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Abstract

This paperpresentsa nonlinearkinematictoleranceanalysisalgorithmfor planarme-
chanicalsystemsomprisedf higherkinematicpairs.Thepartpro les consistof line and
circle sgments.Eachpart translatesalong a planaraxis or rotatesaroundan orthogonal
axis. The part shapesand motion axes are parameterizetby a vectorof toleranceparam-
eterswith rangelimits. A systemis analyzedn two steps.The rst stepconstructggen-
eralizedcon guration spacescalled contactzones,that boundthe worst-case&inematic
variationof the pairsover the toleranceparameterange.The zonesspecify the variation
of the pairsat every contactcon guration andrevealfailure modes suchasjamming,due
to changesn kinematicfunction. The secondstepboundsthe worst-casesystemvariation
at selecteccon gurationsby composingthe zones.Casestudiesshawv thatthe algorithm
is effective, fast,and more accuratethan a prior algorithmthat constructsand composes
linearapproximation®f contactzones.
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1 Intr oduction

This paperpresentsa nonlinearkinematictoleranceanalysisalgorithmfor planar
mechanicasystemsomprisedf higherkinematicpairs.Kinematictoleranceanal-
ysisestimateshevariationin thekinematicfunctionof systemslueto manufctur

ing variation.Designergperformthis analysido ensurghatsystemswvork correctly
wheneerthey meettheirtolerancespeci cations.

Thekinematicfunctionof a systemis the couplingbetweerits partmotionsdueto
contactdbetweerpairsof parts.A lower pairhasa x edcouplingthatcanbemod-
eled as a permanentontactbetweentwo surfaces.For example,a revolute pair
is modeledasa cylinder thatrotatesin a cylindrical shaft. A higherpairimposes
multiple couplingsdueto contactdbetweerpairsof partfeaturesFor example gear
teethconsistof involutepatchesvhosecontactshangeasthegearsotate. Thesys-
tem transformsdriving motionsinto outputsvia sequencesf partcontactsSmall
part variationscan producelarge motion variations,can alter contactsequences,
and canintroducefailure modes,suchasjamming,dueto changesn kinematic
function. A completekinematictoleranceanalysismustboundthe motion varia-
tionsandmustdetectpossiblefailures.

The prevailing mathematicaimodelfor kinematictoleranceanalysiss constrained
nonlinearoptimization. The constraintsspecify the allowable part variationsin
termsof toleranceparametersvith rangelimits. The objective functionmapsapart
variationto theresultingkinematicvariation.The maximumof this functionis the
worst-casekinematicvariation. Computingthe maximumis dif cult becausehe
objective functionis animplicit function of the toleranceparametersindbecause
therearemary parametersOnesolutionis to linearizethe objective function. The
rationaleis thatnonlineareffectsareinsigni cant becaus¢hetoleranceparameters
have narrav rangesBut this rationaleis contradictedby testson commonhigher
pairs,suchascams,gearsandratchetsThetestsshav thatthe linearizationerror
canreach100%andthatfailurescanbe missed Monte Carlo methodsareanother
option, but they appearmpracticalbecausef the large numberof tolerancepa-
rametersn applications.

Higher pairsare especiallyhardto analyzebecause separateptimizationis re-
quiredfor every featurecontact.Typical pairs have tensof featurecontacts,and
hundredof contactsarecommon.Eachcontactinvolvesdistinct partfeatureghat
dependon the parametersn a unique,nonlinearway. The analystmustcompute



thevariationof every contacthencombinetheresultsto derive thevariationof the
pair. Thesituationis muchworsein systemof higherpairsbecause¢he numberof
systemcontactds the productof the numberof pair contactsPrior work doesnot
provide analysisalgorithmsthathandlemultiple contactsor thatdetectfailures.

