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Abstract

This paperpresentsa nonlinearkinematictoleranceanalysisalgorithmfor planarme-

chanicalsystemscomprisedof higherkinematicpairs.Thepartpro�les consistof line and

circle segments.Eachpart translatesalonga planaraxis or rotatesaroundan orthogonal

axis.The part shapesandmotionaxesareparameterizedby a vectorof toleranceparam-

eterswith rangelimits. A systemis analyzedin two steps.The �rst stepconstructsgen-

eralizedcon�guration spaces,calledcontactzones,that boundthe worst-casekinematic

variationof the pairsover the toleranceparameterrange.The zonesspecifythe variation

of thepairsat every contactcon�gurationandreveal failuremodes,suchasjamming,due

to changesin kinematicfunction.Thesecondstepboundstheworst-casesystemvariation

at selectedcon�gurationsby composingthe zones.Casestudiesshow that the algorithm

is effective, fast,andmoreaccuratethana prior algorithmthat constructsandcomposes

linearapproximationsof contactzones.
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1 Intr oduction

This paperpresentsa nonlinearkinematictoleranceanalysisalgorithmfor planar

mechanicalsystemscomprisedof higherkinematicpairs.Kinematictoleranceanal-

ysisestimatesthevariationin thekinematicfunctionof systemsdueto manufactur-

ing variation.Designersperformthisanalysisto ensurethatsystemswork correctly

whenever they meettheir tolerancespeci�cations.

Thekinematicfunctionof asystemis thecouplingbetweenits partmotionsdueto

contactsbetweenpairsof parts.A lowerpair hasa �x edcouplingthatcanbemod-

eledas a permanentcontactbetweentwo surfaces.For example,a revolute pair

is modeledasa cylinder that rotatesin a cylindrical shaft.A higherpair imposes

multiplecouplingsdueto contactsbetweenpairsof partfeatures.For example,gear

teethconsistof involutepatcheswhosecontactschangeasthegearsrotate.Thesys-

temtransformsdriving motionsinto outputsvia sequencesof partcontacts.Small

part variationscanproducelarge motion variations,canalter contactsequences,

andcan introducefailure modes,suchas jamming,due to changesin kinematic

function. A completekinematictoleranceanalysismustboundthe motion varia-

tionsandmustdetectpossiblefailures.

Theprevailing mathematicalmodelfor kinematictoleranceanalysisis constrained

nonlinearoptimization.The constraintsspecify the allowable part variationsin

termsof toleranceparameterswith rangelimits. Theobjectivefunctionmapsapart

variationto theresultingkinematicvariation.Themaximumof this functionis the

worst-casekinematicvariation.Computingthe maximumis dif�cult becausethe

objective function is an implicit functionof the toleranceparametersandbecause

therearemany parameters.Onesolutionis to linearizetheobjective function.The

rationaleis thatnonlineareffectsareinsigni�cant becausethetoleranceparameters

have narrow ranges.But this rationaleis contradictedby testson commonhigher

pairs,suchascams,gears,andratchets.Thetestsshow that the linearizationerror

canreach100%andthatfailurescanbemissed.MonteCarlomethodsareanother

option,but they appearimpracticalbecauseof the large numberof tolerancepa-

rametersin applications.

Higher pairsareespeciallyhardto analyzebecausea separateoptimizationis re-

quired for every featurecontact.Typical pairshave tensof featurecontacts,and

hundredsof contactsarecommon.Eachcontactinvolvesdistinctpartfeaturesthat

dependon the parametersin a unique,nonlinearway. The analystmustcompute
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thevariationof everycontactthencombinetheresultsto derivethevariationof the

pair. Thesituationis muchworsein systemsof higherpairsbecausethenumberof

systemcontactsis theproductof thenumberof pair contacts.Prior work doesnot

provideanalysisalgorithmsthathandlemultiplecontactsor thatdetectfailures.

We have developeda kinematictoleranceanalysisalgorithmthat addressesthese

issues.The input is a model of a planarsystemand nominal systemcon�gura-

tions.Themodelspeci�esthepartshapesandcon�gurationsin termsof symbolic

parameterswith nominalvaluesandrangelimits. The algorithmconsistsof two

steps.The�rst stepcomputesthekinematicvariationof eachpair at every contact

con�guration.Thevariationis representedin a geometricformat,calleda contact

zone,thatgeneralizesourcon�gurationspacerepresentationof kinematicfunction

[1] to tolerancedparts.The contactzonesalsoreveal changesin kinematicfunc-

tion. Thesecondstepestimatestheworst-casesystemvariationat theinputsystem

con�gurationsby composingthecontactzones.Contactzonesareconstructedand

composedby novel forms of constrainedoptimization.We have testedthe algo-

rithm onmechanicalsystemscomprisedof commonhigherpairs.Extensivetesting

shows thatthealgorithmis moreaccuratethanlinearization,detectsmorefailures,

andsolvesreal-world problemsin underoneminute.

