7, M, FlalwaysEvt (v}, v4)]) has

a serial order-{»).

1.1 State Partitioning

We first prove transactional evaluation defined via state partition-
ing (=) is equivalent to transactional evaluation of isolates in an
arbitrary serial order{). We use transform functiod@ which we
define below.

THEOREM1.1. State Partitioning Soundness

If
®,K || (t7, M, F[isolatedEvt(vi,v2)]) = @, K1 = ... =
©, K= ®,K || (t7, M, FlalvaysEvt (v, v5)]),

then

T(®,K || (t7, M, FlisolatedEvt (v, v2)])) ~» Ky~ ...
K, ~ T(®,K || (t7, M, FlalwaysEvt (v}, v})])).

Theorem 1.1 states that if transactional evaluation defined via
relation = evaluates an isolate to an always event, then transac-

tional evaluation defined via» can evaluate the transform of the
initial state to the transform of the final state.

an equivalent evaluation sequence (also defined=vjawith the
same start and end state, such that all intermediate states are well-
defined token states. The proof leverages the observation that due to
the thread partitioning of theARALLEL FORK rule, a given thread
witnesses only the effects of one side of the isolate until the other
side completes and releases its partition (via rulesERSELEFT-
/RIGHT). Thus the side that completes first and releases its parti-
tion could have completed all its communication actions before the
other side began evaluating.

The proof of Lemma 1.2 is a proof by contradiction. Assume
the following transactional evaluation sequence defineg-hyoes
not have an equivalent evaluation sequence where all intermediate
states are well defined token states:

@, K || (t7, M, FlisolatedEvt(v1, 1)) = 'L, K1 = ... =

7
tl

9%, Kn= @& K || (t7, M, FlalwaysEvt (v}, v3)]).
This implies that all communication actions from one side of
the isolate whose arguments are being evaluated concurrently can
not have occurred before the first communication actions from the

other side. Therefore we know the following two statements hold:

Intermediate states in an evaluation sequence that define trans-

actional evaluation via relatios- may contain states that evaluate

isolates concurrently. An evaluation sequence that defines trans-

actional evaluation via relation», on the other hand, evaluates
isolates in an arbitrary serial order. Our proof utilizes a transform
function7 that mapswell-defined token statés an evaluation se-
quence defined via relatios- to intermediate states in an evalua-
tion sequence defined via.

DEFINITION 1. State®, K is said to be a well-defined token state
if any of the following conditions hold:

1. (tT,M, t1, tz) ¢ K

2.K =K || (t7, M, t1, t2) || (¢1,,v1) || (£5,-,v2)
3K =K || (t7, M, t1, ta) || (¢1, M, Flea]) || (£3, -, v2)
4K =K |[(t7, M, t1,t2) || (¢],,v1) || (£3, M2, Flea])
5. K =K || (t7, M, t1, t2) || (£],-, alwaysEvt v}) ||
(t3, M2, Flez])
6. F:?, H (tT7M7 t1, tQ) H ( I7M1,f[€1]) H
(t3,-, alwaysEvt vh)

7.K =K |[(t7, M, t:, t2) || (£, -, aluaysEvt v}) ||
(t3, -, alwaysEvt vh)

Thus, a state is well-defined if the left and right events of a con-
currently evaluating isolate are not both partially evaluated. Trans-
form function7 (see Figure 1) maps well-defined token states to
states in an evaluation sequence defined via relatioby identi-
fying the thread that initiated a parallel isolate along with the two

e The left side cannot have completed before the first communi-
cation action from the right side.

¢ The right side cannot have completed before the first communi-
cation action from the left side.

Note that in the original evaluation sequence, it could not have
been the case that the two sides of the isolate communicate with
each other since theaARALLEL FORK rule puts the two sides of the
isolate in different partitions. Thus the evaluation sequence must
contain intermediate states, K;, ®, K; and ®, K such that

1< j < kand:

o GaFZ = @;}/7?” (tT7Mat17t2) || (tIa'avl) || (t72—7',7}2)
o 67?.7' = 63/7?” (tTantlth) H (tI,M1,€1) H (t£7M27€2)

_ A
0, Kj = @;}_H K || (tTaMatiatQ) || (t71—a -,alwaysEvt 1}1)
|| (£3, -, alwaysEvt v5)

Furthermoree; must perform a communication that transitively
allows a communication that requires to complete, and must
perform a communication that transitively allows a communication
thate; requires to complete.

Since the evaluation sequence evaluates the right hand side of
the isolate (i.eez) to an always event, it must be the case that
communicates with a thread which may then communicate with
other threads;, such that that eitheror a thread irt subsequently

threads evaluating each part and replacing them with a single threadcommunicates with allowing it to complete (since, obviously

that sequences the two events.
LEMMA 1.2.