We have developeda kinematictoleranceanalysisalgorithmthat addressethese
issues.The input is a model of a planarsystemand nominal systemcon gura-
tions. Themodelspeci esthe partshapesandcon gurationsin termsof symbolic
parametersvith nominal valuesand rangelimits. The algorithm consistsof two
steps.The rst stepcomputeghe kinematicvariationof eachpair at every contact
con guration. The variationis representeth a geometricformat, calleda contact
zone thatgeneralize®ur con guration spacerepresentationf kinematicfunction
[1] to tolerancedparts. The contactzonesalsoreveal changesn kinematicfunc-
tion. Thesecondstepestimateshe worst-casesystenvariationattheinput system
con gurationsby composinghe contactzones. Contactzonesareconstructecénd
composeddy novel forms of constrainedbptimization.We have testedthe algo-
rithm on mechanicasystemsomprisedf commonhigherpairs.Extensvetesting
shavsthatthe algorithmis moreaccuratehanlinearization,detectanorefailures,
andsolvesreal-world problemsin underoneminute.

Therestof the paperis organizedasfollows. Section2 reviews prior work on kine-
matictoleranceanalysis Section3 describeshecon gurationspaceepresentation
of kinematicfunction.Sectiongl—6describehekinematictoleranceanalysisalgo-
rithm. Section7 containsresultsfrom ve industrialtestcasesSection8 contains
asummaryandplansfor futurework.

2 Prior work

Mechanicakystemsretolerancedor functionandfor assemblyKinematictoler-
anceanalysigs the mostimportantaspecof functionaltoleranceanalysisbecause
kinematic function largely determinesoverall function. Other factorsthat affect
function include inertia, stress,and deformation.Thesefactorsare secondaryin
low speedquasi-staticyystemsbut canbecritical in highspeedsystemsThe pur-
poseof assemblyoleranceanalysids to ensurehatthe partsof a systemassemble
despitemanufcturingvariation. The tolerancemodelsand the analysismethods
arevery differentfrom thoseof functionaltolerancinghenceneednot be suneyed



here.

Prior work on kinematictoleranceanalysisof mechanicakystemdalls into three

increasinglygeneratateyories:static(smalldisplacementanalysiskinematic(large
displacementanalysisof x edcontactsystemsandkinematicanalysisof systems
with contactchanges.

Staticanalysiof x edcontactsalsoreferredto astolerancechainor stack-upanal-
ysis,isthemostcommonlt consistof identifyingacritical dimensionaparameter
(agap,clearanceor play), building atolerancechainbasedon partcon gurations
and contacts,and determiningthe parametewnariability rangeusing vectors,tor-
sors,or matrix transformg2,3]. Recentresearclexploresstaticanalysiswith con-
tact changeg4—6]. Con gurationswhereunexpectedfailuresoccurcaneasilybe
missedbecausé¢he softwareleavestheir detectiornto theuser

Kinematic analysisof systemswith x ed part contacts(mostly lower pairs) has
beenthoroughlystudiedin mechanicaéngineering7]. It consistof de ning kine-
maticrelationsbetweerpartsandstudyingtheir kinematicvariation[8]. Commer
cial computeraidedtolerancingsystemsncludethis capabilityfor planarandspa-
tial mechanism$9]. The kinematicvariationis computedby linearization,which
canbeinaccuratepr by Monte Carlo simulation,which canbe slow. Glang/ and
Chas€[10] describea hybrid algorithmthat computeghe rst two derivatives of
the systemfunctionwith respecto thetolerancevariablescalculateghe rst four
momentsof the systemfunction,and ts anempiricalvariationdistribution. This
type of analysisis inappropriatefor systemswith mary contactchangessuchas
theexampledn this paper Theusermustenumeratéhecontactsequencesnalyze
themwith the software,composédheresults,anddetectfailures.

We[11] developedthe rst kinematictoleranceanalysisalgorithmfor systemswith

contactchangesThat researchintroducescontactzonesfor modelingkinematic
variationin higherpairsandcompositiorfor modelingsystenmvariation.Thezones
areconstructecandcomposedy linearization.This paperpresentsuperior non-
linearconstructiormndcompositionalgorithms.
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Fig. 1. Geneva pair andits con gurationspace.

3 Con guration space

We performkinematictoleranceanalysiswithin our con guration spacerepresen-
tation of kinematics[12,1]. The con guration spaceof a pair is a manifold with
onecoordinateper partdegreeof freedom(rotationor translation) Pointsin con-
guration spacecorrespondo con gurationsof the pair. The con guration space
partitionsinto blocked spacewherethe partsoverlap,free spacewherethey are
separateandcontactspacenvherethey touch.Freeandblockedspaceareopensets
whosecommonboundaryis contactspaceContactspaces a closedsetcomprised
of subsetshatrepresentontactdetweerpartfeatures.