Therestof thepaperis organizedasfollows.Section2 reviewsprior work onkine-

matictoleranceanalysis.Section3 describesthecon�gurationspacerepresentation

of kinematicfunction.Sections4–6describethekinematictoleranceanalysisalgo-

rithm. Section7 containsresultsfrom � ve industrialtestcases.Section8 contains

asummaryandplansfor futurework.

2 Prior work

Mechanicalsystemsaretolerancedfor functionandfor assembly. Kinematictoler-

anceanalysisis themostimportantaspectof functionaltoleranceanalysisbecause

kinematic function largely determinesoverall function. Other factorsthat affect

function include inertia, stress,and deformation.Thesefactorsare secondaryin

low speed(quasi-static)systems,but canbecritical in highspeedsystems.Thepur-

poseof assemblytoleranceanalysisis to ensurethatthepartsof asystemassemble

despitemanufacturingvariation.The tolerancemodelsand the analysismethods

areverydifferentfrom thoseof functionaltolerancing,henceneednotbesurveyed
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here.

Prior work on kinematictoleranceanalysisof mechanicalsystemsfalls into three

increasinglygeneralcategories:static(smalldisplacement)analysis,kinematic(large

displacement)analysisof �x edcontactsystems,andkinematicanalysisof systems

with contactchanges.

Staticanalysisof �x edcontacts,alsoreferredto astolerancechainor stack-upanal-

ysis,is themostcommon.It consistsof identifyingacritical dimensionalparameter

(a gap,clearance,or play),building a tolerancechainbasedon partcon�gurations

andcontacts,anddeterminingthe parametervariability rangeusingvectors,tor-

sors,or matrix transforms[2,3]. Recentresearchexploresstaticanalysiswith con-

tact changes[4–6]. Con�gurationswhereunexpectedfailuresoccurcaneasilybe

missedbecausethesoftwareleavestheirdetectionto theuser.

Kinematic analysisof systemswith �x ed part contacts(mostly lower pairs) has

beenthoroughlystudiedin mechanicalengineering[7]. It consistsof de�ning kine-

maticrelationsbetweenpartsandstudyingtheir kinematicvariation[8]. Commer-

cial computer-aidedtolerancingsystemsincludethis capabilityfor planarandspa-

tial mechanisms[9]. Thekinematicvariationis computedby linearization,which

canbe inaccurate,or by Monte Carlosimulation,which canbe slow. Glancy and

Chase[10] describea hybrid algorithmthat computesthe �rst two derivativesof

thesystemfunctionwith respectto thetolerancevariables,calculatesthe�rst four

momentsof thesystemfunction,and�ts anempiricalvariationdistribution. This

type of analysisis inappropriatefor systemswith many contactchanges,suchas

theexamplesin thispaper. Theusermustenumeratethecontactsequences,analyze

themwith thesoftware,composetheresults,anddetectfailures.

We[11] developedthe�rst kinematictoleranceanalysisalgorithmfor systemswith

contactchanges.That researchintroducescontactzonesfor modelingkinematic

variationin higherpairsandcompositionfor modelingsystemvariation.Thezones

areconstructedandcomposedby linearization.This paperpresentssuperior, non-

linearconstructionandcompositionalgorithms.
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Fig. 1. Geneva pairandits con�gurationspace.

3 Con�guration space

We performkinematictoleranceanalysiswithin our con�gurationspacerepresen-

tation of kinematics[12,1]. The con�guration spaceof a pair is a manifold with

onecoordinateperpartdegreeof freedom(rotationor translation).Pointsin con-

�guration spacecorrespondto con�gurationsof thepair. Thecon�guration space

partitionsinto blocked spacewherethe partsoverlap,free spacewherethey are

separate,andcontactspacewherethey touch.Freeandblockedspaceareopensets

whosecommonboundaryis contactspace.Contactspaceis aclosedsetcomprised

of subsetsthatrepresentcontactsbetweenpartfeatures.

We illustratetheseconceptson a Geneva pair comprisedof a driver anda wheel

(Figure1). Thedriverconsistsof a driving pin anda lockingarcsegmentmounted

onacylindrical base(notshown). Thewheelconsistsof four lockingarcsegments

andfour slots.Thewheelrotatesaroundaxis
�

andthedriver rotatesaroundaxis
�

. Thepartdimensionsappearin Figures3 and4. Eachdriver rotationcausesan

intermittentwheelmotionwith four driveperiodswherethedriverpin engagesthe

wheelslotsandwith four dwell periodswherethe driver locking arc engagesthe

wheellockingarcs.

The con�guration spacecoordinatesarethe part orientations� and � in radians.