If
®, K || (t7, M, FlisolatedEvt(vi,v2)]) = O, K1 = ... =
0. Fn= &K || (v, M, FlalvaysEvt (v}, 0})]),

completes in the original evaluation sequence). By the structure of
the rules, the only way for threadand any thread im, which have
communicated (transitively) with the left side of the isolate @@,

to communicate with the right side of the isolate (&€), is for the

left side of the isolate to complete and release those threads from
its partition via rule RLEASELEFT. This contradicts the statement
thate, performs a communication that transitively allows a com-



7(9, K) = K

T = FH(tT M}—[’ULL’UQD
t T . T . T . — .
T(@?,,KH(‘C 7}—~M:t1at2)”(t1: 7”1)”(1;27 av2)) { KH( MJ_-[,U%va])
TS5, K || (t7, M, t1,t2) || (¢], M1, File1]) || e g . =F .. Fh
(t;,-t,vg)) - K| (7, M', Frlea]sr v2) f/:...:f;,,:M
TS5, K || (t7, M, t1,%2) || (¢7,-,v1) || - , Mo =F|:...: Fl =
/! i ) ) [ — K tT, M ,f es];r v 1 n
(t3, M2, Fale2])) I 2lezlir v1) =Fi ... Fp i M
T(e%, K || (+7, M, %1,%2) || (+7, -, alwaysEvt v}) | Z 1l (om0 , My =F|:...: F)
= K || (t7, M’ al Evt v]; 7
(t2,M27f2[e2])) (&7, M’ alwaysEve vy; 7 ez]) M =F:..:F,:M
T(eY, K || (¢7, M, t1,t2) || (+], My, Filea]) || - R’ M /) Ml Fiio o Fpe
(t7,-,alwaysEvt v})) - K |l (7, M, aluaysEvt vy;p File1]) .7:1 st FL M
T(@*//v K H (tT M t17t2) II (tl ,+,alwaysEvt 'Ull) || — 74 T /. /
(t1,, alwaysEvt v)) = K || (t7, M, alwaysEvt v} ;1 alwaysEvt v))
Figure 1. Transform function from=- to ~»
munication thate; requires to complete. Thus, by contradiction, If -
we have demonstrated that there must exist an equivalent evalu-X || (t M f[lsolatedEVt(vl,vg)D =K =... =
ation sequence defined by, such that all intermediate states of F, — K [| (t%%, M, FlalwaysEvt (v, v5)]),
that sequence are well defined states. then
UK || (7 LM, f[lsolatedEvt(vl,vg)])) o Ky no o
LEMMA 1.3. K '\»L{(K | (7 ,M,}—[alwaysEvt (v, v9)]))-
If o, K = @,?; and @,Firlld ®, K are well-defined token Theorem 1.4 states that if transactional evaluation defined via
states, thef (©, K) ~ 7 (0, K ). relation—> evaluates an isolate to an always event, then transac-

tional evaluation defined via» can evaluate the transform of the
The lemma states that evesy transition from a well-defined initial state to the transform of the new state.
state to a new well-defined state is equivalent to a transition from  Intermediate states in an evaluation sequence that define trans-
the transform of the initial state to the transform of the new state.  actional evaluation via relatioa=- may contain states that evaluate
The proof is a straightforward case analysis on evaluation multiple isolates concurrently. An evaluation sequence that defines

derivations®, K = @’?’, where botho, K and@,?’ are well- transactional evaluation via relatiew», on the other hand, eval-

defined token states. uates isolates sequentially in a single thread. Our proof utilizes a
The proof of Theorem 1.1 is by induction on the length of the transform function that mapsell-defined label stateis an evalu-

evaluation sequence. Given an evaluation sequéhce> ... = ation sequence defined via relaties> to intermediate states in an

Sn, the proof leverages Lemma 1.2 to reason about an evaluationevaluation sequence defined via

sequenceS; = ... = S,, thatis equivalentt&; = ... = Sy,

DEFINITION 2. A state in the—- sequence is said to be a well-

and contains |ntermed|ate states that are well- deflned token Statesgefmed label state if one of the following conditions holds:

Note that the proof only needs to consider sequences where the sta

state is®, because if the start stateds then it must be the case 4 (tﬂ M,ty,t:) ¢ K

that the sequence is bounded by a larger evaluation sequence that AR ol il Y

starts with a state with toke. 2. K =K || (40", M, ta, %) || (45, 01) [] (8337, v2) and
The base case is evaluation sequences with one intermediate K is well-defined

state (i.e. three states). Thus, the events being evaluated by thez ¥ — K’ [ (t;@ M, ty1,t5) || ( tI”aMa Flea) || (¢35 l,~,vz)

isolate are both always events. In this sequence, all three states are " "

=/ . .
well-defined token states. Therefore, by Lemma 1.3 there exists an and K" is well-defined

. . : 7 7 Tl LN 0.0
equivalent evaluation defined by on the transforms of the states 4. K = K R M e, t2) [ (t1 5 v1) [ (B2, M, Flea])
in the evaluation sequence. The inductive case also follows directly  and K is well-defined
by Lemma 1.3, 5. K =K || (21, M, t1,) || (£75',, alwaysEvt vf) ||

(t311, M, Flez]) and K is well-defined

1.2 Concurrent Isolates 7 s
6. K=K || (t', M, B to) [| (21, M, Fleal) ||

Next, we prove that transactional evaluation in which all isolates e '

execute their left and right events concurrently() is equivalent (5, aluaysEvt vh) and K is well-defined

to transactional evaluation via-. We use a transform function 7.K=K|| (t;l,M,tl,tQ) I (t;ﬁlLl, -, alwaysEvt v}) ||
U, which we define after we state the theorem, to map states that