We illustratetheseconceptson a Geneva pair comprisedof a driver anda wheel
(Figurel). Thedriver consistsof a driving pin andalocking arc segmentmounted
onacylindrical base(not shovn). Thewheelconsistf four locking arcsegments
andfour slots.The wheelrotatesaroundaxis andthedriver rotatesaroundaxis

. The partdimensionsappeaiin Figures3 and4. Eachdriver rotationcausesan
intermittentwheelmotionwith four drive periodswherethedriver pin engageshe
wheelslotsandwith four dwell periodswherethe driver locking arc engageshe
wheellocking arcs.

The con guration spacecoordinatesarethe part orientations and in radians.
The pairis displayedin con guration , which is marked with a dot. Blocked
spaceis the grey region, contactspaceis the black curves,andfree spaceis the
channebetweerthe curves.(Freespaces invisible here,but appearsasthe white
regionsin Figures5 and6.) Freespaceforms a singlechannelthatwrapsaround
thehorizontalandverticalboundariessincethecon gurationsat  coincide.The



Input: system, , , ,con gurations.

1. Construct con gurationspaces.

2. Construct contactzones.

3. Composeontactzonesat con gurations.
Output: Contactzonesandsystemvariations.

Fig. 2. Kinematictoleranceanalysisalgorithm.

de ning equation®f thechanneboundarycurvesexpresghecouplingbetweerthe
partorientations.The horizontalsggmentsrepresentontactsbetweenthe locking
arcs,which hold the wheel stationary The diagonalsegmentsrepresentontacts
betweenthe pin andthe slots, which rotatethe wheel. The contactsequencesf
the pairarethe con guration spacepathsin freeandcontactspaceln atypical se-
guencethedriverrotatesclockwise(decreasing) andalternatelydrivesthewheel
counterclockwisavith the pin (increasing ) andlocks it with the arcs(constant

).

4 Kinematic toleranceanalysisalgorithm

We analyzesystemsf planarhigherpairswith parametridolerancesA systems
speci edin aparametriboundaryrepresentatiorlhepartpro les aresimpleloops
of line andcircle segments.Line segmentsarerepresentedtby their endpointsand
circle segmentsarerepresentedby their endpointsandradii. Eachpart translates
alonga planaraxis or rotatesaroundan orthogonalaxis. The segmentendpoints,
circleradii,andmotionaxesarerepresentedith algebraiexpressionsvhosevari-
ablesaretoleranceparametersrlhis classof higherpairscovers90%of engineering
applicationsbasedon our surwey of 2,500mechanism# anengineeringengyclo-
pedia[12] andon ourindustrialexperience.

Figure 2 shaws the kinematictoleranceanalysisalgorithm. The inputsare a me-
chanicalsystemavector of initial parametervaluesyectors and of lower
andupperparameterangdimits, andalist of systemcon gurations.Thealgorithm
consistof threestepsicon gurationspaceconstructiongontactzoneconstruction,
andcontactzonecomposition Stepl is describecelsavhere[1]. Thenext two sec-
tionsdescribesteps2 and3, which arethetechnicalcontribution of this paper



5 Contact zoneconstruction

We model kinematicvariation by generalizingcon guration spaceto parametric
partswith tolerancesKinematicvariationoccursin contactspaceAs the param-
etersvary, the part shapesandmotion axesvary, which causeghe contactcurves
to vary. Theunionof the varying contactcurvesover the parameterangesde nes
a bandaroundthe nominal contactspace called a contactzone,that boundsthe
worst-casekinematicvariationof the pair. In otherwords,the contactzoneis the
subsetof the con guration spacewhere contactscan occur for someparameter
variation. Hence kinematictoleranceanalysisis equivalentto contactzonecon-
struction.