Thepair is displayedin con�guration �����	��
 , which is markedwith a dot. Blocked

spaceis the grey region, contactspaceis the black curves,andfree spaceis the

channelbetweenthecurves.(Freespaceis invisible here,but appearsasthewhite

regionsin Figures5 and6.) Freespaceforms a singlechannelthatwrapsaround

thehorizontalandverticalboundaries,sincethecon�gurationsat ��
 coincide.The
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Input: system,��� , ��� , ��� , con�gurations.

1. Construct��� con�gurationspaces.

2. Construct�������	����� contactzones.

3. Composecontactzonesat con�gurations.

Output: Contactzonesandsystemvariations.

Fig. 2. Kinematictoleranceanalysisalgorithm.

de�ning equationsof thechannelboundarycurvesexpressthecouplingbetweenthe

partorientations.Thehorizontalsegmentsrepresentcontactsbetweenthe locking

arcs,which hold the wheel stationary. The diagonalsegmentsrepresentcontacts

betweenthe pin andthe slots,which rotatethe wheel.The contactsequencesof

thepair arethecon�gurationspacepathsin freeandcontactspace.In a typical se-

quence,thedriverrotatesclockwise(decreasing� ) andalternatelydrivesthewheel

counterclockwisewith the pin (increasing� ) andlocks it with the arcs(constant

� ).

4 Kinematic toleranceanalysisalgorithm

We analyzesystemsof planarhigherpairswith parametrictolerances.A systemis

speci�edin aparametricboundaryrepresentation.Thepartpro�les aresimpleloops

of line andcircle segments.Line segmentsarerepresentedby their endpointsand

circle segmentsarerepresentedby their endpointsandradii. Eachpart translates

alonga planaraxis or rotatesaroundan orthogonalaxis.The segmentendpoints,

circleradii, andmotionaxesarerepresentedwith algebraicexpressionswhosevari-

ablesaretoleranceparameters.Thisclassof higherpairscovers90%of engineering

applicationsbasedon our survey of 2,500mechanismsin anengineeringencyclo-

pedia[12] andon our industrialexperience.

Figure2 shows the kinematictoleranceanalysisalgorithm.The inputsarea me-

chanicalsystem,avector ��� of initial parametervalues,vectors��� and ��� of lower

andupperparameterrangelimits, andalist of systemcon�gurations.Thealgorithm

consistsof threesteps:con�gurationspaceconstruction,contactzoneconstruction,

andcontactzonecomposition.Step1 is describedelsewhere[1]. Thenext two sec-

tionsdescribesteps2 and3, whicharethetechnicalcontributionof thispaper.
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5 Contact zoneconstruction

We modelkinematicvariationby generalizingcon�guration spaceto parametric

partswith tolerances.Kinematicvariationoccursin contactspace.As the param-

etersvary, the part shapesandmotionaxesvary, which causesthe contactcurves

to vary. Theunionof thevaryingcontactcurvesover theparameterrangesde�nes

a bandaroundthe nominalcontactspace,calleda contactzone,that boundsthe

worst-casekinematicvariationof the pair. In otherwords,the contactzoneis the

subsetof the con�guration spacewherecontactscan occur for someparameter

variation.Hence,kinematictoleranceanalysisis equivalent to contactzonecon-

struction.

Figure5ashowsthecontactzonethatouralgorithmgeneratesfor the26parameter

modelof the Geneva pair shown in Figures3 and4 with parametertolerancesof

�������! mmand �#"%$ . Thezoneis adetailof theportionof thecon�gurationspacein

thedashedbox in Figure1. This portion is the interfacebetweena horizontaland

a diagonalchannelwherethe driver pin leavesa wheelslot andthe locking arcs

engage.The two dark grey bandsthat surroundthe channelboundarycurvesare

thecontactzone.Thewhite region betweenthebandsis thesubsetof thenominal

freespacethatis freefor all parametervariations.

The contactzonerevealsthat the part variationscan causethe pair to jam. The

lower andupperbandsoverlapnearwherethe horizontalanddiagonalchannels

meet.The overlapmeansthat someparametervariationscausethe two contacts

to occursimultaneously, which yields a con�guration spacein which thechannel

is blocked(Figure6b). Figure6ashows the jammingcon�guration: thedriver arc

touchesawheelarc,whichpreventsthedriverpin from leaving thewheelslot.

Figure7 shows thecontactzoneconstructionalgorithm.Theinputsarea con�gu-

rationspace,nominalparametervalues,andrangelimits. A separatezoneis con-

structedfor eachcontactcurve in thecon�gurationspace.Thecurve is represented

by asequenceof pointssuchthattheresultingpiecewiselinearcurveapproximates

thecontactcurve to aninputaccuracy ( "&��')( in thispaper)[1]. Steps1 and2 of the

algorithmcomputethevariationateachcurvepointandstep3 links theresultsinto

acurvecontactzone.Theoutputis a list of thesezones.