0.0 /
A - tor ', al Evt and X is well-defined
relation—>- operates over to states that relationoperates over. (2 -, aluaysBut vp)

A state is well-defined if it has not partially evaluated both the
THEOREM 1.4. Capability Soundness left and right event of a concurrently evaluating isolate. Transform



U(K)

if (t;’z7 M, t1,t2) ¢ K

o ) . UE) || (67, M, Flotsz va])
N N ) _ ’ ’ ;
UK (5 F Mo t) || (s o) [ (R v2) = { UE) || (&7, M, Flozir v1))

— 7 7 T — My =F :...:F .
UK || (681, Mt ) || (6500 My, Frfea)) || (60!, ove)) = UE) [ (67, M, Falels, v2) M}:]—‘i: FL M
_ T T T — My = F} : C Fo
UK || 0 Mts,t2) || 6REh o) || (enkl Ma, Falea])) = UK) || (87, M, Fale2]sr v1) M?,]—‘{lz F M

UE || (677, M, 61, 2) || (6510, My, Filen)) | e / , My=Fp by

1 , M, %, » M1, = UK t7, M’, alwaysEvt v5;r File1 _ L
(t;’élw,alwaysEvt v2)) FOIIC v 2 [ea]) M'=F]: cFn i M
UK || (47, M, 21, 2) || (61, alwaysEve of) | s / : My =Ty i i

| , VL, ta, ) = UK t7, M', alwaysEvt v} ;1 Falea o e
(621, Ma, Falea))) O ysve v Faleal) v F UL E M

UK || (85", M, t1,t2) || (671, - alwaysEvt o)) ||

(tT,Ll

kg > ,alwaysEvt vh))

u

(K) || (t7, M, alwaysEvt v};7, alwaysEvt v})

Figure 2. Transform function from=- to ~»

function/ (see Figure 2) maps well-defined states by identifying

condition 1 of Definition 2. The middle intermediate state satisfies

the three threads in the state that represent each concurrently exeondition 7.

ecuting isolate, and replacing them with a single thread that se-
guences the two events.

LEMMA 1.5.

If

K || (t7', M, FlisolatedEvt(vi,v2)]) => K1
Ko, = K || (t%}, M, FlalwaysEvt (v}, 3)]),
then there exists a evaluation sequence

K || (¢%!, M, FlisolatedEvt (v, v2)]) = K
?; — K | (¢2', M, FlalwaysEvt (vi,v})]),
such that aIW; are well-defined token states.

The lemma states that any evaluation sequence defineg:via
starting at state || (t7, M, F[isolatedEvt(vi, v2)]) and end-
ing at stateK” || (t2'!, M, FlalwaysEvt (v}, v})]) has an equiv-
alent evaluation sequence (also defined=#a), such that all in-
termediate states are well-defined label states. Intuitively, we are
able to prove this lemma because thePEBILITY ENRICHMENT
rule guarantees that once threaldas witnessed the effects of both

For the inductive case, we consider the following two cases:

e Case 1: The evaluation sequence of lengtimposes an or-
dering on the arguments of a given isolate (i.e. the last state in
the sequence contains a thread that has capability LR or
¢ — RL for isolate?).

e Case 2: The evaluation sequence of lengtmposes no order-
ing on the arguments of a given isolate (i.e. all threads in the
last state in the sequence have capabdlity- L or £ — R for
isolate?).

The inductive hypothesis states that for an evaluation sequence of
lengthn, if case 1 holds, then evaluation of the left side/afan
occur before the evaluation of the right side/dfegins if¢ — LR
andvice versaf ¢ — RL. If case 2 holds then the derivations can
be permuted such that the left evaluates completely before the right
or the right evaluates before the left.

Note from the structure of the rules that capability enrichment
is completely independent of all other threads in the program state,
and that capabilities can only be enriched to further constrain the
communication and commit of transactional threads. For those

sides of an isolate, thus imposing a certain serial order on the eventd Ules that depend on thread having certain capabilities, we enumer-

of the isolate, the thread is only allowed to communicate with the
event that is ordered second. Until that point, communications with

the left and right sides of the isolate are independent and can thus

have happened in an order such that all communication with one
side occurred before all communication with the other.
The proof is by induction on the length of the evaluation se-

quence. For the base case the evaluation sequence is of length

2, where the two transitions applied areRALLEL FORK and
PARALLEL JOIN, and the isolate being evaluated takes two always

events as arguments, and there are originally no parallel isolates.

K || (t2%, M, FlisolatedEvt (vi, v2)]) =

K| (t;’f'z, F: M, ty,ts) || (tIf[fHL] ,+,alwaysEvt v1) ||
(t;f[f._)n] ,+,alwaysEvt vy) =

K || (¢%', M, FlalwaysEvt (v}, v5)]).
The proof trivially holds because all 3 states in the evaluation se-

guence are well-defined label states. The first and last state satisfy

ate all possible capabilities and show the proof condition holds for
all possibilities.