Figure5ashavsthe contactzonethatour algorithmgenerate$or the 26 parameter
modelof the Genea pair shovn in Figures3 and4 with parametetolerancesof

mmand . Thezoneis adetailof theportionof thecon gurationspacedn
the dashedox in Figurel. This portionis theinterfacebetweenra horizontaland
a diagonalchannelwherethe driver pin leaves a wheel slot andthe locking arcs
engage.The two dark grey bandsthat surroundthe channelboundarycurvesare
the contactzone.Thewhite region betweerthe bandsis the subsebf the nominal
freespacehatis freefor all parametewariations.

The contactzonerevealsthat the part variationscan causethe pair to jam. The

lower and upperbandsoverlap nearwherethe horizontaland diagonalchannels
meet. The overlap meansthat someparametewnariationscausethe two contacts
to occursimultaneouslywhich yields a con guration spacein which the channel
is blocked (Figure6b). Figure 6a shavs the jammingcon guration: the driver arc

touchesaawheelarc,which preventsthedriver pin from leaving thewheelslot.

Figure7 shaws the contactzoneconstructioralgorithm. The inputsarea con gu-
ration spacenominalparametewalues,andrangelimits. A separateoneis con-
structedfor eachcontactcurve in thecon gurationspaceThecurneis represented
by asequencef pointssuchthattheresultingpiecaviselinearcurve approximates
the contactcurve to aninputaccurag ( in this paper)[1]. Stepsl and?2 of the
algorithmcomputethevariationat eachcurve pointandstep3 links theresultsinto
acurve contactzone.Theoutputis alist of thesezones.

Stepl formulatesa parametricequation for a contactcurve where
denoteghe con gurationspacecoordinatesfor example in theGenea



parameter value

outer-arc-span

pin-radius 4.5mm
pin-center 56.5mm
outer-arc-radiu outerarc-radius 46.0mm

rotation-center-offset-x
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Fig. 3. Gen&va driver model.

s . parameter value
‘ slot-axis-origin-x 0.0mm
slot-axis-origin-y 0.0mm
slot-axis-angulaoffset
slot-extent 60.0mm
rotatio angular offset ) SlOt_length 4.0mm
sotnearwigh dotmedlofiset  glot. medial-ofset 0.0mm
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oraisorgny  Setadsanguarofsel SO o vidth 10.0mm
Steg axis angulaydirset L. i
arc-origin-radius 80.0mm
arc-origin-angulaoffset
arc-radius 46.68mm
arc-angulaoffset
arc-span
rotation-centex 0.0mm
rotation-centey 0.0mm

rotation-angulapffset

Fig. 4. Genea wheelmodel.

pair. Thereis onetype of equationfor every combinationof featuresandmotions,
suchasrotatingcircle/translatingine. For example,the driver/wheellocking arc
equationis where arethe centersof
rotation, arethearccentergn partcoordinates, arerotationoperators,
and are the arc radii. The equationstatesthat the distancebetweenthe arc
centersequalsthe differenceof their radii. The completelist of equationsappears
elsavhere[1].

Step 2 computesthe worst-casekinematic variation at a nominal con guration
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Fig. 6. Gen&afailure: (a) jammingcon guration;(b) con gurationspace.

Input: cspace, , ,

For eachcontactcurve

1. Formulateparametriccontactequation.
2. Generatevariationat curve points.

3. Form curve zoneandaddit to output.
Output: Contactzone.

Fig. 7. Contactzoneconstructioralgorithm.

on a contactcurve. The variationis the maximumdistancethatthe curve
canmove in anorthogonaldirection(Figure8). The variationoccursin the direc-

tion where denotes andis evaluatedat . The
two valuesyield pointson the upperandlower boundarief the contactzone.
The variationfor is the rst intersectionof the line with



Fig. 8. Kinematicvariation.

the contactcurve , Which is the smallestpositive root of

. Laterintersection@renot reachabl€lie outsidethe contactzone)
becausahey areblocked by the rst intersectionFigure 8 shows the rst inter
sectiondor , which de ne thevariations , andthe secondn-
tersection and withthe and curves.The worst-casevariationis the
maximum for in theparameterange.