Step1 formulatesa parametricequation*+�-,.�	��
0/1� for a contactcurve where ,

denotesthecon�gurationspacecoordinates,for example,2/3���)�4�5
 in theGeneva
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inner-arc-radiuspin-radius

pin-center

coordiantes-origin
rotation-center-offset-y
rotation-center-offset-x

outer-arc-radius

inner-arc-span

outer-arc-span

inner-arc-offset
outer-arc-offset

parameter value
pin-radius 4.5mm
pin-center 56.5mm
outer-arc-radius 46.0mm
outer-arc-span 6&7&8:9�;

$

outer-arc-offset <>=?<�9A@

$

inner-arc-radius 36.0mm
inner-arc-span 6&7&8:9�;

$

inner-arc-offset <>=?<�9A@

$

rotation-center-offset-x 80.0mm
rotation-center-offset-y 0.0mm

Fig. 3. Geneva driver model.

slot�axis�angular�offset
slot�axis�origin�y
slot�axis�origin�x slot�axis�angular�offset

slot�extent

slot�length
slot�near�width

rotation�angular�offset
rotation�center�y
rotation�center�x

arc�angular�oftset
arc�radius

arc�origin�angular�offset
arc�origin�radius

arc�span

slot�axis
slot�medial�offset

slot�far�width

parameter value
slot-axis-origin-x 0.0mm
slot-axis-origin-y 0.0mm
slot-axis-angular-offset ;�9�;

$

slot-extent 60.0mm
slot-length 4.0mm
slot-medial-offset 0.0mm
slot-near-width 10.0mm
slot-far-width 10.0mm
arc-origin-radius 80.0mm
arc-origin-angular-offset ;�9�;

$

arc-radius 46.68mm
arc-angular-offset ;�9�;

$

arc-span B�;�9�;

$

rotation-center-x 0.0mm
rotation-center-y 0.0mm
rotation-angular-offset ;�9�;

$

Fig. 4. Geneva wheelmodel.

pair. Thereis onetypeof equationfor every combinationof featuresandmotions,

suchasrotatingcircle/translatingline. For example,the driver/wheellocking arc

equationis �

�1CED�FHGJI

�

IKDML�N


POQ/R�-S

IUT


VO where
�

�

�

arethe centersof

rotation,
G

�

N

arethearccentersin partcoordinates,
DWF

�

DML

arerotationoperators,

and S%�

T

are the arc radii. The equationstatesthat the distancebetweenthe arc

centersequalsthedifferenceof their radii. Thecompletelist of equationsappears

elsewhere[1].

Step 2 computesthe worst-casekinematic variation at a nominal con�guration
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Fig. 5. (a)Detail of Geneva pair contactzone;(b) linearzone.
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Fig. 6. Geneva failure:(a) jammingcon�guration;(b) con�gurationspace.

Input: cspace,��� , ��� , ��� .
For eachcontactcurve
1. Formulateparametriccontactequation.
2. Generatevariationatcurvepoints.
3. Formcurvezoneandaddit to output.
Output: Contactzone.

Fig. 7. Contactzoneconstructionalgorithm.

�-,��&�	���X
 on a contactcurve.Thevariationis themaximumdistancethat thecurve

canmove in anorthogonaldirection(Figure8). Thevariationoccursin thedirec-

tion YZ/[�\*^])_a`b` *^]c`d` where *^] denotesef*W_:eg, andis evaluatedat ��,����	���h
 . The

two Y valuesyield pointson theupperandlower boundariesof thecontactzone.

The variation for �3/i��j is the �rst intersectionof the line ,k/l,��

Cnm

Y with
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Fig. 8. Kinematicvariation.

thecontactcurve *o��,p�>��j-
W/q� , which is thesmallestpositive root of r �

m

�>��js
�/

*o��,��

Ctm

Yu�	�vj�
 . Laterintersectionsarenot reachable(lie outsidethecontactzone)

becausethey areblocked by the �rst intersection.Figure8 shows the �rst inter-

sectionsfor
�xwX�����y�y�	�vz

, which de�ne thevariations
,.wh�����y�y�>,�z

, andthesecondin-

tersection
,

(

and
,�{

with the
�|w

and
�

O

curves.The worst-casevariation is the

maximum
m

for
�

in theparameterrange.

Computing
m

is a nonstandardoptimizationproblem:�nd a � thatmaximizesthe

�rst positive root of r
�

m

�	��
}/~� subjectto the parameterrangelimits. Thereare

two typesof local maxima.Type1 occurswhen r�••€
/‚�

and r„ƒ
/‚�

. We cansolve

r
�

m

�	��
o/i�
for

m

/J…†����

with ‡

…ˆ/

I

r„ƒ
_

r‰• in a neighborhoodof this point

by theimplicit functiontheorem.Thepoint is anextremumof
…

because‡
…Š/‹�

.