1. Case 1: Given evaluation sequence of lengtprove for evalu-
ation sequence of length+ 1 resulting from applying deriva-
tion K — K, such thatk = K" || (t gy M, €). With-

out loss of generality, we demonstrate the> LR case.
K| (7, M,e) ~ K || (t7, M, €')

K || (0, M,e) = K || (¢7°, M, ')

Thus, the subcases are the following:

i. STEPRUNTHREAD:
e —e

K || (t7, M, Fle]) ~ K || (¢7, M, F[e'])

(@) RUNTHREAD:

The inductive hypothesis states that for the evaluation
sequence of length, the left side of isolaté could have
been completely evaluated before any derivations ap-



plied to the right side of the isolate. The only reductions
are application and channel, both of which do not effect
any other thread and are not effected by other threads.
Thus, if threadt is evaluating the left side of isolate

it can be moved before all derivations that evaluate the
right side and still be an equivalent sequence with well-
defined label states. {f is evaluating any other thread,
the proof follows straightforwardly from the inductive
hypothesis.

. NESTEDSYNC:

K || (t7, M, Flsync v]) ~ K || (t7,F : M, v)

e the derivation only effects the evaluation of thread

e the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

N ESTEDSYNCCOMPLETE:

K[ (&7, 7+ M, alwayseve v) ~ K || (27, M, F[o])

e the derivation only effects the evaluation of thread

e the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

. THENALWAYS:

K| (t7, M, FlthenEvt(alwaysEvt (v1),v2)]) ~
K[| (¢7, M, Flvz v1])

¢ the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

. JOINLEFT:

K || (t7, M, FlalwaysEvt v1;1, alwaysEvt va]) ~»
K || (t7, M, FlalwaysEvt (v1,v2)])

e the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive

hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

Vi. JOINRIGHT:

K || (t7, M, FlalwaysEvt v1;R alwaysEvt va]) ~
K H (th M, f[alwaYSEVt (U27 ’Ul)])

e the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

(b) PARALLEL FORK:

(c

~

L fresh
K || (t%°, M, FlisolatedEvt(v1, v2)]) =
K| (' F oMoty ta) || (67 o) || (630!

Lie—t) 2[R

7'77)2)

The derivation evaluates one thread in the program state (i.e.
the one performing the isolate), and adds two new threads
to evaluate the left and right events of the new isolate.
If thread t is evaluating the left event of an isolate, the
derivation can be permuted to precede the evaluation of the
right event. By the inductive hypothesis, it holds that the
permuted sequence would comprise of only well-defined
label states and be equivalent to the original evaluation
sequence. It evaluates another thread, it follows from the
inductive hypothesis that the new sequence has only well-
defined label states, because in the new state both sides
of the isolate have yet to be evaluated, and thus is a well-
defined label sate.

PARALLEL JOIN: )
K= (tlfil[l»—» L]Tléllevel) H H
(tnmn[é._» L]T’Zn_v M’ﬂven) || ?l
K = (t16017% My,er) || ... ||
(tnnn o], My, en) || K

K| (et F e Mt t2) || (675

M, alwaysEvt v1) ||

1. I
- KoL)
(t;’_[[‘f a0 M, alwaysEvt va) = K" Il
Z
(tsz_]7 M, FlalwaysEvt (v1,v2)])

The derivation combines three states in the program state
that are evaluating a parallel isolate into a single isolate once
both the left and right event of the isolate have completed.
For the rule to apply, the rule requires all threads that have
communicated with isolatéto have the same capability for

£. In the new state the capability éfis erased because the
isolate has completed. If threadis itself the left event of

an isolate, then by the inductive hypothesis, all of its actions
can be permuted to precede the right event’s evaluation. As
argued before, all the capability enrichment rules that have
been applied to make the commit possible, can be permuted
such that they precede all of the left event’s evaluation. By
the inductive hypothesis, the resulting evaluation sequence
would be equivalent to the original sequence and contain
only well-defined label states. I is not evaluating the
left event of isolatel, the proof follows directly from the



inductive hypothesis because the new state is clearly a well-
defined label state.

(d) SENDRECV:

(t71';'7]\/[1, Fi[sendEvt(c,v)]) ||

(t;;, M, Fo[recvEvt(c)]) || K =
(t7, M1, F1[alwaysEvt unit]) ||
(t3), M2, Fa[alwaysEvt v]) || K

First we prove by contradiction that in the resulting state,

(t1

", My, Fi[alwaysEvt unit]) || (t3), M2, Fa[alwaysEvt v]) ||

K, there are no threads such tifat- RL. We know that

K

a1 7,0
K| (e];

¢1r» M, €). Assume there is a thread in

K" such that — RL. Thus:

K =K

>

N
| ‘ (t;[b_ﬂ_,ﬂ] )

M,e) || (¢ s M, ). For

isolate/ to commit (via rule RRALLEL JOIN) it must be
the case that all threads that have capabilitied foave the
same capability.

e t has capability — LR.

e t’ has capability — RL.

e The CAPABILITY ENRICHMENT rule, which asserts that

tags can be enriched, cannot enrichL&ncapability to
anRL capability, orvice versa

e For isolate/ to commit (via rule RRALLEL JOIN) it

must be the case that all threads that have capabilities
for ¢ have the same capability.