Computing is anonstandaraptimizationproblem: nd a thatmaximizesthe
rst positive root of subjectto the parameterangelimits. Thereare
two typesof local maxima.Type 1 occurswhen and . We cansolve
for with in a neighborhoodf this point
by the implicit functiontheoremThe pointis anextremumof because
Type 2 occurswhen , for example in Figure8. Thechainrule shovsthat
, Which meansghattheline is tangentto the contactcurve.
Everynearby valueyieldsacurethateitherdoesnotintersectheline or whose
rst intersections before .

Figure9 shows our algorithmfor computing via a sequencef line searchen
. Stepl initializes and . Step2 testsfor the two typesof maxima.

Steps3-8 searchthe line for the rst maximumof in the positive
direction.Thisline is choserbecause increasesnostrapidlyinthe  direction.
The planecurve is tracedby the homotoy
continuationmethod[13]. Step3 startsthe curve at andsteps4-5

generatea sequencef points . The gradientsearchdirectionensureghat
and areincreasingat . Thesequencendsat step6 whenthe curve beginsto
decreasén or . At turningpoints,atypel maximumoccursbetweerpoints
and andis foundby Newtoniterationon . At turningpoints,

10



Input: , , ,

1. Set .

2.1f or return.

3. Set

4. Set andcompute

5.1f and goto4.

6. If solve
elsesolve

7.Set

8. Goto2.

Output:

Fig. 9. Algorithm for computing .

atype 2 maximumis foundby solving . Step7 updates and and
thecurrentline searchends.n the casethealgorithmexits because

Theline searchendswhenthe rst maximumis found. If othermaximaoccurfur-

theralong , they will be found by later line searchesNone have beenobsened
to date,presumablybecausehey would arisefrom the cubictermof the objective
function,whichis negligible in practice.If theline reachesrangelimit of param-
eter ,the thtermof is setto zerofor theremainderof theline searchwhich

is equialentto treating asaconstant.

Our prior algorithm[11] linearizes around to obtain

thenuseslinear programmingo maximize subjectto this equalityand
to the parameterange Figure5b shavs theresultsfor the Geneva pair. Thelinear
zoneis mostly accurate put the lower bandis muchtoo narrov nearwherethe
horizontalandvertical channelsneet.The error at the meetingpoint misleadshe
analysto believethatthechanneis alwaysopen hencethatjammingcannotoccur
This type of error motivatesthe nonlinearalgorithm,which produceghe accurate
zoneshown in Figureba.

6 Contact zonecomposition

The nal stepin kinematictoleranceanalysisestimateghe kinematicvariationof
a systemin an input con guration. Supposethat an input drives part A, which
drivespartB, which drivespartC. The A/B contactzoneyieldsthe interval of B
valuesattheinput A con guration. The B/C zoneyieldsthe C variationat eachB
con gurationin this interval. The algorithm composegheseresultsto boundthe

11



C con gurationsat theinput systemcon guration. The optimizationproblemis to
nd valuesthat maximizeand minimize subjectto

andto therangelimits. Here is the contactcurve, is the
curve,and isthenominal value.An arbitrarylengthchainof partsis composed
via ananalogou®ptimization.

Compositiorcanbeperformedoy ageneralizatiomf thealgorithmfor computing
in the previoussection but this approachs complicatecandslow. Thereare
implicit functionsin a chainof parts,versusone functionin the contactzone
algorithm.The optimality conditionshave numerousspecialcasesThe homotopy
mustbe replacedwith an dimensionakearchwhich is ordersof magnitude
slower.

We preferto computea boundinginterval for the systemvariationby fast,simple

methodsThe upperboundis obtainedby intenal arithmetic:the variationat

is boundedby the unionof the variationsat overthe variationat . The

variationat is theintersectionnterval, , of theline with the A/B

contactzone.The variationover this interval is the intersectionof the rectangle
with the B/C contactzone.

Interval arithmeticcanoverestimatehe variationwhen and sharetolerance
parametersThemaximum and variationscannotoccurtogetheysinceoneoc-

cursat andtheotheroccursat , butinterval arithmeticassumeshatthey can.
A lower boundis obtainedby heuristicparametesspacesampling.The line seg-

ment is sampledata moderatenumberof points(10in ourexamples), is

computedat eachsamplepoint, andthe maximumis returned.The minimum of

is estimatedn thesameway.