Type2 occurswhen r„•
/n�

, for exampleŒg• in Figure8. Thechainrule shows that

Y•Ž:*^]•/[�
, which meansthat the line

,��

CKm

Y
is tangentto the

�
contactcurve.

Everynearby� valueyieldsacurve thateitherdoesnot intersecttheline or whose

�rst intersectionis before
m

.

Figure9 shows our algorithmfor computing
m

via a sequenceof line searchesin

�
. Step1 initializes

�‘/’���
and

m

/3�
. Step2 testsfor thetwo typesof maxima.

Steps3–8 searchthe line
�

CU“

‡
…

for the �rst maximumof
m

in the positive
“

direction.This line is chosenbecause
…

increasesmostrapidly in the ‡
…

direction.

The planecurve ”
�

“

�

T


•/
r

�

mQC1T

�	�

Cn“

‡
…�
–/ �

is tracedby the homotopy

continuationmethod[13]. Step3 startsthecurve at �

“

���

T

�	
—/q�-���	�!
 andsteps4–5

generatea sequenceof points �

“

j˜�

T

j�
 . Thegradientsearchdirectionensuresthat
“

and
T

areincreasingat
“

/™� . Thesequenceendsatstep6 whenthecurvebeginsto

decreasein
T

or
“

. At
T

turningpoints,a type1
T

maximumoccursbetweenpoints
š

I

"
and

š

andis foundby Newton iterationon ”
/E���

”g›
/E�

. At
“

turningpoints,

10



Input: r , ��� , ��� , ��� .
1. Set �•/Kœf��•

m

/™� .
2. If r‰• /U� or r‰ƒ /U� return.
3. Set

T

/™��•

“

/U��•

š

/U��• ‡ …ž/

I

r„ƒ _ r‰• .
4. Set

š

/

š

C

" andcompute�

“

jŸ�

T

j�
 .
5. If

“

j

'

w5 

“

j and
T

j

'

w5 

T

j goto4.
6. If

T

j

'

w^¡

T

j solve ¢ ” /™��• ”£› /U��¤

elsesolve ¢ ” /K��• ”f¥ /™��¤ .
7. Set

m

/

m\CZT

•	�•/K�

C¦“

‡ … .
8. Goto2.
Output: � ,

m

.

Fig. 9. Algorithm for computing§ .

a type2 maximumis foundby solving ” /¨��� ”c¥ /¨� . Step7 updates
m

and � and

thecurrentline searchends.In the
“

case,thealgorithmexits becauser�•
/

”g¥
/U� .

Theline searchendswhenthe�rst maximumis found.If othermaximaoccurfur-

ther along ” , they will be found by later line searches.Nonehave beenobserved

to date,presumablybecausethey would arisefrom thecubictermof theobjective

function,which is negligible in practice.If theline reachesa rangelimit of param-

eter ,�j , the
š

th termof ‡
… is setto zerofor theremainderof theline search,which

is equivalentto treating,�j asaconstant.

Ourprior algorithm[11] linearizesr around �����	���X
 to obtain
m

*—]\Ž%Y

C

*
ƒ

Ž)�-�

I

���h
0/’� thenuseslinearprogrammingto maximize
m

subjectto this equalityand

to theparameterrange.Figure5b shows theresultsfor theGenevapair. Thelinear

zoneis mostly accurate,but the lower bandis much too narrow nearwherethe

horizontalandverticalchannelsmeet.Theerrorat themeetingpoint misleadsthe

analystto believethatthechannelis alwaysopen,hencethatjammingcannotoccur.

This typeof errormotivatesthenonlinearalgorithm,which producestheaccurate

zoneshown in Figure5a.

6 Contact zonecomposition

The �nal stepin kinematictoleranceanalysisestimatesthekinematicvariationof

a systemin an input con�guration. Supposethat an input drives part A, which

drivespartB, which drivespart C. The A/B contactzoneyields the interval of B

valuesat theinput A con�guration.TheB/C zoneyieldstheC variationat eachB

con�guration in this interval. The algorithmcomposestheseresultsto boundthe
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C con�gurationsat theinput systemcon�guration.Theoptimizationproblemis to

�nd � valuesthat maximizeandminimize ©¦/ª…†�-«a�	��
 subjectto «Z/ r �s¬†�&�	��


andto therangelimits. Here r ��¬��>��
 is the
�

_

�

contactcurve, …­��«c�>��
 is the
�

_„*

curve,and ¬f� is thenominal ¬ value.An arbitrarylengthchainof partsis composed

via ananalogousoptimization.

Compositioncanbeperformedbyageneralizationof thealgorithmfor computing
m

in theprevioussection,but thisapproachis complicatedandslow. Thereare
N•I

"

implicit functionsin a chainof
N

parts,versusone function in the contactzone

algorithm.Theoptimality conditionshave numerousspecialcases.Thehomotopy

mustbereplacedwith an
N®I

" dimensionalsearch,which is ordersof magnitude

slower.