This implies the isolaté never commits. This contradicts
the original evaluation sequence which was able to join the
isolate (i.e. commit). Thus, there does not exist’ avith
capability/ — RL in the resulting state of the derivation.

i. £ — L: Threadst; andt. are not evaluating either side

of an isolate. Threads; andt. have capability — L,

and thus have not communicated with the right event of
an isolate, or with any threads that have communicated
with the right event. Thus, the communication can be
permuted to occur before the evaluation of the right
event, yielding an equivalent evaluation sequence with
well-defined label states.

. £ — R: Threadst; andt» have capability/ — R. It
holds from the inductive hypothesis that all intermediate
states with capabilitY — L can occur before this
derivation, yielding an equivalent sequence with well-
defined label states.

¢ — LR: Threadt, andt. have capability/ — LR.

The capability of the thread must have béeat some
point. By the inductive hypothesis, every evaluation step
evaluating the left side can be permuted to occur before
the transition ta.R and all of the rights evaluation. Thus,
the new sequence contains all well-defined label states.

(e) SENDRECVISOLATELEFT:

t€{L,RL} W' ¢l k(') =

0.0
L—,[e_» 0 My, Fy[sendEvt(c, v)]) ||

7 , My, Fa[recvEvt(c)]) || K =

[e—1]

I;-,[/?HL] , M1, Fy [alwaysEvt unit]) ||

(t3” X My, Fp[alwaysEvt v]) || K

TN

From the structure of the derivation (i.e. conditione

{L,RL}), we know:. =

L or RL. We prove that # RL.

The proof by contradiction in case 1d applies.

¢ — L: Threadt; is evaluating the left side of isolate

We proved that the new state cannot have a thread with
capability/ — RL. Thus,. = L, implying the commu-
nicating threads have not communicated with the right
event of an isolate, or with any threads that have commu-
nicated with the right event. Thus, the communication
can be permuted to occur before the evaluation of the
right event, yielding an equivalent evaluation sequence
with well-defined label states.

(f) RECVSENDISOLATELEFT:

t€{L,RL} W' g2 k(¥)=

(t‘{;f[zi " My, Fi[recvEvt(c)]) ||

(637, Mz, Folsendgvt(c,v)) || K =

0z
( ;;[ZHL]le,Fl [alwaysEvt v]) ||

(t;’.[z ] , My, Fr[alwaysEvt unit]) || K
-

The proof for this derivation is the same as the previous
case. The only difference is that the left isolate in this case
is receiving instead of sending.

(g) SENDRECVISOLATERIGHT:

t€{R,IR} W' g2 K(¥)=

(t2

0L

(t‘{;[ZH a0 M, F [sendEvt(c, v)]) ||
;[ZHL] , Ma, Fo[recvEvt(c)]) || K =
(tﬂl—f[fHR] , M1, Fi [alwaysEvt unit]) ||

(t;—;‘[eHL] , My, Fy[alwaysEvt v]) || K

From the structure of the rule (i.e. conditiore {R,LR}), it
follows that. = R or LR.

¢ = R: If threadt> has capabilityl — R, thents is
guaranteed to not have communicated with the left side
of the isolate. By the inductive hypothesis, it follows
that derivations that evaluate the left side of isolatan
occur before this derivation, thus yielding an equivalent
sequence with well-defined label states.

ii. « = LR: If threadt, has capability — LR, then at some

pointts had capability — L. By the inductive hypoth-
esis, it follows that every evaluation step evaluating the
left side can be permuted to occur before the transition
to LR and all of the rights evaluation; thus, resulting in
an equivalent sequence with well-defined label states.

(h) RECVSENDISOLATERIGHT:

t€{R,LR} W' ¢l k()=

(€ My Fy [recvEvt(c)]) ||

K[e— R

to , M2, Fa[sendEvt(c,v)]) || K =

25001

(t;;é[fHR] , M1, Fi[alwaysEvt v]) ||

(t;;[eHL] , M, Fs[alwaysEvt unit]) || K

The proof for this derivation is the same as the previous
case. The only difference is that the right isolate in this case
is receiving instead of sending.

(i) SENDRECVISOLATERIGHTISOLATELEFT:

t€{R,LR} ¢/ €{L,RL}
Vegiue k() =

(t;;[;H R uf]]
DM, Pafrecurve(@)]) | K =
g
( 2;[['/,_&11._“,]

M, Fi[sendEvt(c,v)]) ||

, M1, Fi [alwaysEvt unit]) ||

, M3, Fs[alwaysEvt v]) || K



From structure of the derivation,= L or LR and.’ = R or
RL. Two separate isolatesand ¢’ are communicating. We
prove that the left and right events of battand ¢’ can be
serialized.

i. (¢ = R,/ = L): It holds from the inductive hypothesis
that all intermediate states that communicate with the
left of £ can occur before evaluation of the right side of
£, including this communication step. By the structure of
the rules, threads can only communicate to one isolate
at a time (not botlY and ¢’). Therefore we can apply
the inductive hypothesis to isolatéas well. Thus, this
derivation can be permuted to precede the evaluation
of the right side of the isolate. Permuting derivations
as described yields an equivalent sequence with well-
defined label states.

ii. (¢ =R,.’ =RL): Same as case= R,/ = L.