We illustratecompositionon a gearselectorthatwe analyzedwith Ford engineers
[14]. Themechanisntonsistof acam,apin, apiston,anda x edvalve body(Fig-
urel0a).Thepinrotatesaroundanattachmenpointonthevalve bodyandis spring
loaded.The pistontranslateslongthe valve body axis. The camrotatesaroundan
axis at its centerandis coupledto the piston. The pistonlengthis 111.9cm,the
tips of the triangularcavities in the cambottomare 60—61cmfrom its centey and
thedistancebetweerthe pin andits centerof rotationis 92.3cm.Thedriverrotates
the caminto one of the seven gearsettings(l, 2, 3, D, N, R, P) with a gearshift
(not shawn) thenreleaseghe gearshift. The pin rotatesclockwise,engagesn a
triangularcavity in the cambottom,andlocksthe caminto the currentsetting.In

12



(a) (b) (©)
Fig. 10. (a) Gearselectorib) pin/camcontactzone;(c) cam/pistorcontactzone.

eachsetting,thepistonclosesprescribedonductonthevalve body, which govern
motorfunction.

The kinematictoleranceanalysistaskis to determinethe maximumvariation of
the pistondisplacemenat eachcamsetting.Excesste variationcancausethe pis-
ton to openthewrong conductsThe input motiondrivesthe pin, which drivesthe
cam,which drivesthe piston.FigureslOband10cshawv detailsof the pin/camand
cam/pistoncontactzonesfor a 33 parametemodelwith tolerancesf mm.
The nominalpin/camcon guration is the intersectionpoint of two diagonalcon-
tact curvesthatrepresentontactsbetweenthe pin andthe sidesof a cam cavity.
The camvariationis marked by a verticalline segmentthroughthis con guration.
Thenominalcam/pistorcon gurationlies onthe upperboundaryof achannekhat
representgoupledmotion. The uppervariationof the piston(1mm)is marked by
a vertical line sggmentandthe lower variation, (0.83mm)is marked by a double
arron. The black box illustratesthe de nition of the upperpistonvariation. The
boxwidth is thecamvariationat  from thepin/camcontactzone.Thebox height
is theunionof the variationsin the cam/pistorzoneoverthe variationsin the
pin/camzone.

7 Results

We have testedthe kinematictoleranceanalysisalgorithm on representafie me-
chanicalsystemdrom the engineerinditeratureand from our collaborationwith

designersManualanalysisandotheranalysisalgorithmsareimpracticalfor these
systemdbecausehey have mary contactscontactsequencesndtoleranceparam-
eters.

13
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Fig. 11. Linear contactzoneerror: (a) Genea; (b) optical Iter; (c) torsionalratcheting

actuator

Part of thetestingis a comparisorwith thelinearalgorithm.We compargherange
of normalvariationin the contactzone(thelower/uppemboundsof
of contactzoneconstruction)with the range in the linear zone.The relative
erroris , which equalgthe differencebetweertheranges
asa fraction of the nonlinearrange.This error metric assumeshat our nonlinear
optimizationconstructghe correctrange , Whereast couldcorvergeto alocal
optimumor could diverge. The exampleoptimizationresultsappearcorrectbased
on extensie empirical validation. Global nonlinearoptimizationis an actie re-
searchopic. We averagethe error over thousand®f pointsin the contactzoneto
estimatehemeanerrordueto linearization.Theresultsarepresentedh abargraph
whosehorizontalaxismeasureghepercentageelative errorof thelinearalgorithm
(for example,50% meangelative error 0.5) andwhosevertical axis measureshe
percentagef the contactzoneatwhich this erroroccurs(Figure11).

is step2

The rst exampleis the Genera pair. We have seenthat the algorithm detectsa
failure modethatthe linearalgorithmmissesFigure1lashowns anerrorgraphfor
our toleranceof mm and . Theerroris under2% at 98% of the contact
zone samplepoints, but is 36% on the lower channelboundaryin the jamming

region. The averageerroris 4%. The error for tolerances

mm and

is

always under5%, which shows that linearizationbreaksdown asthe tolerances
grow. The runningtime is 4.4 secondsCPU time on a Pentium3 uniprocessqr
versud).03secondsor thelinearalgorithm.Thecontaczoneconsistsof 60 contact

curves,eachwith adifferentnominalkinematicsandkinematicvariation.