We preferto computea boundinginterval for thesystemvariationby fast,simple

methods.Theupperboundis obtainedby interval arithmetic:the © variationat ¬v�

is boundedby the union of the © variationsat « over the « variationat ¬­� . The «

variationat ¬a� is theintersectioninterval, �¯«�wX�>«

O

� , of theline ¬–/‚¬f� with theA/B

contactzone.The © variationover this interval is the intersectionof the rectangle

«)w5°ˆ«Š°ˆ«

O

with theB/C contactzone.

Interval arithmeticcanoverestimatethe © variationwhen r and … sharetolerance

parameters.Themaximum r and … variationscannotoccurtogether, sinceoneoc-

cursat œa± andtheotheroccursat œf² , but interval arithmeticassumesthatthey can.

A lower boundis obtainedby heuristicparameterspacesampling.The line seg-

ment ��œc±:�Hœf²³
 is sampledatamoderatenumberof points(10 in ourexamples),© is

computedat eachsamplepoint, andthemaximumis returned.Theminimumof ©

is estimatedin thesameway.

We illustratecompositionon a gearselectorthatwe analyzedwith Ford engineers

[14]. Themechanismconsistsof acam,apin,apiston,anda�x edvalvebody(Fig-

ure10a).Thepin rotatesaroundanattachmentpointonthevalvebodyandis spring

loaded.Thepistontranslatesalongthevalvebodyaxis.Thecamrotatesaroundan

axis at its centerand is coupledto the piston.The piston length is 111.9cm,the

tips of the triangularcavities in thecambottomare60–61cmfrom its center, and

thedistancebetweenthepin andits centerof rotationis 92.3cm.Thedriver rotates

the caminto oneof the seven gearsettings(1, 2, 3, D, N, R, P) with a gearshift

(not shown) then releasesthe gearshift.The pin rotatesclockwise,engagesin a

triangularcavity in thecambottom,andlocks thecaminto thecurrentsetting.In
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Fig. 10.(a)Gearselector;(b) pin/camcontactzone;(c) cam/pistoncontactzone.

eachsetting,thepistonclosesprescribedconductsonthevalvebody, whichgovern

motorfunction.

The kinematictoleranceanalysistask is to determinethe maximumvariationof

thepistondisplacementat eachcamsetting.Excessivevariationcancausethepis-

ton to openthewrongconducts.Theinput motiondrivesthepin, which drivesthe

cam,whichdrivesthepiston.Figures10band10cshow detailsof thepin/camand

cam/pistoncontactzonesfor a 33 parametermodelwith tolerancesof �\���´�! mm.

The nominalpin/camcon�guration is the intersectionpoint of two diagonalcon-

tact curvesthat representcontactsbetweenthe pin andthe sidesof a camcavity.

Thecamvariationis markedby a vertical line segmentthroughthis con�guration.

Thenominalcam/pistoncon�gurationliesontheupperboundaryof achannelthat

representscoupledmotion.Theuppervariationof thepiston(1mm)is markedby

a vertical line segmentandthe lower variation,(0.83mm)is marked by a double

arrow. The black box illustratesthe de�nition of the upperpistonvariation.The

boxwidth is thecamvariationat �|� from thepin/camcontactzone.Theboxheight

is theunionof the ¬ variationsin thecam/pistonzoneover the � variationsin the

pin/camzone.

7 Results

We have testedthe kinematictoleranceanalysisalgorithmon representative me-

chanicalsystemsfrom the engineeringliteratureandfrom our collaborationwith

designers.Manualanalysisandotheranalysisalgorithmsareimpracticalfor these

systemsbecausethey havemany contacts,contactsequences,andtoleranceparam-

eters.
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Fig. 11. Linear contactzoneerror: (a) Geneva; (b) optical �lter; (c) torsionalratcheting

actuator.

Partof thetestingis acomparisonwith thelinearalgorithm.Wecomparetherange

�Aµg�	¶>� of normalvariationin thecontactzone(thelower/upperboundsof
m

is step2

of contactzoneconstruction)with the range ��·‰�	¸�� in the linear zone.The relative

erroris �	`¯µ

I

·!`

C

` ¶

I

¸v`¯
H_a` µ

I

¶�` , whichequalsthedifferencebetweentheranges

asa fraction of the nonlinearrange.This error metric assumesthat our nonlinear

optimizationconstructsthecorrectrange��µg�	¶>� , whereasit couldconvergeto a local

optimumor coulddiverge.Theexampleoptimizationresultsappearcorrectbased

on extensive empirical validation.Global nonlinearoptimizationis an active re-

searchtopic. We averagetheerrorover thousandsof pointsin thecontactzoneto

estimatethemeanerrordueto linearization.Theresultsarepresentedin abargraph

whosehorizontalaxismeasuresthepercentagerelativeerrorof thelinearalgorithm

(for example,50%meansrelative error0.5) andwhoseverticalaxismeasuresthe

percentageof thecontactzoneatwhich thiserroroccurs(Figure11).