iii. (¢ = LR,t’ = L): By the structure of the rules, the fact
that/ — LR implies that at some point in the thread
¢ — L. By the inductive hypothesis, it holds that all
derivations evaluating the left df can be permuted to
preced evaluation the transitiona and all evaluation
of the right. By the structure of the rules, threads can
only communicate to one isolate at a time (not bioéimd
¢'). Therefore we can apply the inductive hypothesis to
isolate?’ as well. Thus, this derivation can be permuted
to precede the evaluation of the right side of the isolate.
Permuting derivations as described yields an equivalent
sequence with well-defined label states.

iv. (¢ = LR,/ = RL): Same as case= LR,.’ =L

()) RECVSENDISOLATERIGHTISOLATELEFT:
ve{r,IR} € {L,RL}
VEgIUl k(L) =
oz
(O] M FilrecvEvs(©)]) |

Nz _

S e o M2, Fa[sendEve (e, v) [| K =
')

(t;;szn,z/H,,/] , M1, Fi[alwaysEvt v]) ||

( ;?{'-" » My, Fo[alwaysEve unit]) || K

(t

2 =L, b

The proof for this derivation is the same as the previous
case. The only difference is that the right isolate in this
case is receiving and the left is sending, instead of the right
sending and the left receiving.

2. Case 2: Given evaluation sequence of lengthprove for
evaluation sequence of length+ 1 resulting from applying

derivatonK — K, such that(t+™!__ M,e) ¢ K and

- o K [€—RL]
(t;’[ﬁHLR],M, e) ¢ K. Thus, threads have not witnessed the
effects of both the left and right event of isoldte
K| (t7,M,e)~ K || (7, M, ¢)

K| (0% M,e) = K || (+1°, M, )
Thus, the subcases are the following:

(&) RUNTHREAD:

i. STEPRUNTHREAD:
e— e

K || (t7, M, Fle]) ~ K || (t7, M, Fle'])

The inductive hypothesis states that for the evaluation
sequence of length, the left side of isolaté could have
been completely evaluated before any derivations ap-
plied to the right side of the isolate. The only reductions
are application and channel, both of which do not effect

any other thread and are not effected by other threads.

Thus, if threadt is evaluating the left side of isolate

it can be moved before all derivations that evaluate the
right side and still be an equivalent sequence with well-
defined label states. {f is evaluating any other thread,
the proof follows straightforwardly from the inductive
hypothesis.

i. NESTEDSYNC:

K[ (&7, M, Flsyne v]) ~ K || (¢, F : M, v)

e the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

N ESTEDSYNCCOMPLETE:

K || (t7,F : M,alwaysEvt v) ~ K || (t7, M, F[v])

e the derivation only effects the evaluation of thread

e the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

. THENALWAYS:

K| (t7, M, FlthenEvt(alwaysEvt (v1),v2)]) ~
K[| (¢7, M, Flvz v1])

e the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

JOINLEFT:

K || (t7, M, FlalwaysEvt v1;1, alwaysEvt va]) ~»
K || (t7, M, FlalwaysEvt (v1,v2)])

e the derivation only effects the evaluation of thread

¢ the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.



vi. JOINRIGHT:

K| (t7, M, FlalwaysEvt v1;g alwaysEvt va]) ~
K || (t7, M, FlalwaysEvt (v2,v1)])

e the derivation only effects the evaluation of thread

e the derivation does not depend on actions of any
other threads

If t is evaluating the left part of isolaté then the
derivation can be permuted such that it precedes all of
the right event’s evaluation. It follows from the inductive
hypothesis that such an evaluation sequence has only
well-defined label states and is equivalent to the original
sequence. It is evaluating any other thread, the proof
follows straightforwardly from the inductive hypothesis.

(b) PARALLEL FORK:

£ fresh
K || (t&*, M, FlisolatedEvt(v1, v2)]) =

7 N A0 AT
K[| (en! F e Moty ta) || (6770, o) (30

7'71}2)

The derivation evaluates one thread in the program state (i.e.
the one performing the isolate), and adds two new threads to
evaluate the left and right events of the new isolate. If thread
t is evaluating the left event of an isolate, the derivation can
be permuted to precede the evaluation of the right event. By
the inductive hypothesis it holds that the permuted sequence
would comprise of only well-defined label states and be
equivalent to the original evaluation sequence.dialuates
another thread, it follows from the inductive hypothesis that
the new sequence has only well-defined label states, because
in the new state both sides of the isolate have yet to be
evaluated, and thus is a well-defined label sate.

(c) PARALLEL JOIN:

K= (tlnl[lH L]lel’Mhel) H—/ I
(tnmn[ZH L]T)Z"7 M‘llven) || K

— 2

K = (t1p, 0017 Mise) || - |

>
_ (tnnn[£>—><]7—7£n7 M’ﬂ_: e’ﬂ) || K
K || (s P Mo, o) || (610

K[e—L]’

M, alwaysEvt v1) ||
(t;’e[f ) M, alwaysEvt vy) = K" [l
(tT’Z , M, FlalwaysEvt (v1,v2)])

K[l—-]
The derivation combines three states in the program state
that are evaluating a parallel isolate into a single isolate once
both the left and right event of the isolate have completed.
For the rule to apply, the rule requires all threads that have
communicated with isolatéto have the same capability for
£. In the new state the capability éfis erased because the
isolate has completed. If threadis itself the left event of
an isolate, then by the inductive hypothesis, all of its actions
can be permuted to precede the right event’s evaluation. As
argued before, all the capability enrichment rules that have
been applied to make the commit possible, can be permuted
such that they precede all of the left event’s evaluation. By
the inductive hypothesis, the resulting evaluation sequence
would be equivalent to the original sequence and contain
only well-defined label states. I is not evaluating the
left event of isolatel, the proof follows directly from the
inductive hypothesis because the new state is clearly a well-
defined label state.