The secondexampleis a cam/follower pair from an optical Iter mechanisnde-
velopedby IsraelAircraft IndustriegFigure12a).The partsareattachedo a x ed

14



(@) (b) (c)
Fig. 12. (a) Optical Iter pair; (b) con gurationspacejc) contactzonedetails.

framewith pin joints. The camradiusis 6.5cm,the follower radius(for a bound-
ing circle) is 89cm,its slotwidth is 1.025cm andits slotlengthis 8.3cm.Rotating
the cam counterclockwiseausests pin to engagethe follower slot anddrive the
follower clockwise.Thefollower motionendswhenthe campin leavestheslot, at
which point the follower Iter coversthelens.As the camcontinuedo rotate,its
locking arc alignswith the complementaryollower arc andlocks the follower in
place.Rotatingthe camclockwisereturnsthe Iter to theinitial state.

The con guration spaceshaws correctnominal function (Figure 12b). The cam

drivesthefollower in the diagonalchannelandlocksit in the horizontalchannels.
Figurel2cshav two contactzonedetailsfor a23 parametemodelwith tolerances
of mm. Theupperdetailshavsthattheupperportionof thediagonakchannel
canclose,hencethat the pair canjam. The lower detail shavs that the interface

betweerthediagonalandhorizontalchannelsannotclose. Thelinearzonemisses
the jamming. It has1% averageerror anda 100% maximumerror (Figure 11b).

The runningtime is 6 secondsversus0.03 seconddor the linear algorithm. The

contactzoneconsistf 34 contactcurves.

Thethird exampleis a gear/ratchepair from atorsionalratchetingactuator:a mi-

cro electro-mechanicaystem(MEMS) developedat SandiaNational Laboratory
[15,16] (Figure 13a). The gearhasradius350umandhas160teeth.The distance
from the ratchettip to its centerof rotationis 86.96um.Theratchetis attachedo

a driver (not shawn) thatis attachedo the substrateby springsthat allow planar
rotation,but preventtranslation.Thedriveris rotatedcounterclockwiséy anelec-
trostaticcombdrive, which causesheratchetto engagesheinnerteethof thegear
androtateit counterclockwiseWhenthe drive voltagedrops,the springsrestore

15
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Fig. 13. (a) Gear/ratchepair; (b) contactzone.

thedriverto its startorientation,which disengageghe ratchet.The otherpartsare
irrelevantto our discussion.

Figure 13b shows the contactzonefor an 18 parametemodelwith toleranceof

um. The coordinatesrethe gearorientation andtheratchetorientation .
Thedotmarksthedisplayedcon gurationwheretheratchetis drivingthegear The
nearverticalcontactcurve to the left representshe contactbetweernthe shortside
of ageartoothandtheratchettip, which preventsthe gearfrom rotatingclockwise
relative to thedriver. The contactzoneshaws a design aw: the nearverticalcurve
canhave apositive slope Whenthis happensthegearcanrotateclockwise escape
the ratchet,andjump to the next tooth. Friction will preventthis until the driver
torquereachesa critical valuethat decreaseasthe kinematicvariationincreases.
The contactzonealso shows large variationin the diagonalcurve to the right of
the dot, but thereis no changein kinematicfunction becausehe slopeis always
negatve.

Thecontactzoneis moreaccuratehanthelinearzone whichhas3% averageerror
and 19% maximumerror (Figure 11c). Both algorithmsdetectthe failure mode.
The runningtime is 2 secondsrersus0.01 seconddor the linear algorithm. The
contactzoneconsistf 10 contactcurves.

Thefourthexampleis thegearselectorTheaverageerrorof thelinearzoneis 1.5%
andthemaximumerroris 22%for thecam/pinpair. Themaximumoccurswhenthe
pin crossedetweerthe triangularcamcavities. Theaverageerroris 0.2%andthe
maximumerroris 2% for thecam/pistorpair. Theerrorsareneartheaveragesn the
sevencamsettings.The errorin the uppersystemvariationis at mostthe distance
betweenit andthe lower variation.It rangesfrom 15%to 30% in the seven cam

16
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settings.Therunningtimeis 7 secondversus).5 seconddgor thelinearalgorithm.
Themodelhas33 parameterandthe contactzonesconsistof 31 contactcurves.