The �rst exampleis the Geneva pair. We have seenthat the algorithm detectsa

failuremodethat thelinearalgorithmmisses.Figure11ashows anerrorgraphfor

our tolerancesof �����´�! mm and �#"
$ . Theerror is under2% at 98%of thecontact

zonesamplepoints,but is 36% on the lower channelboundaryin the jamming

region. The averageerror is 4%. The error for tolerances�����´��" mm and ������¹
$

is

alwaysunder5%, which shows that linearizationbreaksdown as the tolerances

grow. The running time is 4.4 secondsCPU time on a Pentium3 uniprocessor,

versus0.03secondsfor thelinearalgorithm.Thecontactzoneconsistsof 60contact

curves,eachwith adifferentnominalkinematicsandkinematicvariation.

The secondexampleis a cam/follower pair from an optical �lter mechanismde-

velopedby IsraelAircraft Industries(Figure12a).Thepartsareattachedto a �x ed
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Fig. 12. (a)Optical�lter pair; (b) con�gurationspace;(c) contactzonedetails.

framewith pin joints. Thecamradiusis 6.5cm,the follower radius(for a bound-

ing circle) is 89cm,its slotwidth is 1.025cm,andits slot lengthis 8.3cm.Rotating

thecamcounterclockwisecausesits pin to engagethe follower slot anddrive the

followerclockwise.Thefollowermotionendswhenthecampin leavestheslot,at

which point the follower �lter coversthe lens.As the camcontinuesto rotate,its

locking arcalignswith the complementaryfollower arcandlocks the follower in

place.Rotatingthecamclockwisereturnsthe�lter to theinitial state.

The con�guration spaceshows correctnominal function (Figure 12b). The cam

drivesthefollower in thediagonalchannelandlocksit in thehorizontalchannels.

Figure12cshow two contactzonedetailsfor a23parametermodelwith tolerances

of
�\������ 

mm.Theupperdetailshowsthattheupperportionof thediagonalchannel

canclose,hencethat the pair can jam. The lower detail shows that the interface

betweenthediagonalandhorizontalchannelscannotclose.Thelinearzonemisses

the jamming.It has1% averageerror anda 100%maximumerror (Figure11b).

The runningtime is 6 secondsversus0.03secondsfor the linear algorithm.The

contactzoneconsistsof 34 contactcurves.

Thethird exampleis a gear/ratchetpair from a torsionalratchetingactuator:a mi-

cro electro-mechanicalsystem(MEMS) developedat SandiaNationalLaboratory

[15,16] (Figure13a).The gearhasradius350umandhas160 teeth.Thedistance

from the ratchettip to its centerof rotationis 86.96um.Theratchetis attachedto

a driver (not shown) that is attachedto the substrateby springsthat allow planar

rotation,but preventtranslation.Thedriver is rotatedcounterclockwiseby anelec-

trostaticcombdrive,whichcausestheratchetto engagestheinnerteethof thegear

androtateit counterclockwise.Whenthe drive voltagedrops,the springsrestore
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Fig. 13. (a)Gear/ratchetpair; (b) contactzone.

thedriver to its startorientation,which disengagestheratchet.Theotherpartsare

irrelevantto ourdiscussion.

Figure13b shows the contactzonefor an 18 parametermodelwith tolerancesof

��������" um.Thecoordinatesarethegearorientation… andtheratchetorientationS .

Thedotmarksthedisplayedcon�gurationwheretheratchetis driving thegear. The

nearverticalcontactcurve to theleft representsthecontactbetweentheshortside

of ageartoothandtheratchettip, whichpreventsthegearfrom rotatingclockwise

relative to thedriver. Thecontactzoneshowsadesign�a w: thenearverticalcurve

canhaveapositiveslope.Whenthishappens,thegearcanrotateclockwise,escape

the ratchet,andjump to the next tooth. Friction will prevent this until the driver

torquereachesa critical valuethatdecreasesasthekinematicvariationincreases.

The contactzonealsoshows large variationin the diagonalcurve to the right of

the dot, but thereis no changein kinematicfunction becausethe slopeis always

negative.

Thecontactzoneis moreaccuratethanthelinearzone,whichhas3%averageerror

and19% maximumerror (Figure11c). Both algorithmsdetectthe failure mode.

The runningtime is 2 secondsversus0.01secondsfor the linear algorithm.The

contactzoneconsistsof 10 contactcurves.