(d) SENDRECV:

(ﬂ'b M., F) [sendEvt(C,U)L) I
(53, Mo, PalrecvBrt()]) | K =
(6], M1, Fi[alvaysEvt unit]) ||
(55", My, Fafavaysvt o]) | K

i. £ — L: From the inductive hypothesis, it follows that all
threads in the new program state have seen the effects of
neither the left or right of, or the effects of only one of
them. Thus, the evaluation steps of the left and right of
£ can be permuted such that the evaluation is serialized
in either order (i.e. left first then right or right first and
then left). Thus it follows that there exists a evaluation
sequence equivalent to the original with all well-defined
label states.

ii. £+— R:Same as the case for— L

iii. £ — LR: If the capability for{ is LR it must be the case
that at some point, it was enriched fram By the in-
ductive hypothesis, every evaluation step evaluating the
left side can be permuted to occur before the transition
to LR and all evaluation derivations of the right side,
thus creating an evaluation sequence with well-defined
label states that is equivalent to the original evaluation
sequence.

iv. £ — RL: If the capability for¢ is RL it must be the case
that at some point, it was enriched fraan By the in-
ductive hypothesis, every evaluation step evaluating the
right side can be permuted to occur before the transi-
tion toRL and all evaluation derivations of the left side,
thus creating an evaluation sequence with well-defined
label states that is equivalent to the original evaluation
sequence.

(e) SENDRECVISOLATELEFT:

t€{L,RL} W' ¢l k(£) =
(.75 My, FilsendEvt(c,v)]) ||
(tg;[eHL] , Ma, Fo[recvEvt(c)]) || K =
( 7,00
1t !
T,
(tQH[eHL] , My, FylalwaysEvt v]) || K

X M, Fi [alwaysEvt unit]) ||

i. . = L: If threadt, has capability — L, then it follows
from the inductive hypothesis that all threads in the
sequence have only seen the effects of zero or one side
of the isolate. Therefore, the evaluation of either side
could precede the evaluation of the other to create an
equivalent evaluation sequence that has all well-defined
label states.

ii. « = RL: If the capability for¢ is RL it must be the case
that at some point, it was enriched frain By the in-
ductive hypothesis, every evaluation step evaluating the
right side can be permuted to occur before the transi-
tion toRL and all evaluation derivations of the left side,
thus creating an evaluation sequence with well-defined
label states that is equivalent to the original evaluation
sequence.



() Re

CVSENDISOLATELEFT:
t€{L,RL} W' &L k()=

T,
(t2),,

1m[l7>—> L o
: ],Mg, Fs[sendEvt(c,v)]) || K =
K =
( T,0.0
lere—)?

(t-r,e.i ],M1,F1 [recvEvt(c)]) ||
]

M, Fi[alwaysEvt v]) ||

(£ , M, Fs[alwaysEvt unit]) || K

2k10—1]

The proof for this derivation is the same as the previous
case. The only difference is that the left isolate in this case
is receiving instead of sending.

(g) SENDRECVISOLATERIGHT:

tE€{RIR} VL K6 =

(h) Re

L.l

'{NVH W M, Fy[sendEvt(c, v)i) Il
],Mg, FsrecvEvt(c)]) || K =

a0 My, F1[alwaysEvt unit]) ||

, My, Fs[alwaysEvt v]) || K

K[l—1]

. ¢ = R: If threadt. has capability — R, then it follows

from the inductive hypothesis that all threads in the
sequence have only seen the effects of zero or one side
of the isolate. Therefore, the evaluation of either side
could precede the evaluation of the other to create an
equivalent evaluation sequence that has all well-defined
label states.

. ¢ = LR: If the capability for/ is LR it must be the case

that at some point, it was enriched fram By the in-
ductive hypothesis, every evaluation step evaluating the
left side can be permuted to occur before the transition
to LR and all evaluation derivations of the right side,
thus creating an evaluation sequence with well-defined
label states that is equivalent to the original evaluation
sequence.

CVSENDISOLATERIGHT:
t€{R,LR} W' &L k()=

(5,

Lile— r)

7Y My, Fi[recvEvt(c)]) ||
My, F[sendEvt(c,v)]) || K =

K[l—1] 1
( 7,40

s’ M, Fi[alwaysEvt v]) ||

(5 . My, Fp[alwaysEvt unit]) || K

2~[Z»—>z,

The proof for this derivation is the same as the previous
case. The only difference is that the right isolate in this case
is receiving instead of sending.