The nal exampleis a camerashuttermechanisntomprisedof a driver, a shutter
andashutterock (Figurel4a).Thedriver camradii arel4mmand28mm,thedis-
tancedbetweenhe shuttertip/pin andits centerof rotationare123.9mm/83.1mm,
andthe distancerom the shutterlock slotto its centerof rotationis 78.6mm.The
nominalfunctionis asfollows. The useradvanceghe Im (notshaown), which en-
gageghedriver Im wheelandrotatesghedriver counterclockwiseT he shuttertip
follows the driver campro le, which rotatesthe shutterclockwise (Figure 14b),
which extractsthe shutterpin from the shutterlock slot (Figure 14c). Whenthe
pin leavestheslot, atorsionalspringrotatesthe shutterlock clockwiseuntil its tip
engageshedriver slottedwheel.

Figures1l5a—bshav two contactzonedetailsfor a 23 parametemodelwith tol-

erancesof mm. The detailsare nearthe con guration wherethe shutterpin

leavesthe shutterlock slot. The averageerror of the linear zoneis 0.6% andthe
maximumerroris 17% for the driver/shuttemair. The averageerroris 0.5% and
the maximumerror is 5% for the shutter/shuttefock pair. The systemvariation
is displayedat this con guration. The upperand lower variationsof the shutter
lock are and . Thevariationcancausethe mechanismio fail becausehe
shutterdoesnot move far enoughleft to clearthe shutterlock (Figure 15c). The
runningtime is 56 seconds/ersus2 seconddgor the linear algorithm.The contact
zonesconsistof 329curves.
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(@) (b) ()

Fig. 15.(a) driver/shuttecontacizonedetail;(b) shutter/lockcontactzonedetail; (c) failure
in shutter/lockcon gurationspace.

The ve examplesshow thatthe kinematictoleranceanalysisalgorithmanalyzes
higherpairseffectively andquickly. It providesnumericalerrorboundsanddetects
failure modes.The examplesshaov that the meanerror of the linear algorithmis
small, but that the maximumerror is large. The maximumerror determineshe
sensitvity to failures.An incorrectrangeat a singlecon guration canhide a fail-
ure,asshavn in Figure5. Moreover, the maximumerror occursat con gurations
with strongnonlineareffects,which arehighly correlatedwith toleranceproblems.
Thegearselectorandcamerashutterexamplesshov a 20%differencebetweerthe
upperandlower systemvariations.

8 Conclusions

We have presentedh nonlinearkinematictoleranceanalysisalgorithmfor planar
mechanicasystem®f higherpairswith parametridolerancesThealgorithmcon-

structsgeneralizeaton gurationspacesgalledcontacizonesthatboundtheworst-

casekinematicvariationof the pairsoverthetolerancgparameterange.Thezones
specifythe variation of the pairsat every contactcon guration andreveal failure

modes suchasjamming.The algorithmboundsthe systemvariationat a selected
con guration by composinghe zonesof thetouchingparts.We have assessethe

algorithmwith casestudieson commonhigherpairs.It producesaccuratecontact
zonesgdetectdailures,andgreatlyimprovesuponlinearization.

We seeseveraldirectionsfor futurework. We needto characterizéhe gapbetween
lower and uppersystemvariationand perhapsto develop betteralgorithms.The
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contactzoneconstructionand compositionalgorithmsapply to systemsof three-
dimensionalpartsthat move along spatialaxes. We have developedthe requisite
con guration spaceconstructioralgorithm[17]. We needto formulateparametric
equationdor every type of spatialcontact,which is tedious,but straightforvard.

The other stepscarry over from the planaralgorithm. Contactzoneconstruction
extendsto generaplanarpairs,which have threedimensionakonesfollowing our

linearalgorithm[18]. Compositiorrequiredurtherresearcho addresglosedkine-

matic chainswhich cannotarisein x ed-axissystemsAnotherresearctdirection

is to automatehe detectionof contactsequencehangesandof changesn kine-

maticfunction,asin our higherpair synthesisalgorithm[19].
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