Thefourthexampleis thegearselector. Theaverageerrorof thelinearzoneis 1.5%

andthemaximumerroris 22%for thecam/pinpair. Themaximumoccurswhenthe

pin crossesbetweenthetriangularcamcavities.Theaverageerror is 0.2%andthe

maximumerroris 2%for thecam/pistonpair. Theerrorsareneartheaveragesin the

sevencamsettings.Theerror in theuppersystemvariationis at mostthedistance

betweenit andthe lower variation.It rangesfrom 15% to 30% in the seven cam
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Fig.14.(a)Camerashuttermechanism;(b) driver/shuttercon�gurationspace;and(c) shut-

ter/lockcon�gurationspacewith motionpath.

settings.Therunningtime is 7 secondsversus0.5secondsfor thelinearalgorithm.

Themodelhas33parametersandthecontactzonesconsistof 31 contactcurves.

The�nal exampleis a camerashuttermechanismcomprisedof a driver, a shutter,

andashutterlock (Figure14a).Thedrivercamradii are14mmand28mm,thedis-

tancesbetweentheshuttertip/pin andits centerof rotationare123.9mm/83.1mm,

andthedistancefrom theshutterlock slot to its centerof rotationis 78.6mm.The

nominalfunctionis asfollows.Theuseradvancesthe�lm (not shown), which en-

gagesthedriver �lm wheelandrotatesthedrivercounterclockwise.Theshuttertip

follows the driver campro�le, which rotatesthe shutterclockwise(Figure14b),

which extractsthe shutterpin from the shutterlock slot (Figure14c). Whenthe

pin leavestheslot,a torsionalspringrotatestheshutterlock clockwiseuntil its tip

engagesthedriverslottedwheel.

Figures15a–bshow two contactzonedetailsfor a 23 parametermodelwith tol-

erancesof �����d" mm. The detailsarenearthe con�guration wherethe shutterpin

leavesthe shutterlock slot. The averageerror of the linear zoneis 0.6%andthe

maximumerror is 17% for the driver/shutterpair. The averageerror is 0.5%and

the maximumerror is 5% for the shutter/shutterlock pair. The systemvariation

is displayedat this con�guration. The upperand lower variationsof the shutter

lock are ���Aº
$ and ���´»�¼

$ . Thevariationcancausethemechanismto fail becausethe

shutterdoesnot move far enoughleft to clear the shutterlock (Figure15c).The

runningtime is 56 secondsversus2 secondsfor the linearalgorithm.Thecontact

zonesconsistof 329curves.
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Fig.15.(a)driver/shuttercontactzonedetail;(b) shutter/lockcontactzonedetail;(c) failure

in shutter/lockcon�gurationspace.

The � ve examplesshow that the kinematictoleranceanalysisalgorithmanalyzes

higherpairseffectively andquickly. It providesnumericalerrorboundsanddetects

failure modes.The examplesshow that the meanerror of the linear algorithmis

small, but that the maximumerror is large. The maximumerror determinesthe

sensitivity to failures.An incorrectrangeat a singlecon�guration canhidea fail-

ure,asshown in Figure5. Moreover, themaximumerroroccursat con�gurations

with strongnonlineareffects,whicharehighly correlatedwith toleranceproblems.

Thegearselectorandcamerashutterexamplesshow a20%differencebetweenthe

upperandlowersystemvariations.

8 Conclusions

We have presenteda nonlinearkinematictoleranceanalysisalgorithmfor planar

mechanicalsystemsof higherpairswith parametrictolerances.Thealgorithmcon-

structsgeneralizedcon�gurationspaces,calledcontactzones,thatboundtheworst-

casekinematicvariationof thepairsoverthetoleranceparameterrange.Thezones

specifythe variationof the pairsat every contactcon�guration andreveal failure

modes,suchasjamming.Thealgorithmboundsthesystemvariationat a selected

con�gurationby composingthezonesof thetouchingparts.We have assessedthe

algorithmwith casestudieson commonhigherpairs.It producesaccuratecontact

zones,detectsfailures,andgreatlyimprovesuponlinearization.

Weseeseveraldirectionsfor futurework. Weneedto characterizethegapbetween

lower anduppersystemvariationandperhapsto develop betteralgorithms.The
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contactzoneconstructionandcompositionalgorithmsapply to systemsof three-

dimensionalpartsthat move alongspatialaxes.We have developedthe requisite

con�guration spaceconstructionalgorithm[17]. We needto formulateparametric

equationsfor every type of spatialcontact,which is tedious,but straightforward.

The otherstepscarry over from the planaralgorithm.Contactzoneconstruction

extendsto generalplanarpairs,whichhavethreedimensionalzones,following our

linearalgorithm[18]. Compositionrequiresfurtherresearchto addressclosedkine-

maticchains,which cannotarisein �x ed-axissystems.Anotherresearchdirection

is to automatethe detectionof contactsequencechangesandof changesin kine-

maticfunction,asin ourhigherpairsynthesisalgorithm[19].
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