(i) SENDRECVISOLATERIGHTISOLATELEFT:

v€{R,LR} ./ €{L,RL}
VEgIul k(L) =
7
(tﬂl—n[zH R/ i]) My, By [sendEvt(c, Ul) H
(657 o o M PolrecvEve(e)]) || K =
Yy i
(tql—,‘;[e»—»R,e/HL/] ’ M17 Fy [alwaysEVt unlt]) H
g1 K
[ My, F[alwaysEvt v]) || K

k[t L0’

Two separate isolatesand ¢’ are communicating. By the
structure of the derivation rule,= R or LR and:’ = L or

LR.

For the possible cases foand.’, we prove that the left

and right events of bothand¢’ can be serialized.

(« = R,/ = L): By the structure of the rules, threads can
only communicate to one isolate at a time (not béth
andell’). Thus, it follows from the inductive hypothesis
that all threads have witnessed the effects of at most one

side of each isolate/ (and¢’) for then length evaluation
sequence. The right side df has not witnessed the
effects of the right side of’ and the left side of has
not witnessed effects of the left sidefThis derivation
maintains this invariant, and thus it follows that the left
and right events of both and¢’ can be permuted such
that their sides are serialized in either order, resulting in
an equivalent state with well-defined label sates.

(¢ = R,/ = RL): By the structure of the rules, threads
can only communicate to one isolate at a time (not doth
andell’). Thus, it follows from the inductive hypothesis
that all threads have witnessed the effects of at most one
side of each isolate/ @nd¢’) for then length evaluation
sequence. The right side 6has chosen serializati®i

for ¢ and the left side of’ has not witnessed the effects
from the left side of¢. Since thread:; has capability

¢ — RL, it must have been the case that at some point
t1 had capability?’ — R. It follows from the inductive
hypothesis that all the right events of isolatecan

be permuted to occur before the capability enrichment
to RL and the evaluation of the left event (yielding an
equivalent sequence). It also follows from the inductive
hypothesis that the evaluation of the left and right events
of isolate/ can be permuted such that the evaluation of
either event precedes the evaluation of the other (also
yielding an equivalent sequence). Thus, there exists an
equivalent evaluation sequence with well-defined label
states.

ii. (¢ = LR,/ = L): By the structure of the rules, threads

can only communicate to one isolate at a time (not lfoth
andell’). Thus, it follows from the inductive hypothesis
that all threads have witnessed the effects of at most one
side of each isolate/ @nd¢’) for then length evaluation
sequence. The left side éfhas chosen serializatiam

for ¢ and the right side of has not witnessed the effects
from the right side of’. Since thread has capability

¢ — LR, it must have been the case that at some point
t2 had capabilityl — L. It follows from the inductive
hypothesis that all the left events of isolatecan be
permuted to occur before the capability enrichment to
LR and the evaluation of the right event (yielding an
equivalent sequence). It also follows from the inductive
hypothesis that the evaluation of the left and right events
of isolate/’ can be permuted such that the evaluation
of either event precedes the evaluation of the other (also
yielding an equivalent sequence). Thus, there exists an
equivalent evaluation sequence with well-defined label
states.

. (. = LR,/ = RL): By the structure of the rules, threads

can only communicate to one isolate at a time (not
both ¢ and ell’). Thus, it follows from the inductive
hypothesis that all threads have witnessed the effects
of at most one side of each isolaté gnd ¢’) for the

n length evaluation sequence. The left side/ohas
chosen serialization.R for ¢ and the right side of
has chosen serializati®L for ¢'. Since threact, has
capability ¢ — LR, it must have been the case that
at some pointte had capability/ — L. It follows
from the inductive hypothesis that all the left events of
isolate? can be permuted to occur before the capability
enrichment taLR and the evaluation of the right event
(vielding an equivalent sequence). Since threadas
capability ¢/ — RL, it must have been the case that
at some pointt; had capability? — R. It follows



from the inductive hypothesis that all the right events of
isolate/’ can be permuted to occur before the capability
enrichment toRL and the evaluation of the left event
(yielding an equivalent sequence). Thus, there exists an
equivalent evaluation sequence with well-defined label
states.

(j) RECVSENDISOLATERIGHTISOLATELEFT:
¢t €{R,LR} /€ {L,RL}
VegIiul k() =

(tI’["é My, Fy [recvEvt(c)]) ||

K[— R, 0/ =]

(tger L o]’ My, Fa[sendEvt(c,v)]) || K =
7,0.0
( }NJE,_,R,WHL/] , My, Fy [alwaysEVt ’U]) H
, _
(et Mz, F[alwaysEvt unit]) || K

K[t/ e0]]

The proof for this derivation is the same as the previous
case. The only difference is that the right isolate in this
case is receiving and the left is sending, instead of the right
sending and the left receiving.

LEMMA 1.6.

f K = F;,,andf and K are well-defined label states, then
T(K) ~ T(K).

The proof is a straightforward case analysis on evaluation
derivationsKk —> K, where bothK and K are well-defined
label states.

The proof of Theorem 1.4 is by induction on the length of
evaluation sequenc; — ... — S,,. The proof leverages
Lemma 1.5 to reason about an evaluation sequéfice= ... —>
S7., which is equivalent taS5; = ... = S, and has the
property that all intermediate states are well-defined label states.
The induction follows directly by Lemma 1.6.



